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PREFACE 


This publication and tha second volume now in preparation contain the 
essentials of a series of seminars initiated at the Massachusetts Institute 
of Technology in October, 1946. The objective is to present the fundamentals 
of chain-reacting systems in terms that are understcuidable to the non-speoial- 
ist, particularly to engineers interested in the industrial applications of 
nuclear energy. Progress in this field requires the coordinated effort of 
many branches of science and engineering, particularly during the next several 
years. Gradually, the responsibility will devolve to a new breed of specialists, 
already dubbed nuolear engineers . It is anticipated that collaborative pub- 
lications of this type will assist materially in these developments. 

Some words of explanation and apology are in order. By limiting consid- 
eration to declassified information or that available in the open literature, 
a number of prominent gaps remain. Likewise, only prewar values can be given- 
for certain of the more important nuolear constants. Nevertheless, the free 
exchange of ideas which an unclassified publication makes possible should 
more than compensate for these limitations. 

The material contained in this volume has been submitted to the Tj. S. 
Atomic Energy Commission for review by its Declassification Office and 
the Commission has approved publication from the standpoint of security. It 
should be understood that this approval relates only to security end involves 
no opinion as to the accuracy of the information contained in the book or as 
to any other matters. 

An attempt has been made to systematize the notation of the various 
authors, but this has not been entirely successful. Vlhen multiple notation 
occurs, specific definitions are included in each chapter. In order to 
expedite publication, incomplete references and acknowledgments have been 



made. However, it should be obvious that the bulk of the solentifio and 
teohnloal Information has been drawn from many sources. The individual 
authors claim originality largely in the manner of presentation. 

For permission to include previously published material, acknowledg- 
ment is made to the American Chemical Society for Figures 1-31 and 7-2; to 
the National Research Council of Canada for Figures 8-11, 8-12 and 8-13; to 
the Journal of Applied Physics for Chapter 4; to The Physical Review for 
Figures 9-3 and 9-4; and to the Reviews of Modem Physios for the cross 
section curves in Appendix C. The isotope chart. Figure 1-6, was kindly 
furnished by Dr. E. Segre. Appendix A is included through the courtesy of 
Dr. H. A. Bethe. 

Mr. P. H. Lund and Mrs. Grace Rowe contributed much of the original 
drafting work. The secretarial assistance of Mrs. Charlotte Nichols, Miss 
Estelle Jenney, and Miss Ruth Deininger is gratefully acknowledged. Mrs. 
Olga Crawford and Mr. James Sterling have been unusually helpful in the edi- 
torial preparation of the material. Without the generous support and en- 
couragement of Professors J. C. Slater and J. R. Zacharias, it would not have 
been possible to conduct the seminars on which these chapters are based. 


Cambridge, Mass. 
September, 1947. 


Clark Goodman 
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CHAPTER 1 


FUNDAMENTALS OP NUCLEAR PHYSICS 

fey 

Rob ley D. Evans 


1-1 Size of Nuclei 

It will be recalled that atoms have diameters of about 10 cm and 
are composed of one or more electrons surrounding a central core or nucleus. 
These electrons are bound inside the atom by the electrostatic attraction 
of their negative charge for the positive charge of the nucleus. As we 
shall see, the binding energy of these atomic electrons is much less than 
that between the particles in the nucleus (nucleons) and, in fact, is usu- 
ally negligible in most considerations in nuclear physics. In spite of the 

continued statements found in elementary physics textbooks, it has been def- 

14 

initely established that there are no electrons in nuclei (^N outstanding 
example). All nuclei consist of two types of particles of nearly equal mass, 
neutrons and protons. In terms of modera theory, these two particles rep- 
resent different quantum states of a single fundamental particle, the nucleon. 

A neutron has no electric charge; a proton has a positive charge, 
equal in magnitude but opposite in sign to that of an atomic electron. The 
simplest nucleus - that of hydrogen - consists of a single proton. All 

other nuclei contain a mixture of neutrons and protons, with the proportion 

of neutrons increasing with the atomic weight of the nucleus. The largest 

238 

naturally occurring nucleus is that of , which contains 92 protons and 

238 - 92 = 146 neutrons. The diameter of this nucleus is only about 7 times 

the diameter of its individual nucleons. 

1 238 

Between and there are a large number of species of nuclei, 

as indicated in Figure 1-1, In spite of the rather broad variation in the 

number of neutrons and protons, all of these nuclei have nearly the same 

14 

nuclear density p (about 10 grams per cc). While there are some perio- 
dicities in nuclear characteristics, these are completely independent of and 
much less pronounced than the chemical periodicities of atoms. 

1-2 Nuclear Charge & 

The nuclear charge, or atomic number Z, equals the number of protons 
in the nucleus. This important integral quantity may be determined in a va- 
riety of ways, among the more important of which are: (a) Moseley K and L 


1 
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x-ray spectra, (b) Rutherford alpha-ray scattering experiments, and (c) 
the displacement law. Important examples of the displacement law are the 

nuclear transitions that take place following radiative capture of neutrons 
V tt238 
92 ^ • 


,^238 1 

(1) + n 

^ ' 92 o 


92 


U 


239 


23m 93 


„ 239 0 ~ „ 239 

;Np 


The nuclear charge X which equals 92 in uranium, as indicated by 
the subscripts, changes to 93 upon the emission of a negative beta ray (/3 ), 
thereby resulting in the formation of a nucleus of the element neptunium 
(Np). This nucleus, in turn, spontaneously emits a /3 resulting in a nucleus 
of plutonium (Pu) with S =94. Since neutrons zero nuclear charge, 
their S = 0. The superscripts are the mass number A discussed below. Since 
the mass of a beta ray is very small compared to the mass of a nucleon, A 
does not change during the emission of a . 

Number A 

The number of nucleons in a nucleus is represented by the integral 
mass number A* As seen in Figure 1-1, some 275 species of stable nuclei are 
known. With the exception of A = 6 and A =8, all values of A from 1 to 209 
are represented by known stable nuclei. With the exception of elements & = 
43 and ^ = 61, stable nuclei with atomic numbers from 1 to 83 inclusive are 
found in nature. Nuclei of the same ^ but different A are called isotopes. 
Since isotopes are different forms of the same element, they have essen- 
tially the same chemical properties, and hence cannot be separated by chem- 
ical methods. The proportion of the different isotopes of a given element 
can be determined either from band spectra, hyperfine structure, or by means 
of mass spectrometers. The latter also provide a precise method of deter- 
mining the relative mass, i.e., the atomic weight, of the individual iso- 
topes of many elements. 

A useful relation for estimating a nuclear radius R is: 

(2) R = 1.5 X 10"^^ om (± 10?5) 

The radius as here defined is the distance at which the nuclear Coulombian 
repulsion for positively charged particles just equals the nuclear attrac- 
tive force that sets in at such small distances. 
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1-4 Isotopic Mass M 

The exact mass of a neutral atom M is one of the most important 

quantities in nuclear physios. It is referred to an arbitrary assignment* 
1 6 

of qO = 16.00000e The differenoes in mass of nuclei enter into many oom- 
o 

putations, and it is desirable to know the individual nuclear masses to five 
or six decimal places* 

2 

The mass of deuterium is well established from doublet measure- 
ments in mass spectrometers. Using the Einstein relation: 

2 2 

(5) ifiE = (m - ni^)o = Amo 

and measurements of the kinetic energy of protons emitted in the following 
nuclear reaction: 

(4) + hi/ -^n^ + + Q 

the mass of the neutron has been determined with considerable accuracy. 

Conversion factors and numerical values are as follows: 

1 amu (atomic mass unit) = 931 Mev (million electron volts) 

-12 

1 ev (electron volt) = 1.60 X 10 erg 
1 Mev (million electron volt) = 1.60 X 10~ erg 

1 n 

1 watt = 6.26 X 10 Mev/sec 

2 „ 
me = 0*51 Mev, = 0.00055 amu (where m = rest mass of an electron) 

0 o 

In nuclear reactions such as (4) the Q value is the kinetic energy of the 
disintegration products in excess of the kinetic energy of the incident par- 
ticles. Neutral atomic masses are generally used instead of nuclear masses 
in calculating Q values, since the electronic masses on each side of the re- 
action balance out, except when positrons (j3^) are emitted. In (4): 

2 

mass of .. H - 2.01472 
^ 1 

mass of = 1*00815 

minus 1.00659 

Q = -2.18 Mev = -.00254 

mass of = 1.00893 

0 

♦Unfortunately, in addition to the physical scale of atomic weights 
as defined above, there is also a chemical scale based on the natural mix- 
ture of oxygen isotopes 0 = 16.0000. Throughout these notes, atomic weights 
are given on the physical scale. For purposes of conversion: physical mass 
= 1.00027 X chemical mass. 
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1-5 Total Angular Momentum 

The total angular momentum quantum number I of a nucleus, taken 
about its internal axis, is the vector sum of the orbital angular momentum 
ti and spin angular momentum s of each proton and neutron in the nucleus. 
The manner in which the values of / and s are added depends on the type of 
interaction or coupling assumed between the particles. But I is always a 
positive quantity or zero . The total nuclear angular momentum is (h/2ff) 
I + l) , and its maximum observable component in q'ay direction, such as 
along an external magnetic field, is l(h/2;T). 

For present purposes the important consideration is that angular 
momentum is always conserved in nuclear transitions. The vector difference 
between the initial value I and the final value I' must be possessed by a 
particle or quantum absorbed or emitted in the transition. 

1-6 Parity 

The parity of a system of elementary particles is a fundamental prop- 
erty of the motion according to the wave-mechanical description, but it has 
no simple analogue in ordinary mechanics. 

The physical description of a particle or system of particles cannot 
depend, for example, on whether we are right-handed or left-handed. Hence 
the absolute value of the wave function must be the same in coordinates 
(x, y, z, s) as in the coordinates (-x, -y, -z, s) — three spatial and one 
spin. This transformation of coordinates is equivalent to "reflecting the 
particle at the origin" in the (x, y, z) system, an operation which must 
either leave the wave fxmotion xmchanged, or only change its sign, so that its 
squared absolute value remains unaltered in either case. 

To a good approximation </i is the product of a function depending on 
space coordinates and a function depending on spin orientation. When reflec- 
tion of the particle at the origin does not change the sign of the spatial part 
of i//, the motion of the particle is said to have even parity . When reflec- 
tion changes the sign of the spatial part of the motion of the particle 
IS said to have odd parity . It can be shown that the spatial part of */', on 
reflection of the particle, does not change sign, if / is even, but does change 
sign if I is odd. Hence for a particle with an even value of / the motion 
has even parity , and with an odd value of / the motion has odd parity. 
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For a system of particles the wave function becomes approximately 
the product of the wave functions (or a linear combination of such products) 
for the several particles, 0 = 0^ 0^ ••• Hence the parity of a system 
of particles such as a nucleus will depend on the parity of the motion of its 
individual particles • 

Visualizing reflection of the system as the successive individual re- 
flection of each particle, one at a time, we conclude that a system will have 
even parity when the sum of the numerical values of ^ for all its particles 
S is even, and odd parity when is odd. A system containing any number 
of even parity particles and an even number of odd parity particles will have 
even parity. A system with any number of even parity particles and an odd 
number of odd parity particles will have odd parity. The intrinsic parity 
of a single elementary particle (proton, neutron, electron, photon, neutrino) 
is even, since -^=0 for the isolated particle. 

Parity is always conserved. Thus the parity of a system (e.g., a nu- 
cleus) can only be changed by the capture of photons or particles having odd 
total parity (intrinsic parity plus parity of motion with respect to the ini- 
tial system), or by the onission of photons or particles having odd total 
parity. 

The selection rules for all nuclear transitions involve a statement 
of whether or not the nucleus changes parity as a result of the transition. 
Thus the notation ”ye s denotes that the nuclear parity changes (from even to 
odd, or from odd to even); hence that the emitted or absorbed particles or 
quanta have odd total parity. For example an emitted quantum, having ^ - 1 
with respect to the emitting nucleus, will have odd parity, and can be emitted 
only if the nuclear parity changes. Similarly the selection rule ”no^ means 
that the initial and final nucleus have the same parity (both even, or both 
odd). An emitted quantum, having ^ = 0, or 2, with respect to the emitting 
nucleus, will have even parity, and can only be emitted if the nuclear parity 
does not change. 

1-7 Statistics of Nuclei 

The concept of statistics arises from considerations of the effect on 
the wave function of the interchange of all the coordinates of two identical 
particles • 
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♦ 

In the Fermi-Dirac statistics: (l) the Pauli Exclusion Principle 
holds, and the number of particles per quantum state is limited to one, (2) 
the wave function of the system of particles is ”antisyimnetrioal", that is, 
it changes sign when all the coordinates (three spatial and one spin) of any 
pair of identical particles are interchanged. It is found experimentally 
that all ’’fundamental” particles - positron, electron, proton, neutron, neu- 
trino - obey Fermi-Dirac statistics, as do also all nuclei of odd mass nunber 

, _7 _19 „ 23 . 

A,» e.g., H , Li , F , Na , etc. 

In the Einste in-Bose statistics: (l) two or more particles may be 
in the same quantum state, (2) the wave function is ^symmetrical”, that is, 
it does not change sign when all the coordinates of any pair of identical 
particles are interchanged. All nuclei having even mass number A, have 
Einste in-Bose"^ statistics; e.g., H^, 0^^, etc. 

Due to the conservation of angular momentum, all systems having an 
odd number of particles will also have an odd half-integer total angular mo- 
mentum ( 1 / 2 , 3 / 2 , 5 / 2 , ...). Similarly, all systems having an even nijnber of 
particles will have even half- integer total angular momentum (O, 1, 2, •••)• 
Thus we have, in tabular form? 

Mass Number Nuclear Angular Momentum Statistics 

Odd 1 / 2 , 3 / 2 , 5 / 2 , ... Fermi-Dirac 

Even 0, 1, 2, ... Einste in-Bose 


1-8 Magnetic Dipole Moment 

We may obtain a physical understanding of the orbital part of the mag- 
netic dipole moment, due to a single moving particle such as a proton, by con- 
sidering the proton as moving in a plane circular orbit. Then in two dimen- 
sions, the orbital angular momentum Mr a;=/h/27r (M = mass of the particle, 
r = radius of the circular orbit, co = angular velocity). The circular motion 
of a charge e (electrostatic units) is equivalent to a circular current 

i = eco/2vc (electromagnetic units), and acts as a magnetic shell with a olas- 

2 2 

sical magnetic dipole moment = irrr . Eliminating i and r , we obtain 


where 


_ J/eYi 

477Mc 


= eh/477Mo 


is the nuclear magneton . Prom this elementary derivation, the complete 
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analogy between the nuclear magneton and the Bohr magneton for orbital atomic 
electrons is evident. The only difference is that the nuclear magneton in- 
volves the proton mass M and is therefore about 1840 times smaller than the 
Bohr magneton, which contains the electron mass. 

The magnetic mcnient is taken as positive if its direction with respect 
to the angular mcmentun vector corresponds to the rotation of a positive elec- 
trical charge. 

The magnetic dipole moment associated with the spin of the elementary 
particles cannot be derived in this simple fashion, because the distribution 
of electricity in the particles is unknown. The magnetic moment for the spin- 
ning elementary particle must be obtained from experiment. Whereas the mag- 
netic moment of the electron is minus one Bohr magneton, in agreement with 
the Dirac electron theory, the magnetic moment of the proton has the anomalous 
value of 2.7896 nuclear magnetons. Therefore, the Dirac theory cannot be ap- 
plied to the proton. The magnetic moment of the free neutron is -1.9103 

Electric Quadrupole Moment 

We can visualize the atomic nucleus as an approximately spherical 
assembly of neutrons (charge, zero) and protons (charge, i-e). If the charge 
due to the protons is not perfectly symmetrically distributed, the nucleus 
will possess a net electric quadrupole moment. Both positive and negative 
nuclear quadrupole moments are to be expected. Positive moments correspond 
to an elongation of the nuclear charge distribution along the axis of nuclear 
angular mcmentun I (cigar-shaped distribution). Negative quadrupole moments 
correspond to a flattened or oblate distribution of positive charge (plate- 
like distribution) . 

The value of the nuclear electric quadrupole moment, q, is the time 
average of the position of one asymmetric proton with respect to the (z) 
axis of total nuclear angular momentum I; that is: 



where r is the radial distance of the proton from the center of the nucleus. 

2 

Then q has the dimensions of cm , and is usually of the order of magnitude of 

- 26 — 24 2 

the square of the nuclear radius, say 10 to 10 cm , corresponding to 
the asymmetric placement of one or, at most, a few protons in heavy nuclei. 

— 26 p 

The electric quadrupole moment of the deuteron is 0.278 X 10* cm . 
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1-10 Binding Energy E 

In the simplest terms, the binding energy E of a nucleus can be 
thought of as the amount of work necessary to pull the nucleus apart into 
its individual neutrons and protons. Conversely, E is the energy given off 
in assembling the nucleus from separate neutrons and protons. In the fore- 
going notation E is given by 

(5) E = Zm_ + (A - g)m - M 

H ' n 

where m^ = the mass of a neutral hydrogen atom (1.00613) and m^ = the mass 
of a neutron (1.00893). Introducing a quantity known as the packing fraction 
P, defined as 

(6) P = (M - A)/A; or M = A(1 + P) 

and substituting the precise experimental values for m„ and m 

n n 

(7) e/a = (a/A)(mjj - m^) + (m^ - 1) - P 

= -0.00080a/A + 0.00893 - P amu 

The ratio e/a is the average binding energy per nuclear particle, generally 
expressed in Mev/nucleon. The value of e/a as a function of A follows a 
curve of the form given in Figure 1-2* If the forces between nucleons were 
long-range, ©tg#, inverse-square, the total binding energy would be propcr- 
tional to A , and e/a would be proportional to A. The average binding energy 
per nucleon is approximately constant, showing that the important forces be- 
tween nucleons are short-range exchange forces. There is evidence for forces 
of mutual polarization, or van der Waal's forces, as well as Coulomb repul- 
sion between protons, and a marked deficiency of total binding energy in the 
lighter nuclei having a larger surface per unit volume. The lighter nuclei 
show marked periodicities in e/a, with maximun values at A = 4, 8, 12, 16, etc., 
shewing the existence of Pauli four-shells and the saturated character of a 
nuclear sub-unit containing 2 neutrons and 2 protons. The marked variations 
in e/a among the lightest nuclei represent possible sources of nuclear energy. 
The energy released in nuclear fission, to be discussed in detail later, is 
seen to arise from the difference in binding energy between heavy and middle 
weight nuclei, which amounts to about 1 Mev per nucleon, or about 200 Mev per 
fission. 
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The binding force between any two nucleons is a short-range, non- 
gravitational, nonelectric force, known as the "specifically nuclear force." 
One fairly successful theoretical description of the observed force is in 
terms of an exchange force described by a meson potential of the form 

U = (A/r)e "’’Z® 

where U is the potential energy between two nucleons at a separation r, A is 

13 

a constant, and the "range” of the force is a = fi/Mc ^ 2 X 10 cm for a meson 
mass ^ equal to about 200 times the rest-mass of an electron. 



Figure 1-2. Binding Energy of Nuclei . The main features in the variation 
of the average binding energy per nucleon e/a and the nature of the nuclear 
forces which they suggest are indicated schematically. Numerical values for 
a range of nuclei are; 


Nucleus 

n 




He® 

^4 .40 - 120 

He A - Sn 

U238 

E 

0 

0 

2.18 

8.3 

7.5 

28.2 

1780 

e/a 

0 

0 

1.09 

2.8 

2.5 

7.0 ~8.6 

7.5 
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The magnitude of the attractive force (p, n) between a protcn and a 

neutron is greater in the triplet state when the spins of the p and n are 

parallel (pttn), than in the singlet state when the spins are antiparallel 

(p n), as is shown by the fact that the ground state of the deuteron is the 

triplet state* The attractive force between two neutrons (n, n) or between 

two protons (p, p) can only be a singlet force, with the spins of the two 

nucleons antiparallel, because the Pauli exclusion principle forbids the 

triplet state for identical particles. Considerations of the measured bind- 
3 3 

ing energy of H ajid He show that (n, n) = (p, p) . Comparisons of the scat- 
tering of fast neutrons in hydrogen and fast protons in hydrogen show that 
the (ptin) singlet force equals the (p, p) singlet force. Thus we have; 
(p ft n) > (pti n) -- (p, p) = (n, n). 

1-11 Nuclear Reactions 

At distances r, large compared to the nuclear radius R, positively- 

1 + 2 

charged particles such as protons, (,H ) , deuterons (-H ) , and alphas 
(gHe ) experience a Coulombian repulsion according to the familiar rela- 
tionship 

(S) F =zeZe/r^ 

where z and Z represent the atonic nimber of the projectile particle and tar- 
get nucleus respectively, F is the force and e is the magnitude of the unit 
electric charge (4.80 X 10 esu or 1.6 X 10 coulomb). If the projectile 
particle has sufficient kinetic energy, it penetrates inside the nuclear 
radius, where it experiences the strong, short-range attractive force. The 
projectile coalesces momentarily with the target nucleus, forming an excited 
compound nucleus. In general, the lifetime of the compound nucleus is very 
short (^10 seconds), and the composite splits into a product particle and 
a residual nucleus which may or may not be identical with the incident pro- 
jectile particle and target nucleus. If these are identical, the process is 
called scattering, which may bo either elastic or inelastic, depending on 
whether the product particle leaves the target nucleus in an unexcited or ex- 
cited state respectively. Schematically, the reaction can be represented as: 

(9) Z z Zt-z gt 2’ 

Target + Projectile Compound — Product t Residue 

Nucleus 
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It has been established from cloud chamber photographs that both momentum 
and total energy are conserved in individual collisions. 

The following are important examples of reactions that take place in 
cyclotrons, linear accelerators, and other high energy machines using deuterons 
as projectiles. The target nuclei are previous projectile deuterons that have 
become imbedded in the metallic target surface during the previous bombard- 
ment • 


( 10 ) + 

There are three possible modes of splitting of the highly-excited compound 

4 

nucleus • The first mode results in scattering, while the other two 

form new products and new residue nuclei. Under controlled conditions this 
reaction provides a convenient intense source of essentially monoenergetic 
neutrons when a narrow angle of the secondary beam is selected. The three 
modes of the reaction compete with one another. In general, the proportion 
of each is dependent on a number of factors, including the energy of the pro- 
jectile particles, the Q value and angular momentum change of each mode, and 
the distribution of energy levels in the compound nucleus. 

A condensed method of writing nuclear reactions is more commonly used. 
For example, the above three reactions would be; 

2 2 

H (d,d)H (pure scattering) 

(d,ii)He^ 

(d,p)H^ 

_ 2 _ 1 

In the parentheses, d = H a deuteron and p = H a proton. The subscripts are 
omitted because the chemical symt)ol gives a unique assignment of Z . 

1-12 Potential Barrier 

In the d on d reactions considered above, the projectile and the 
target are equal in mass. Hence the compound nucleus will receive a veloc- 
ity equal to exactly half the velocity of the projectile particle. When 
viewed in the ordinary laboratory coordinates, the motion of the product and 




.He 


/ * iH 


iH^ + / 
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residue particles will be strongly influenced by the motion of the compound 
nucleus. In terms of the center of mass system of coordinates, the compound 
nucleus is at rest. Similarly, if the mass of the target nucleus is much 
greater than that of the projectile particle, the velocity of the compound 
nucleus is generally small enough to be neglected. Nuclear potential barriers, 
as considered here, refer to a center-of-mass or heavy-target set of co- 
ordinates . 

Figure 1-3 gives a qualitative representation of the potential energy 
U of a positively-charged (ze) particle in the field of a nucleus of charge 
+ Ze. 



Figure 1-3 . Nuclear Potential Barrier 
for Positively-Charged Particles 

It is seen that for distances r greater than the previously defined nuclear 
radius R, the potential is that of a Coulombian field, i.e., inversely pro- 
portional to r. For distances less than R, the potential decreases rapidly 
to a fixed negative value representing the ground state of the stable com- 
pound nucleus (assuming it has a stable ground state). Inside this poten- 
tial hole of the nucleus are numerous quantized excited energy levels above 
the grotmd state. 

The wave properties of nuclear particles make it possible for the 
incident particle to penetrate the potential barrier or, conversely, for a 
similar particle to escape from inside the nucleus, even though the energy 
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is less than the barrier height B** If the energy of the incident particle 
is much less than B, the probability P for this penetration is 

(11) p = (k/v^) exp - (47r^ e^zZ/hv) 

where k = a constant and v = the velocity of the incident particle* This ex- 
pression indicates the importance of the parameters z, Z, sind v. 

In contrast to charged particles, neutrons experience no repulsion 
in the vicinity of nuclei. The potential is essentially negative out to large 
values of r and' follows roughly the shape shown in Figure 1-4. 



Figure 1-4. Nuclear Potential for Neutrons 
1-13 Nuclear Cross Sections 

Instead of complex probability relationships, the interactions be- 
tween projectile particles and nuclei are expressed very simply in terms of 
nuclear cross sections. The meaning of cross section is best imderstood in 
terms of an example. If we imagine** a beam of neutrons n incident from the 
left on a nucleus A, as shown in Figure 1-5, a certain fraction of the 
neutrons will be removed from the beam by A. 

By definition the fraction of neutrons, contained in 1 cm of the beam, that 
is intercepted by the single nucleus A is called the total cross section cr 
of A for such neutrons. The atomic electrons play no role in these inter- 
actions. Scattering and absorption are the most common types of interaction 


*B is about 0*5 Mev for protons or deuterons on hydrogen and about 
10 Mev for protons on uranium. 

♦♦It is more exact to consider the neutrons as comprising a plane wave 
with deBroglie wave length K = h/mv. 
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between nuclei and neutrons. The separate cross sections for the'se two proc- 
esses are designated a and a , If no other important interactions take 

S 8L 

place, a = cr -Ha. At a later time other cross sections, such as those for 
fission inelastic scattering (inel) and transport will be de- 

fined. The dimensions for each of these, as the name implies, is an area 

per nucleus, usually cm /nucleus. Because most of these cross sections are 
-24 2 / 

about 10 cm /nucleus in magnitude, this area has been dubbed the *’barn’’, 
-24 2 / 

i.e., 1 barn = 10 cm /nucleus. The size of nuclear cross sections cannot 
be predicted from the present theoretical knowledge but are obtained from a 
variety of experimental determinations. As examples of the large differences 
that can exist between similar nuclei: 

1 2 

cr (-H ) = 0.31 barn and cr ( H ) = 0.00065 barn for thermal neutrons, 
a^l ' a^l ^ 

In pile theory it is convenient to use a macroscopic cross section 
^ instead of the nuclear or microscopic cross section cr. Physically, Z is 
the cross section per cc of the material and is simply: 



where N is the number of nuclei/cc which equals the number of atans/cc. The 
dimension of 7 is that of a reciprocal length, cm which is equivalent in the 
case of absorption to a linear absorption coefficient. It is also seen that 
1/7 has the dimension of a length, cm, which can be identified as a mean- 
free-path \. 

When applied to a target of thickness x, the emergent intensity I is 

2 

related to the incident intensity usually in neutrons/cm sec, by 


(12) I 





Figure 1-5. Schematic 
diagram of neutron beam 
incident on nucleus A# 
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75 

For example, arsenic is monoisotopic (As ) with a a = 4#6 barns, density 

= 4*7 grams/cc. Hence, N = 0.0377 X 10^^ atoms/cc and 21 “CtN— 4.C x 10 

X 0.0377 X 10^^ = 0.174 cm*^. Therefore, l/l = e 1 - 0.174x for 

o 

small thicknesses. It is seen that a sheet of arsenic 1 mm in thickness at- 
tenuates a thermal neutron beam by about 1.7 per cent. Because of the much 
larger cross section of cadmium, a == 2600 barns, a thickness of 1 mm at- 
tenuates a thermal neutron beam by nearly 100 per cent, i.e., is essentially 
’*black** to thermal neutrons. 

1-14 Nuclear Q Values 

In Section 1-4 the Q value of a nuclear reaction was defined as the 
kinetic energy of the disintegration products in excess of the kinetic energy 
of the incident particles. Q can also be considered as the energy given to 
the reaction by the net change in rest mass. Hence, this reaction energy 
can be computed from knowledge of exact masses or, conversely, precise deter- 
minations of isotopic masses may be obtained from disintegration data. Since 
such considerations are importeint in problems associated with nuclear reactors, 
the general relations are summarized below with the previous d on d reactions 
cited as numerical examples. 


A-, A , A, , Ap, A , E mass number of target, compound, projectile, product 
and residue nuclei respectively. 

E, , E , E„ E kinetic energy of projectile, product and residue nuclei respec- 
JL c O 

tively . 


= exact masses of target, projectile, product, and residue 
nuclei re s pe c t i ve ly . 


A|,E| 


o — O- 


A3.E3 



A2,E2 
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E = ^Av^ 


p = Av = ^2AE 



/2A^Ej^ 


cos 9 + 

\/^^3®3 

COS 

(13) 

0 


sin 6 - 

'/^^3^3 

sin <p 


El + Q = Eg + E3 


(14) Q - [(M^ +M,p 
(16) C1,E3 (i.^) 


<«2 



^AiAgEiE, 


COS 9 


greatest for 6 = 0 ; least for 6 - 180^ (backward) 

..2 -.2 „1 „3 ^ 

e.g. -f +• Q 

= 2.01472 = 3.01705 

- 2.01472 = 1.00813 

2H^ ^ 4.02944 = 4.02518 

H" + n 4.02516 

Q - 0.00426 = 3.96 Me^ 

\ amu / 

and e.g. — ►n + gHe^ + Q 

= 2 A^ = 2 Ag = 1 Aj = 3 

= 2.01472 He^ = 3.01711 

-- 2.01472 n = 1.00895 

2H^ = 4.02944 He^ + n = 4.02604 

He^ + n = 4.02604 

Q = .00340 ( = 3.16 Mev 

\ amu I 

From Equation (15), at an angle 9 = 90^ with the direction of the incident 
particles, the second of these reactions gives a monochromatic neutron source 
with Eg = f(0,E^) given by: 
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A - A, 


3 

3+1 


3.16 + Ej 


or if = 2,58 Mev, = 3 Mev. It is seen that the neutrons emitted from 
the target at 90^ have more kinetic energy than the incident deuterons . In 
the forward direction the neutron energies will be larger than, and in the 
backward direction less than, 3 Mev. 


1-15 Types of Nuclear Reactions 

In the summary below nuclear reactions are systematized according 
to the projectile particle producing the reaction. Only those types are in- 
cluded for which two or more examples are known - more generally, 50 to 100 
examples may be well established. Also all reactions are excluded which con- 
sist simply of capture and remission and are therefore of the character of 
elastic or inelastic scattering. 

Neutron Reactions 

(n, y) The simplest type is that in which a neutron is captured and 
no heavy particle is emitted, but instead a gamma ray (y) is emitted to con- 
serve mass-energy. This reaction is extremely common in all types of chain- 
reacting systems, especially those containing slow neutrons. A few examples 
are; 

. ,113 . s ^^114 

Cd (n,y) Cd 

As seen in Figure 1-6, Cd has an unusually large absorption cross 
section of 2500 barns per average nucleus. It has recently been estab- 
lished that practically the entire absorption is attributable to the isotope 

113 

A =113, which has an abundance of 12.3 per cent. Hence a (Cd ) = 20,000 b. 

a 

Because of this reaction Cd is a useful material in control rods and for slow 
neutron shielding. 

(n,r)H^ 

This reaction has a cross section cr^ = 0.31 barn and occurs in appre- 
ciable amounts in all reactors in which water is used as a coolant (as in 
the Hanford piles), as a moderator (as in the Los Aleonos water boiler), or 
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in shielding material (as in the oonorete of the Clinton pile). With thermal 
neutrons the gamma ray energy is 2.18 Mev. 

04 209, ^210 (i- „ 210 a ^^206 

Bi (n,y)RaE -- ’r . ^ Po ► Pb 

Although the absorption cross section a is only about 0.016 barn 

8L 

for Bi, this reaction would produce significant amounts of RaE and hence Po 

if Bi were used as a coolant in a slow neutron reactor. The a rays from the 

Po (half-period 140*days) would continue to produce heat in the coolant for 

some time after a shut down. In fact, if separated from the Bi, Po could be 

used as an external heat source producing about l/30 watt per curie or about 

100 horsepower per pound. The short half-period of 140 days reduces its 

potential usefulness as a concentrated power source. 

(n,p) Reactions of this type are more common among the elements of 

low Z rather than high Z. Although most (n,p) reactions have a negative Q 

14 

value, Q = t-0.6 Mev for N (n,p), and the reaction is observed with thermal 
neutrons. An important example is: 

„14. v^l4 
N (n,p)C 

This reaction has a cross section of about .02 barns for neutrons of 

14 

energy between 200 and 500 kev. The C is yS radioactive and is finding a 
number of applications as a radioactive tracer. It is evident that this re- 
action is prominent in the physiological effects produced when neutrons are 
absorbed in biological tissues. However, for present purposes, the main in- 
terest is that an appreciable absorption of neutrons results from this reac- 
tion in air-cooled piles (such as the graphite-uranium unit at the Clinton 
Laboratories ) • 

(n,a) Like the preceding reaction, this type is more common among 
the light elements. In heavy elements, the coulomb barrier for a emission 
makes the reaction improbable except for fast neutrons. The reaction 

has a cross section of about 4000 barns for neutrons of .025 Mev and is in— 
versely proportional to From thermal neutrons, the a ray is emitted 

with an energy of about 2.1 Mev, which is sufficient to make detection by 
ionization methods relatively simple. Hence, this reaction is widely used 
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in slow neutron detectors such as BF gas-filled proportional counters and 

^ 10 

B^C-lined ionization chambers. Since B has an abundance of 18.4 per cent 
in B, the use of the separated isotope increases the sensitivity of such de- 
tectors by a factor of about 5. 

(n, 2n) If the incident neutrons have sufficient energy, two neu- 
trons may be emitted from the compound nucleus. This effect contributes a 
small increment in the neutron multiplication of a beryllium-moderated re- 
actor by the following reactions: 

Be^(n, 2n)Be® 2He^ 

The threshold of this reaction is about 1.8 Mev. This reaction and a similar 
one, 

Cu®^(n, 2n)Cu®^ 

can be used for the detection of high energy neutrons. The threshold of the 
latter is about 12 Mev. 

(n,f) Of course the most important type of neutron reaction is that 
which results in fission (designated as f). The classic example is; 

U^^^(n,f) F.P. 

in which F.P. represents the host of fission products that may be formed by 
the reaction. The details of this and similar reactions will be the subject 
of several subsequent discussions. 

(7,n) The photodisintegration of nuclei resulting in neutrons can 
be expected in essentially all nuclei, provided the energy of the incident 
gamma rays is sufficiently large. A practical example is 

H^(7,n)H^ 

which has a threshold of 2.18 Mev. Similar to the (n,2n) reaction on Be, 
this reaction contributes a small increment in the neutron multiplication of 
a heavy-water (deuterium oxide) moderated reactor such as the one at Chalk 
River, Ontario, Canada. 

Reactions Involving Charged Particles 
There are a large number of nuclear reactions produced by energetic 
charged particles. Since none of these is of direct interest in nuclear 
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power reactors, the more important types are merely listed. 

(p.r) (d.n); (d,H^) (a,n) 

(p.n) (d,p); (d,a) (a,p) 

(p,a) (d,2n) 

It is to be noted that certain of these are equivalent to each other 
and to neutron reactions considered above as far as a given transmutation is 
concerned; 

(n,2n) = (y,n) = (d,H^); (d,2n) = (p,n) 

1-16 Charts of Nuclear Reactions 

Two types of isotope charts are included in these notes. Figure 1-1 
tabulates stable and naturally radioactive isotopes on an A-2Z versus Z dia- 
gram, while Figure 1-6 is an A-Z versus Z plot. It is both instructive and 
useful as a mnemonic aid to learning the transitions on these charts that 
correspond to the various type reactions considered above. For this purpose 
an enlarged section of Figure 1-1 is included as Figure 1-7. A few selected 
reactions are symbolized on this chart — others may be added as desired. A 
similar diagram with the coordinates of Figure 1-6 can easily be drawn and 
will be found useful in becoming acquainted with this chart. 

I 

of Radioactivity 

In contrast with the nuclear disintegrations and transmutations that 
have been considered previously, radioactive processes are delayed, but spon- 
taneous, nuclear transformations* Such processes can be divided into five 
types, each characterized by the radiation emitted. 

Alpha Decay 

Nearly all alpha-ray emitters are found among the heavy elements in 

238 236 232 

the three naturally occurring series headed by U , U and Th , shown 
schematically in Figure 1-8. A familiar example is the decay of radium: 


Ra 


226 


He^ + Rn 


222 


+ Q 


Because the alpha particle (He^) has a mass (4) that is appreciable compared 

to the residue nucleus (222), the Q value of this reaction includes not only 

4 222 

the kinetic energy of the He but also that of the Rn recoil, which accounts 
for about 2 per cent of the total energy. In addition, other energy rela- 
tions must be considered, and these are most conveniently visualized in 
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tents of a nuclear energy level diagram based on an arbitrary vertical energy 
scale such as the followings 


Ra226 (ground state) 



Rn222 

(excited state) 


a = 4.878 Mev = (a + r) (4.694 -f 0.184) 


It is seen that a small proportion (1.2%) of the radium nuclei decay 
in two steps, by emission of a somewhat lower energy alpha (a^) followed 
almost instantaneously by a gamma ray. Nuclear gamma rays invariably arise 
from transitions from excited states to lower energy states. 

Activity Units 

A curie is the quantity of radon (0.66 mm^ at O^C and 760 mm) in 
radioactive equilibria with 1 gram of radium. The International Radium 
Standards Commission in 1930 recommended extending the curie unit to include 

the equilibrium quantity of any decay product of radium, such as polonium. 

-4 

Thus ”1 curie Po” is 2.24 X 10 gm of Po, or the amount which has the same 
rate of emission of a particles as 1 gm of radium. The absolute disintegra- 
tion rate of radium has been the subject of many measurements by a number of 
methods giving individual values between 3.40 and 3.72, with some indication 
in the more recent measurements that the true value probably lies in the 
neighborhood of 3.67 t 0.03 X 10^^ a particles per second per gram of radium. 
The Commission recommended the use of the arbitrary value 3.7 X 10^^ until 
such time as agreement on the third decimal place could be reached. 

The Commission expressed its opposition to extension of the curie 
unit to radioactive substances outside the radium family. Following the 
discovery of artificial radioactivity, the curie unit came into general un- 
official use as a description of the disintegration rate, but in the case of 
isotopes which emit gamma radiation the curie was sometimes used to denote a 

♦These energies include the contributions from recoils. 



Figure 1»6> Segre Chart » 

This diagram contains a fairly complete 
summary of some of the more important 
properties of nuclei, both stable and 
radioactive* The chart has been re- 
produced in sections which overlap to 
some extent along the horizontal axis 
of atomic number Z. There is also 
some purposeful duplication along the 
vertical axis of A-Z (the number of 
neutrons in the nucleus). With this 
set of coordinates, the atomic nmbers 
A lie along diagonals indicated by the 
arrows. An explanation of the classi- 
fication, abbreviations, and symbols 
is given at the lower right of the 
chart • 

(Fold- in Chart at Back of Book) 
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gamma-ray emission producing the same ionization as the gamna rays from 1 
curie of radon. These contradictory and conflicting uses of the curie unit, 
together with the uncertainty concerning the absolute disintegration rate of 
radium, have led to much confusion. Because it is now possible to measure 
the absolute disintegration rate of those radioactive isotopes whose decay 
schemes are known, the Committee on Radioactive Standards of the National Re- 
search Council and the National Bureau of Standards have recommended the use 
of 1.0 X 10^ disintegrating atoms per second; called 1 rutherford (rd), as an 
unambiguous activity unit. 

In interpreting the current literature the follov/ing definitions 
should be useds 

1 curie = 3.7 x 10^^ disintegrating atoms per second 

g 

1 rd = 10 disintegrating atoms per second 

Thus 2 

37 rd (rutherf ords ) = 1 me (millicurie) 

In the case of polonium it is strictly correct to speak of a curie of 
activity. Then 1 curie emits: 


3.7 X 10^° — X 5.401 — X 1.60 X lO' 
sec a 


■6 erg 1 watt sec 


Mev 


10 erg 


30 


watt = 23.5 gra calories/hr 


1-18 ^ Decay 

The radioactive decay of an element of atomic number 3 and mass num- 
ber A by omission of a negative beta particle results in an increase in ^ 

by one unit without a change in A; (Z)^ ^ (Z 4* 1)“^. This transformation 

results when a neutron changes into a proton in the nucleus. To conserve 
mass-energy, angular momentum, and statistics, an hypothetical particle v, 
called the neutrino, must be formed simultaneously with the beta particle in 
the region imiTiediately surrounding the nucleus*: (n — ?-p) 4-/8 4- v. The 

neutrino must have zero charge, zero rest mass, a spin of -g (h/En) and 
Fermi-Dirac statistics . 


*As stated in Section 1-1, there are no electrons in nuclei. Hence 
electrons cannot be emitted directly from nuclei. The electrons, both 4* and 
- , that are seen in beta decay are the consequence of the transformations 
but do not pre-exist in the radioactive nuclei. 


























26 


THE SCIENCE AND ENGINEERING OF NUCLEAR POWER 


Because the change involves three bodies, i.e., nucleus (Z + l)^» 
and i', the energy E^- of an individual /5” may be any value from essen- 
tially zero to a definite maximum E set by the Q of the reaction. Hence 
the number of beta particles per unit energy interval dN/dE forms a continu- 
ous spectrum of the form given in Figure 1-9. 

It is of interest that the peak of this curve occurs at an energy of 
somewhat less than E /3. The average energy E , is approximately equal to 

mEOC 

E /3, beinff between 0,2 and 0.4 E for essentially all fi emitters. The 

shape of the curve depends on Z and the degree of forbiddenness of the traps- 

ition. Only one substance, namely RaE, has been investigated sufficiently to 

^ive a precise location of E = 0.28 E • The value of E for RaE was 
^ ^ av max av 

determined by calorimetric measurements. 

Any radioactive transition may leave the residual nucleus in an ex- 
cited state from which it passes to the ground state by one or more gamma-ray 
transitions. Figure 1-10 illustrates one particular beta-ray spectrum that is 

of special interest in the design and operation of nuclear reactors. The 
87 

fission product Br ' (mass assignments somewhat uncertain), with a half-period 

of 55.6 seconds, decays by the emission of three competitive /Q rays. The 

8 7 

decay may end in (a) the radioactive ground state of Kr from which the nu- 

— 87 

cleus later decays by f5 emission into stable Rb , (b) an excited level of 

87 87 

Kr from which it decays by gamma emission to the ground state of Kr , or 

87 

(c) a highly-oxcited level of Kr from which it may decay either by emission 




dN/dE 



Figure 1-9. Typical /3” Spectrum 
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of gamma rays to lower states of Kr or by tho omission of a neutron to ond 
00 

in stable Kr • The latter is an example of delayed neutron emission by fis- 
sion products. Thero are several other instances of this typo among the 

fission products. In each case tho rate of emission of the neutron is con- 

8 7 

trolled by the rate of decay of a preceding level, in this case Br . As dis- 
cussed in detail later, these delayed neutrons afford a very important moans 
of controlling chain-reacting systems. 

The emission of negatrons or >3 rays is the result of an excess of 
neutrons in the nucleus, that is, the nucleus lies above the general curve of 
stability about which the stable nuclei cluster as shown in Figure 1-1. Since 
the fission process invariably results in products with excess neutrons, these 
decay by emission of /3 s (and occasionally n* s ) . There are no positron 
emitters among the fission products. Tho emission of positrons or p rays is 
the result of a deficiency of neutrons, i.e., an excess of protons* 


change 

changes 


Decay and Annihilation Radiation 

Positron decay results in a decrease in Z by one unit without any 

in A: ► (Z-1)^. This transformation results when a proton 

into a noutron in the nucleus. For the same reasons as in (i decay. 


Br87 (t= 55.6 sec ) 



Figure 1-10. Energy Levels in Beta-Ray Spectrum of Br®"^ 
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a neutrino is formed: (p — •- n) + /5^ + v . The positron spectrum is similar 

to that of Figure 1-9 with a definite maximum energy E and an average value 

nisix 

at about the same position. 

52 

The as yet unpublished energy level diagram of Mn , recently obtained 

by Osborne and Deutsoh, is given as Figure 1-11 not only to illustrate positron 

decay but also to show the other two types of radioactivity, electron capture 

and isomeric transition. 

52 

Mn has a radioactive ground state which decays by positron emission 

52 

with a half-period of 6.5 days to a rather highly-excited state of .Cr The 

E of these positrons is 0.68 Mev. When this kinetic energy is added to the 
max 

m c^ =0.51 Mev required to produce the positron rest mass, a total change in 
o 

nuclear energy of 1.09 Mev is indicated. This change is followed by three 

successive gamma rays in cascade with energies of 0.73 Mev, 0.94 Mev and 1.46 

52 

Mev respectively, ending in the ground state of Cr • This type of diagram 
is characteristic of many positron spectra — some, of course, show branching 
at the radioactive ground state with positron emission to other excited levels 
in the residual nucleus. 

A free positron strongly attracts all the electrons in its vicinity 
and hence ionizes the material through which it is projected in exactly the 
same amount as would an electron of the same energy. When the positron’s vel- 
ocity is suitably reduced by these repeated energy losses, it may fail to escape 
from an attracted electron. The two then combine, annihilating each other. 
In this annihilation process, energy, momentum, and electrical charge must be 
conserved. The conservation of charge (zero before and after the collision) 
is satisfied by the disappearance of the two particles. Their energy is given 
up in the form of gamma rays, called the annihilation radiation . As the posi- 
tron usually has nearly zero kinetic energy when it submits to annihilation, 

2 

the total energy. of the gamma rays in this case will be 2 me — 1.02 Mev. This 
cannot be emitted as a single quantun because nothing remains after the annihi- 
lation to absorb the momentum hv/o of such a single quantum. The energy is 

2 

therefore divided between two quanta of equal energy hi^ = me - 0.51 Mev, and 
equal moraontum hiy^c, travelling in opposite directions away from the scene 
of the annihilation. The simultaneous emission of two quanta, each of 0,51 
Mev energy, per annihilation has been confirmed by coincidence counter obser- 


vations 
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(excited) 

(excited) 

(excited) 

(ground ) 



T : 21 min. 
('^2%) 0.42 Mev 
T = 6.5 d. 


52 

Figure 1-11. Energy Level Diagram of Mn"" • 


1-20 Electron Capture 

Another process of radioactive decay is the capture by a nucleus of 
orbital electrons from the atom in which the nucleus is contained. Although 
L, M, etc., electrons are captured in some cases, the most common procedure 
is the capture of the innermost, or K, electrons. For this reason the pro- 
cess is often designated as K or K-capture (see Figure 1-6). 

52 

In Mn some 65 per cent of the nuclei in the ground state decay by 

52 

this process to the uppermost excited level of Cr . Thus the result is simi- 
lar to positron emission in that the change is (Z) — ► (2.-1) and neutrinos 
are emitted: (p + e" — > n) + v. However, there are two important differ- 
ences. The emission of positrons is accompanied by a continuous spectrum 
of neutrinos, while electron capture results in a line spectrum of neutrinos* 
As with other neutrinos, these have been studied extensively but have never 
been detected directly. However, the expected recoil of the residual nucleus 
following V emission in electron capture transitions, has been observed . Be- 
cause electron capture removes etn inner atomic electron, the process is fol- 
lowed by the emission of the characteristic x-rays and Auger electrons of the 
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product atom. Since no other radiations appear, the process is identified 
and its competitive proportion is measured by means of these x-rays* 

1-21 Isomeric Transition 

The fifth type of radioactive change takes place when a nucleus trans- 
forms from a metastable excited state of measurable lifetime to ground state 
with the emission of a gamma ray or an internal conversion electron. Competi- 
tive beta-ray emission from the excited level is sometimes observed. De-ex- 
citation by emission of a gamma ray or of an electron does not involve any 
change in the number of protons or neutrons in the nucleus but only a read- 
justment of their configuration. The ground state and excited state are called 
isomers of the same nucleus and the transition between is, therefore, called 
an isomeric transition designated at I.T. The symbol e is reserved in Figure 
1-6 and elsewhere to designate internal conversion electrons emitted in iso- 
meric transitions • 

If the energy of excitation is greater than the binding energy of the 

atomic electrons, which is generally the case, the conversion electron will 

be ejected with a kinetic energy in the laboratory coordinates equal to the 

nuclear excitation energy minus the electronic binding energy. In the case 
52 

of Mn (Figure 1-11) the line spectrum of electrons has an energy of 0.42 Mev 

- E. 

52 

The 21 min. isomer of Mn also decays by gamma-ray emission (0.42 Mev) 
62 

to the ground state of Mn and by positron emission directly to the lower ex- 
cited level of Cr • The predominance of the latter 93% by 0 ) is very un- 
usual, since most isomeric transitions go mainly by e" or y emission rather 
than by positron or electron beta-ray emission. The competition between e* 
and y emission is dependent primarily on the difference in angular momentum 
between the two isomeric states. The internal conversion (e") is more prob- 
able than y emission if Z is large; if the energy of excitation is small, and 
if the nuclear angular momentum difference is large. 

1-22 Radioactive Series Relations 

As mentioned previously, the fission fragments lie well above the 
region of stability, and decay by a series of 0 (and occasionally n) trans- 
formation until a stable form is attained. Figure 1-10 describes a portion 
of one series. In general terms, this process can be represented as: 
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U^”(n,f) ► A 



where B, C, D ••• represent successive types of atoms formed by /3 decay from 
a particular fission fragment A; and X^, •••• represent the decay 

constants for each of the designated steps# A given X is the probability 
that the atom will decay in unit time and is independent of the age of the 
individual atom. Thus in a group of atoms of type A, all alike and A of 
them, the number which decay - dA in a time dt is given by - dA = X^Adt. 
Hence the fraction of atoms a/a^ remaining after a time t is 

(17) a/a^ = 

when A^ represents the number of atoms of type A present at time t = 0. It 
follows directly that the corresponding ratio of activities is given by 

(18 ) A^aA*A„ = 

which has the form of Pigxare 1-12. The half-period T is the time required for 

ii. 

the activity to decrease to one-half the initial value, t is the mean life 

A 

of the atoms A. It can be shown that = iAa.> that '^.X A (the cross- 

A A' A A O 

hatched area) equals the area under the exponential curve, that is, the total 
number of atoms A^ decaying. 



Figure 1-12, Exponential Decrease of 
Activity \^A with Time t. 



Figure 1-13. Exponential Build-Up 

B when , 

B A 


A 



32 


THE SCIENCE AND ENGINEERING OF NUCLEAR POWER 


If atoms A decay into radioactive atoms of the type B, the activity of 
the latter can be shown to be 

(19) 8 X 3 = [^bVo/(V\) ( if B = 0 at t = 0. 


If Xg»X^, that is, if the parent is long-lived and the daughter is short-lived, 
this expression reduces to the familiar exponential build-up 

(20) (1 - j 

shown in Figure 1-13. 

As an example, consider the fission product series: 


U^^^(n,f) 


■Xe 


140 


Cs 


Ba 


La 


Ce 


140 


16s. 40s. 300h. 40h. 

and assime that after a given period of neutron bombardment the slug of uranium 

140 

is dissolved and A^ atoms of Ba are separated at time t = 0, The activity 

of the Ba^^*^ (atoms A) and of the La^^^ (atoms B) will then follow Equations 

(18) and (19) as shown in Figure 1-14, The activity of La^^*^ builds up from an 

140 

initial value of zero until at time t^ its activity equals that of Ba . At 


t^ only; 

(21) AA^= BA3 =A^y-^A*l 


where 

(22) t^= [l/(X^ - ( V\) = 134 h. for Ba-^La-^. 


After a time t»T or t the activity of La is always slightly greater 
A ^ ^ 

{'^15%) than that of Ba — a condition known as transient equilibrium exists s 


(23) BXg/AX^ = Ag/Xg - X^) = 1.15 


The areas under the two curves in Figure 1-14 must be equal, since each 

represents the total number of atoms that decay from t = 0 to t = ® and one 

140 140 

La is formed by the decay of each Ba . 
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140 140 

Figure 1-14. Activity Relations between Ba and La . 

1-23 Width of Nuclear Energy Levels 

The transition probability and the mean lifetime of excited states of 
nuclei are commonly expressed in terms of the ’^widtn’^ of the nuclear energy 
level. In nuclear physics, the concept of level width has “Uie same origin 
and interpretation as the level widths of atonic spectroscopy. The Heisenberg 
uncertainty principle gives a general relationship between the uncertainty 
AE in energy and the concomitant uncertainty At in time; 

(24) = h/27r = ft 

Thus a nuclear level having a very short mean lifetime is correspondingly 
poorly defined in energy while a long-lived nuclear state will be very 
sharply defined in energy. The uncertainty in time At is taken as equal to 
the mean life r of the state, while the corresponding uncertainty in energy 
AE is called the level width f. Then Equation (24) becomes: 

Ft = fi 
or 


(25) r = ft/r = ft\ 
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and the level width P is proportional to the decay probability, A* If ^>^2* 

\ ••• are partial decay constants, corresponding to various competitive modes 

^ -h 52 \ 

of decay (e.g.,/S and electron capture in the 6.5d level of Nn ; Figure 1-11) 

then the corresponding ’’partial level widths” are P^ = tiA^; P^ = fiA^; etc., 

and the total level width is the sum of the partial widths; 

( 26 ) P = ( P^ + P^ + P^ + •..) = ( + Ag -f Ag -H . . • ^ 

Thus the total width of a nuclear level, which is proportional to the ^total 
probability of decay of the excited level, depends on the configuration of all 
the lower lying levels to which transformations are possible. If the excited 
state tends to decay rapidly, then P is large and the energy of the level is 
poorly defined. The physical significance of the width of nuclear resonance 
levels will be discussed more fully in Section 1-27. 

It is customary to express P in electron volts, hence with A in sec 

we need 

on 10 

h = h/277 = 6.6 X 10* erg sec/277 X 1.6 X 10* (erg/ev) 

= 0.65 X 10 ev sec 
52 

For example, the 6.5 day Mn level of Figure 1-11 has the following character- 
istics; 

T = 6 .5 days 

T = 1.44 X 6.5 X 24 X 3600 = 8.1 X 10^ sec 

\ = 1/8.1 X 10^ sec = 1.23 X lO"® sec"^ 

r = 0.65 X 10~^^ ev aec/e.l x 10^ sec = 8 X lO”^^ ev 

52 

Normally, the width of excited levels such as those in Cr (see Figure 1-11), 
from which ~1 Mev^rays are emitted, is about 0.01 to 0.001 ev. Such states, 
therefore, have mean lives of the order of 

T = ti/P = 0.65 X lO"^^ ev sec/O.Ol ev = 0.65 X 10*^^ sec 

In the wave model of a radiating nucleus, the mean life r is the duration of 
the electromagnetic pulse of y radiation emitted, eind therefore describes the 
length TO of the wave train emitted. The corpuscular counterpart of the wave 
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model simply identifies r as the ordinary mean life in a large ensemble of 
identical excited states in a group of atoms. Thus if there are excited 

nuclei at time t =0, the number N remaining untrans formed at time t is N = 

„ -At „ -t/r 

N e = N e ' . 

0 0 

1-24 Interaction of Radiation with Matter 

235 

The fission of 1 kg of U , to take a purely arbitrary amount, results 
in about 989 grams of fission products, 10 grams of neutrons, 700 milligrams 
of kinetic energy (mass-energy equivalent) and an additional 100 milligrams 
of energy as radiation, largely from radioactive decay products. 

The nature of the fission products will be presented in a later section 
on radiochemistry. The interactions of neutrons with matter are discussed in 
general terms in this section but will be considered in detail under pile 
theory. The absorption of the kinetic energy of the fission fragments and the 
interactions of the radioactive radiations (gamma, beta, alpha and neutrino) 
with matter are of fundamental importance in the design and engineering of 
nuclear reactors. For example, it follows directly from such considerations 
that an intensely radioactive coolant in a heat exchanger will not produce any 
appreciable amount of radioactivity in the secondary cooling medium. 

Gamma Rays 

Gamma rays are emitted (a) during fission, (b) from the radioactive 
fission products, (c) from (n, y) reactions, and (d) from induced radioactivity 
in materials of construction. By definition, y rays are emitted by nuclei; 
all other high energy electromagnetic radiations associated with nuclear and 
electronic interactions are called x-rays. The dualistic nature of wave and 
corpuscular properties is particularly evident in this high energy electro- 
magne tic radiati on • 

Gamma rays diverge from the emitting nucleus like a radio or radar 
pulse from an antenna. At any point in space, the electromagnetic wave train 
is a short pulse having a velocity’^ c = 3 X 10^^ om/sec and frequency v sec*^, 
hence wave length A = c/v. The duretion of the pulse can be identified with 
the mean life against y emission of a typical single nuclear state and can be 
estimated from F = h/r. With F ^ 10 ev, ^ 0.6 x lO" sec is a repre- 


♦Because there is no dispersion, group and phase velocity are equal. 
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sentative emission time* The length of the corresponding wave train is ^ 
or = 0*2 mm* The formation of a wave train of finite length with a localized 
maximum amplitude defining the position of the photon implies a Fourier super- 
position of monochromatic wave trains of infinite extent, having wave lengths 
slightly different from Thus there is an indeterminancy in which can 

be shown to be identical with the general form of the Heisenberg Uncertainty 
Principle A x Ap = h /277 = h. The energy and momentum of the photon associ- 
ated with or represented by the electromagnetic wave, are E = hi^ and p = hz^/c 
respectively* Hence, taking the maximum uncertainty Ap as the entire momelitum 
p = hv/c, the minimum uncertainty in position of the photon is (Ax)min = 
(h/277)/(hi^/o ) = X/27r = A. 

The relation between wave length \ and energy E in Mev is; 

/ 07 ^ X 1238* 1^—13 

{27) A ~ — = — X 10 cm 

bi 

-13 

Thus for E = 1 Mev,\ = 1238 X 10 cm* Since nuclear gamma rays have energies 

between about 0,05 and about 3 Mev, with the majority between 0*5 and 1*5 Mev, 

the gamma ray wave lengths are much greater than nuclear or electronic dimen- 

-13 

sions (R and r are 10 cm)* 

The directional distribution of the gamma-ray wave amplitude ^ or the 
intensity I (oi/?) is characteristic of an oscillating electric dipole, quadru- 
pole, etc., or of an oscillating magnetic dipole, quadrupole, etc. Actually 
the electric quadrupole radiation (k = I - I*= 2, ^*no” change in parity) is the 
most common type of nuclear gamma ray* The electric dipole moments are 
usually negligible, due to symmetry of charge distribution, but electric 
quadrupole moments may be relatively large. 

For purpose of visualization, a gamma-ray photon may be represented 
diagrammatically as in Figure 1-15* The shaded area represents the general 
location of the photon from the uncertainty principles* The electric vector 
^ and the magnetic vector H are ab right angles to each other and to the 
Poynting vector of energy flow S* The single quantum has a plane of polari- 
zation which rotates about S with an angular momentum or spin of h/Zrr ^ The 
wave length A gives a clue as to the types of interaction to be expected* 

The three most prominent modes of interaction are photoelectric ef- 
fect, Compton effect, and pair production. These are discussed in detail be- 
low. In a rigorous treatment, three others must be included; 



FUNDAMENTALS OF NUCLEAR PHYSICS 


37 


2X 



Figure 1-15. Schematic Representation of a Gamma-Ray Photon. 


(a) Formation of isomeric nuclear levels . The excited state 
may be sufficiently long-lived to be observed by isomeric transitions 
of the type discussed in Section 1-21. 

(b) Photodisintegration of nuclei . In heavier elements the 

energy required to knock out a neutron is the order of 8 Mev, the 

binding energy of a nucleon. As considered in Section 1-15, the thresh- 

2 

old for certain light elements may be much less (2.18 Mev for H (7,n) 

Q 

and 1.63 Mev for Be {7,n) ). 

(c) Coherent or Bragg Scattering . This effect is important 
in the low-energy field. The Bragg reflection angle of rock salt for 
0.5 Mev gamma rays is about 15 minutes of arc. Hence, coherent scat- 
tering is in general unimportant — the angles are small and the in- 
tensities are small for high-energy nuclear gamma rays. 


Photoelectric Effect. In the photoelectric effect, the gamma ray in- 
teracts as a wave with the entire struck atom. Momentum and energy are con- 
served and the general result is that a single atomic electron somewhere in 
the atom (generally a K or L electron) receives all of the energy of the 
photon in one encounter. The electron is ejected from the atom with an 
energy = hi^ - B, i.e., the energy of the incident photon hi^ dimin- 
ished by the binding energy B of the electron in the atom. The effect is 
described diagrammatically in Figure 1-16. The shaded circle represents the 
atom from which an electron e* is ejected. For low-energy gamma rays, the 


c/5* 
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small hV 



photoelectrons tend to come out at right angles to the incident direction 
of the gamma rays. This angular distribution can be visualized as the ef- 
fect of the electric vector in Figure 1-15. For high-energy gamma rays, 
the photoelectrons tend to come out in a more forwardly direction, which 
becomes almost directly forward for very high-energy gamma rays. This for- 
ward motion can be thought of as resulting from the momentum transfer of the 
incident photon combined, of course, with the backward momentum which the 
atom takes as a whole. Alternatively, this forward motion can be considered 
to be the result of the Lorentz force of the H component of the electromag- 
netic wave* 

Following pliotoelectric emission, the atom emits characteristic x-rays 
and Auger electrons as the electronic energy levels are refilled. It is evi- 
dent that monoenergetic gamma rays produce line spectra of photoelectrons. 

Ths atomic cross section for the photoelectric absorption ^ has re- 
ceived considerable theoretical attention, but as yet no completely satis- 
factory general theory has resulted. Roughly, 

(28) ^ const (l/hi^)^*^Z^ cm^ 

Numerically r has such values that photoelectric absorption is dominant in 

^ 4 

heavy elements, such as Pb, below an energy of about 0,5 Mev. The Z depend- 
ence results in negligibly small values of r for light elements, such as kl . 

^ - 1 

The linear absorption coeff ic ient t = r N cm , where N = number of atoms/oc. 
Nmerical values for r of Pb are plotted in Figures 1-17 and 1-18 for two ranges 
of gamma-ray energy. To estimate r for other materials, use these figures 
for Pb and correct for density p, atomic weight W, and atomic number Z by; 



Wave le 
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Figure 1-17 


Energy (Mev) 





Wove length (XU) 
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Figure 1-18 


Energy IMev) 
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(29) T = Tp^(/)/ll.3)(207.2A)(z/82)^ 


Compton Effect. In contrast with the photoelectric effect, the 
Compton Effect is an elastic collision between a gamma-ray quantum and a 
single electron* Moraentura and energy are conserved -- the electron gener- 
ally being considered as unbound. The details of this interaction have been 
analyzed quite completely by Klein and Nishina and can be considered as 
rather thoroughly understood. Experiments have been made up to energies of 
17 Mev, and the agreement with theory is excellent* Figure 1-19 is similar 
to the original diagram used by A. H. Compton to explain the original in- 
terpretation of this effect. The incident quantum hi^ gives up a portion of 

its energy E to the electron e"", which flies off at an angle 4> with the di- 
c 

reotion of the incident quantum* The degraded radiation hv' is observed at 
an angle 6 given in the relation: 


(30) hv» = 


moC 


(l-cos0-hmc) 
' o ' 

hP 


The change in wave length is given by the familiar expression; 


(31) K = (h/m^c)(l - cos 0 ) = ^^(1 - cos 0 ) 

where the Compton wave length = 24.7 X 10 cm = 24*7 XU, i*e*, the 



Figure 1-19* Schematic Diagram of Compton Collision 
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wave length of a 0.51 Mev quantum. For hv » m^c , hv’ — ^ 0.51 Mev at 0 = 
90^ and hi^» — 0.25 Mev at 0 = 180^. The degraded radiation goes on to in- 
dulge in further interactions and generally ends in a photoelectric encoun- 
ter . 

The Compton electrons of energy E^ = hv - hi^ have a continuous dis- 
tribution in energy from zero up to a maximum (at (p = 0^, 0 = 180^) of 

(32) (E ) = hv/(l + m o^/Zhv) 

^ ' 0 ^max ' ' o' ' 

2 

which for hv » m c is given by 

2 

(33) (E ) as hv - = hv - 0.25 Mev 

^ ^ c 'max 2 

The electronic cross section ^cx for the Compton process is composed 

of two parts, the cross section for scattering a and the cross section for 

e s 

absorption cr , The latter accounts for the energy taken out of the gamma- 
e a 

ray beam and put into kinetic energy of motion of the electron which, as far 

as the gamma ray is concerned, is an absorption process. At an energy of 

1.6 Mev, cr ~ cr - 0.08 barn per electron, while below 1.6 Mev cr > cr 
’esea esea 

and above 1.6 Mev a > cr . The total electrunic cross section is cr = cr + 
e a e s e e s 

cr , which in turn is related to the total linear coefficient cr as 
e a 


(34) cr = + cr^ - (^a^ + ^crJ{pm/Vi) 

NuiT.orical values for cr ^ a and (cr + <7 ) for Pb are included in Figures 1-17 

s a s a 

and 1-18 and for kt in Figure 1-20. To estimate cr for other materials, the 
values given for Pb can be corrected for density p, atomic weight W, and 
atomic number Z by the relation 


(35) CT = ap^ (/3/ll.3)(207.2/W)(Z/82) 

A simil^.r expression can be used with the values given for kt (2.68 X 10 
electrons/cc Pb and 0.78 X 10^^ electrons/cc A/). 


24 


' ^ Pair Production . As the name implies , a gamma ray may produce an 
electron pair, that is, a negative electron e“ and a positive electron or 
positron e"^. This interaction is between a gamma-ray quantum and a nucleus. 
According to present theory, the incoming quantum is completely absorbed in 
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Figure 1-20 


Energy (Mev) 
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the region of the nuclear Coulomb field, but not ”in” the nucleus. It lifts 
an electron e* from a negative energy state and gives it sufficient kinetic 
energy to escape from the attractive nuclear field. The hole in the energy 
continuum is identified as the positron e*^« The electron pair (e“^, e“) and 
the residual nucleus form a three-body system which conserves energy and mo- 
mentum (see Figure 1-21). Since the charges on the two particles e"*” and e* are 
equal in magnitude but opposite in sign, charge is also conserved in the pro- 
cess. The total energy of the queintum appears as kinetic energy of the three 

bodies, e*^, e*, and nucleus, plus the mass energy 2m c • Hence, the cross 

^ 2 

section for this interaction is zero for energies Ibss than 2m^c = 1.02 Mev. 

Pair production is important for high energies and for heavy elements 
— it is equal in importance to the Compton coefficient for Pb at 4.75 Mev. 
Above this energy, pair production becomes predominant. The nuclear cross 
section ^ is given by an expression of the form: 

A 

(36) = Z^F(hv), 

2 

where F(hv) ^ const (hv - 2m^c ) 

2 

hence F(hi^) = 0 at hi^ = 2m^c 

Nunerical values of the corresponding linear absorption coefficients k for Pb 
and kl are given in Figures 1-17, 1-18, and 1-19. The value for any other 
absorber may be obtained from the value for Pb, by 



Figure 1-21. Pair Production Process . The longer vector for e symbolizes that 
there is a slight tendency to emphasize the energy of the positron over that 
of the 0 * because of ihe effect of the Coulomb field of the nucleus on the new- 
ly created particles. 
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(37) /c = a<p^(p/11.3)(207.2/m)(Z/82)^ 

The total absorption coefficient m is the sun of photo Compton 
and pair k, 

(38) M = 'J" -t or + ^ 

and has a high value at low energy because of the importance of photo, and 

rises at high energies because of the importance of pair production. These 

relationships are clearly demonstrated in the curve of ^ . in Figure 1-18. It 

-1 

is seen that the values of above 0.44 cm are double valued in the 
gamma-ray energy. Hence, care must be taken in using lead for energy deter- 
minations by absorption measurements. This precaution is particularly true 
in copper, since is essentially constant (about 0.28 cm"^) for all gamma 
rays above an energy of 6 Mev. 

The intensity of a collimated gamma-ray beam I after traversing a 
thickness x of material in the direction of the incident beam of intensity 
is given by the familiar expression 

(39) I = I I 

0 o 

The latter form, involving the mass absorption coefficient (m/p) in cm /gm 
and the thickness of absorber w = /tx in gm/cm , is particularly useful for 
medium energies (^0.5 to 1.5 Mev) in heavy elements and over a wider range in 
elements of low Z, since the Compton effect predaninates and the following 
simplifications can be employed: 

(40) dl = Ifudx ^ ladx = I a(/oNZ/w)dx 

e 

1 a(const)pdx = l(p/p)(pdx) 
e 

since Z/Uc^l/2 and the mass absorption coefficient /i/b = crNZ/l^/ is approximate- 

e 

ly independent of Z . 

Hence 

(41) dl % I()U//9)(pdx) 


which is nearly independent of the Z of the absorber. 



46 


THE SCIENCE AND ENGINEERING OF NUCLEAR POWER 


Electrons 

Aside from the annihilation phenomenon for e"*” from pair production and 
ySi''’from the radioactive decay of nuclei, positrons and negative electrons (nega- 
trons) behave identically in their interaction with matter. Their static 
corpuscular properties are; 

Charge: e = t 4,80 x lO”^^ esu = 1.60 X 10 coulomb 

- 27 

Mass; m - 0.9 X 10 gm (rest mass) 
o 

2 2 “*13 

Radius? r ^ e /m c == 2.8 X 10 cm 
o 


In t^unoral the dynamic properties of electrons in nuclear physics must be con- 
sidored relativis tically because the energies are usually much higher than the 
rest energy of the electron. Hence: 

/ 2 2 
1 - V /c 

(see insert in Figure 1-22 for = v/c versus energy E in Mev). 

2 2 

Kinetic energy: T = me - m^c 

Momentum: p - mv = (i/c)^T(T -I- 2m^c^ ) 

B.P - (loVs) \/e(E + 1.02) 


Whore magnetic field strength in gauss and /Q E radius of curvature in cm 
for electron of energy E Mev moving in this magnetic field in a plane normal 
to the direction of the field, c E velocity of light in cm/sec. Values of the 
momentum measured in terms of Hp may be obtained for all values of energy from 
essentially 0 up to 35 Mev by reference to Figure 1-22. Both sets of coordin- 
ates are to be multiplied by the factor shown adjoining the appropriate curve. 
Thus electrons with an energy of 3.0 Mev (3.0 X 1) have a momentum of 11, 500 
gauss cm (11,500 X 1). While electrons with an energy of 30 Mev (3.0 X 10) 
have a momentum of 101,000 gauss cm (10,100 X 10). 

It is often convenient to consider the ratio of the total energy to 
the rest energy; 

W^ E (mc^/m^c^)^ “ (1 + T/m^c^)^ = 1 + (p/m^c)^ 

Op 

whicPi reduces to W — 1 + 77 , where 77 = Hp/l700 and W = 1 E E/0.51. 












48 


THE SCIENCE AND ENGINEERING OF NUCLEAR POWER 


Another dynamic characteristic of considerable importance is the de 
Broglie wave length X = h/p. The following table gives the wave length for 
electrons for a series of values of energy and momentum: 


E(in 

Mev) 

0.01 

0.05 

0.10 

0.50 

1.0 

2.0 

10. 

1000. 

p(in 

10 gm cm/sec 

) 0.54 

1.23 

1.80 

4.65 

7.6 

13.2 

56. 

5400. 

X(in 


123. 

54. 

37. 

14.3 

8.7 

5.0 

1. 

18 0.012 


It is seen 

that for 

energies of 

0.01 to 

0.05 

Mev, 

the 

wave length 


ranges from 0#123 X to 0,054 S, which is very large compared to nuclear dimen- 
sions, These wave lengths account for the diffraction of such electrons by 
atoms in crystals and for their usefulness in elec tron microscopes . At the 
very high energies the wave lengths are comparable to the diameters of nuclear 
particles (n or p), i.e#, 1.2 X 10 cm at 1000 liev(l Bev) . It has been 
suggested by Slater that such electrons, which may soon be available from high 
voltage machines, may have their greatest use in diffraction studies within 
nuclei, 

Elas tic Scattering , Electrons are scattered appreciably by both 

atomic electrons and atomic nuclei. When an electron of rest mass m and 

o 

velocity v passes through an atom, the interaction of its charge with the 
central field of the nucleus causes the electron t o be deflected or scat- 
tered, For each atom the integrated probability of scattering through a 

given angle is proportional to (Ze /m v ) (1 - v /c ), i,e,, the cross sec- 

^ 2 

tion for scattering of electrons of a given energy by nuclei is cr » Z . 

A 

The scattering of electrons by atomic electrons involves a special theoret- 
ical treatment based on the wave mechanical resonance principles describing 
the interaction of two identical particles. In this case the cross section 
is cr oc 2 , Hence, for electrons of the same energy, /p ^ Z, Thus the 

two effects are of nearly equal importance in hydrogen (Z =1), while for 
medium or heavy elements the scattering is mostly nuclear; in Au only about 
1 per cent of the total scattering is caused by atomic electrons. 

The other important interactions of electrons with matter are the in- 
elastic processes; nuclear excitation, radiation, and ionization. 

Nuclear Excitation , As mentioned previously, electrons cannot exist 


in nuclei. However, it is possible for a fast-moving electron to interact 



FUNDAMENTALS OF NDCIEAR PHYSICS 


49 


directly with a nucleus, lifting the whole ensemble to an excited and per- 
haps isomeric meta-stable state. The electron then departs, deprived of some 
of its kinetic energy. As predicted theoretically, the cross sections for 
nuclear excitation by electrons are quite small ('^lO barn)* The excited 

state may disintegrate by neutron emission, and non-capture disintegration by 

-7 9 

electrons has a cross section of ^10 barn for ^>-2 Mev electrons on Be . 

Radiation* The continuous x-ray spectrim or Bremsstrahlung is a familiar 
example of the conversion of electron energy into quanta of radiation as a re- 
sult of inelastic scattering of electrons ty ths Coulomb field of atomic nuclei 
in the target* In the low-energy dcxnain, this process represents only a small 
portion of the total energy losses, as the electron loses much more energy by 
ionization than by radiation* However, high energy ^ rays may lose very 
significant amounts of energy by radiation in traversing heavy materials, 
since this loss increases linearly with the kinetic energy E as ’well as with Z ; 

(42) (dE/dr)^^^,^ oc 

A radiated quantum may have any energy up to a maximum value equal to 
the incident energy of the electron. The quantum energy equals the kinetic 
energy lost by the electron. In theory, the radiative process is the inverse 
of pair production — incident electrons produce radiation or incident radia- 
tion produces electron pairs* 

Ionization * The basic mechanism for loss of energy by ionization is 
the seime for electrons and heavy charged particles (Section 1-25). If the 
moving electron interacts electrostatically with an atomic electron with suf- 
ficient intensity and duration, the atomic electron may be removed, leaving 
a positive ion and a free electron* These separated electric charges are called 
an ion pair, regardless of whether the electron remains free or becomes attached 
to a neutral atom forming a negative ion. On the average, the energy required 
to produce one ion pair in air is 32.5 ev or ~30,000 ion pairs/4lev* 

The ionization losses for low energy electrons having up to about one 
Mev of energy are given by a relation of the form: 

(43) ('iE/dr).^^g ^ nz/v^ (low energy) 

whence for monoenergetic electrons dE = const. (NEdr) = (/d7lE/W)dr 2 : const, (pdr). 
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Thus the average range of electrons, if measured in terms of gm/cm^ of materi- 
al traversed, is approximately independent of E* The path of an individual 
electron in an absorber, however, is generally tortuous rather than straight, 
particularly at moderate and low energies* 

At higher energies (above the minimun expected at 3m^c ) theory predicts 
that the ionization losses should rise very slowly (by only 60 per cent between 
3 and 1000 m^c ), approximately in proportion to the logarithm of the energy. 

As noted above, the radiative losses depend upon the rest mass m of 
the swiftly-moving electron, whereas the ionization losses do not. Furthermore, 
in contrast with ionization processes, the energy losses by quantum radia- 
tion occur in a small number of collisions, in each of which a relatively 
large proportion of the electron’s total energy is lost. Therefore the ra- 
diative loss for an individual electron may be much less or much greater 
than the average loss for the distance traversed. This is equivalent to 
saying that the straggling of radiative energy losses is very great. The 
observed straggling will, of course, be due to both radiative and ionization 
losses . 

The ratio of radiative to ionization losses for electrons is approxi- 
mately 

( 44 ) (dE/dr)^^^,y(dE/dr).^^ = EZ/l600 

where E is energy in Mev. As a rough rule of thumb, the two effects are equal 
(each about 1.6 Mov/mm Pb) in lead (Z — 82) for E ^ 10 Mev. At higher ener- 
gies, such as are mot in cosmic-ray electrons, the radiative losses become pre- 
dominant, and the total observed losses are in agreement with the predicted 
sum of the ionization and radiative losses. 

Absorption . In the foregoing considerations, the distances traversed 
by the electrons refer to the actual path. Because of the many deflections 
suffered, the total length of tho path through an absorber may bo from 1.5 to 
4X the actual thickness of absorber. Thus range measurements, except in a 
cloud chamber arranged to photograph the entire path, have none of the defin- 
iteness attached to range observations on heavy particles considered in Section 
1-25. Nevertheless, careful observation of the effects of various absorbing 
foils on electrons of known energy and homogeneity can be used to define a 
practical extrapolated or maximum range for electrons. 
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In spite of variations in the form of the absorption curves, the thick- 
ness of material required to reduce the ionization or counting to essentially 
zero is a fairly definite observable quantity. Reproducible results are ob- 
tained in the case of initially homogeneous electrons by extrapolating the 
approximately linear middle portion of the absorption curve, until it cuts the 
value assigned to background effects. Thus the extrapolated range R^ for homo- 
geneous electrons is obtained as in Figure 1-23. 

All available data on the extrapolated ranges of homogeneous beta rays 
are presented in Figure 1-24. From 0.5 to 3 Mev these data on line spectra 
may be represented within about +5 per cent by the linear relationship R^ = 
0.52 E - 0.09, where E is in Mev and R^ is in gmA^/cm^. 

Extrapolated ranges have also been measured for very low energy elec- 
trons in aluminium. These results are also plotted in Figure 1-24 for homo- 
geneous beta rays from 0.01 to 0.15 Mev. Because of the greater ionization 
and scattering losses at such low energies, these ranges are much smaller than 
those for higher energies but can bo represented between E = 0.03 and 0.16 Mev 
by R == 0.15 E - 0.0028. 

The distribution of electron energies is continuous, with a definite 
maximum value E^, for both radioactive beta-ray spectra and for Compton recoil 
electrons. The shape of t}io absorption curves for continuous spectra differs 
markedly from that for line spectra. Because the lower energy electrons are 
most rapidly absorbed, the absorption curves for continuous spectra f‘all off 



Figure 1-23. Typical Absorption Curve for Homogeneous Electrons. 
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more rapidly than those for line spectra. For radioactive beta-ray spectra, 
the absorption curve obtained in ionization measurements is often nearly ex- 
ponential over the majority of its length, and can then be represented approxi- 
mately by; l/l^ = , where l/l^ is the fraction of the initial ionization 
measured after the beta rays have passed through x cm of absorbing material, 
and cm ^ is the apparent absorption coefficient for the particular spectrum. 
If d gm per cm is the density of the absoroer, it is found experimentally 
that the mass absorption coefficient /x/d is nearly independent of the atomic 
weight of the absorber , rising only slightly with increasing atomic number. 
A plot of all known values of fj/d. against the maximun energy of the beta-ray 
spectrvm E shows that within a probable error of about 0.2 Mev, the following 
empirical relationship describes these data; M/d = ZZ/&^* , where E^ is in 
Mev, and M/d is measured in cm^ per gm of alvminun. Then the absorber thick- 
ness D required to reduce l/l^ to 0.5 is approximately; 




where the half-value thickness D is in gm per cm of aluminun, or some neigh- 
boring light element. In computing I and the background must first be de- 
ducted from all readings. 

Because the shape of the absorption curve will depend somewhat on 
geometrical conditions, more reproducible results may be obtained by observ- 
ing the thickness of absorber required to stop the beta rays of highest energy. 
This maximum thickness is called the maximum range , Rm* The definition of 
maximum range is illustrated by Figure 1-25. In the case of several radio- 
active substances, relatively reliable measurements are available on both the 
maximum range and the observed maximum energy as determined from magnetic 
spectrograph measurements . These data are plotted on Figure 1-26. A straight 
line through these points is given by 


(46) R = 0.54 E - 0.15 
^ ' m m 

which is valid, within the known uncertainties, for maximum energies E near 

m 

the 1 to 3 Mev domain. 

A correction must be made if the beta-ray source has finite thickness, 
due to the absorption of beta rays within the source itself. For sources 
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Figure 1-J25. Typical Absorption Curve for Continuous Spectra* 


thinner than R /4, it is sufficient to add ono-third of the3 source thickness, 

2 ^ 

in gm per cm , to tho observed maximum range) R^ before determining E^ by Equa- 
tion (46). 

Neutrinos 

Very little can be said about the interaction of neutrinos with matter, 
since tiiese particles have never been observed directly. From the attempts 
that have been made, lowor limits can be set for some of the physical constants. 
For example, from the failure to observe ionization when a known number of 
neutrinos pass through a known volume of gas, it is established that the mean 

5 

free path for ionization is > 3 X 10 km of air. Therefore the magnetic di- 
polo moment of the neutrino is < 1/5500 Bohr magneton. It will be recalled 
that two- thirds of tho radioactive energy of beta decay is associated with the 
neutrinos. It is a little unfortunate that this energy cannot be captured. 
The flux of neutrinos escaping from a pile operating at 200,00 kw is 10,000 kw. 

1-25 Interaction of Protons (p), Deuterons (d), and Alpha Particles (a) with 
Matter 

With respect to the so-called heavy nuclear particles, p, d, and a, 

it will be recalled tliaf these are all stripped atoms. The alpha particle, 

for instance, is simply a helium nucleus (pHe ) with both atomic electrons 

^ 1 + 2 -t 

absent, while the proton and deuteron are hydrogen nuclei ( ) and ( ) 
respectively. 
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The masses are of the order of the masses of atoms, that is, of atomic mass 

2 

units per particle. Consequently, the rest energy M^o is of the order of 
magnitude of 1000 Mev. The kinetic energies of these particles are generally 
much lower, 0 to 10 Mev, and therefore their motion and interactions can be 
treated nonrelativistically . For example, an a of KE = 2*07 Mev has a velo- 
city of 10^ cm/sec or = v/c = l/SO* 

The nuclear disintegrations produced by p, d, and a were considered 
briefly in Section 1-16. It was observed that there is inelastic scattering 
and there is competition between the various modes of disintegration* These 
interactions, in general, have small cross sections because of the Coulomb 
barrier which must be overcome by these charged particles in order to pene- 
trate a nucleus. The radiative losses, which are important in the interaction 
of light particles such as electrons with matter, are substantially absent in 
this energy domain for the p, d, and a because of their large rest masses* 
It will be recalled from Section 1-24 that the radiative losses are inversely 

proportional to the square of the rest mass. Hence for these particles the 

—6 

effects are -^10 that for electrons* This leaves two important interactions 
for these particles, (1) the nuclear scattering and (2) the ionization effects 
or interaction with atomic electrons* 

Elastic Nuclear Scattering . The classical theory for nuclear scat- 
tering as developed by Rutherford and by Darwin involves the simple picture of 
a heavy target nucleus with charge (Ze) toward which is directed at a velocity 
V a heavy particle of mass M which is « the mass of the struck particle. The 
Coulomb interaction results in a deflection of the incoming particle through 
an angle and it can be shown that the fraction n/n^ deflected through more 
than the angle (p is given by; 

(47) n/n^ = (Nwt/4)(Ze)^(ze)^ oot^(<^/2) J /(MvV2)^ 

in which N = number of scattering centers or nuclei per cm , t = the thickness 

of the foil in cm. The important factor to be considered, for it enters very 

strongly in the case of the fission particles, is the variation with charge* 

It is seen that the magnitude of the scattering to be expected is proportional 

2 

to the square of the charges of the struck nuclei (Ze) and to the square of 

2 

the charges of the moving nuclei (ze) and inversely proportional to the square 
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of the energy of the latter (MV /2) • If the struck particle is not in- 
finitely massive compared with the moving particle, corrections need to be 
made in Equation (47), for the most part replacing the mass by the reduced 
mass of the system* Such corrections obviously must be made in the case of 
fission particles* 

Ionization * In the ionization of matter by swiftly-moving heavy par- 
ticles; alpha particles for example, the theory is fairly good in the high 
velocity domain and can be used for interpolation between measured points and 
for extrapolation somewhat beyond these valuer* The theory was originally 
due to Be the in the case of hydrogen* He made some modifications of his own 
later on, and then a similar treatment was developed by Bloch using the Thomas- 
Permi model of the atom. An alpha particle of charge ze is considered (either 
as a corpuscle or wave) to be moving with a velocity V by an atom of nuclear 
charge Ze surrounded by Z electrons* In the case of hydrogen, one writes the 
SchrSdinger equation for the potential between the nucleus and its one atomic 
electron, puts in perturbation terms for the interaction between the alpha 
particle and the nucleus and between the alpha particle and the electron, uses 
the Born approximation and obtains a solution of this character: 

(48) dT/dr = (47reV®o)(zeA)^Z^n 2m^vVj 


where the loss in kinetic energy per unit of path is dl/dr, the rest mass of 
the struck electron is m^, the number of atoms per cm is N, the geometric 
mean ionization potential for all possible excited levels of the atom is J* 
J is approximately aZ and equals about 98 ev for air* The numerator of the 
^n term, 2m V^, represents the raaximim kinetic energy that can be given to the 

p 

light particle by the head-on collision of an alpha particle* Hence 2m^V is 
the maximum energy of the 8 rays, i*e*, the more energetic electrons that are 
seen springing out the side of alpha particle tracks in cloud chamber photo- 
graphs. Using nonrelativistic kinetic energy and rearranging Equation (48) 
to obtain an integration of dr from the beginning of the range at the point 
of emission of the alpha particle from the nucleus to its final range R in the 
absorber. 


( 49 ) 
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This integral cannot be evaluated all the way from the initial velocity 
to the end of the range when the velocity is zero, but can be evaluated to 
some arbitrary critical velocity greater than j/2m^* This mathematical 
failure is equivalent to the failure at these lower velocities of the Born 
approximation and physically is equivalent to the condition that the kinetic 
energy of the moving particle is no longer large compared to the binding energy 
of the inner electrons, such as the K and L electrons. This effect is espe- 
cially pronounced in heavy elements. 

Theory and experiment are in excellent agreement above a velocity V 
0 

of about 8 X 10 cm/sec. The ranges vary with velocity for alpha particles 
as shown in Figure 1-27, which is approximately as R - k V . 

Because of statistical fluctuations in both the number of ionizing 
collisions and in the energy transferred per collision, any group of origin- 
ally monokine tic alpha rays will have a statistical distribution of residual 
velocities at any distance from the source, and a distribution of ultimate 
ranges about the most probable value, called the mean range. This straggling 
of ranges is illustrated in Figure 1-28. 

The air-mm used in Figure 1-27 means a path equivalent to one mm of dry 
air at 15^C and 760 mm pressure. It is a standard of ranges for swiftly -mov- 
ing charged particles throughout nuclear physics. Thus the ranges R for par- 
ticles like protons and deuterons can be had from the known ranges for 




Figure 1-27. Range-Velocity 
Relation for Alphas. 


Figure 1-28. Statistical 
Straggling of Alphas. 
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alphas from the relationship m/z which is^l for alphas,*^! for protons and 
*2 for deuterons; R = Ra(M/z ) for the same V^. There is a small correction 
of 2 air-mm which must be subtracted from this calculated range in the case 
of protons because the influence of capture and loss of e" on the range is less 
for protons than for a rays • 

The experimentally observed loss of energy per unit length of path 
for alphas is shown in Figure 1-29. The energy loss is expressed in ion- pairs 
per air-mm which can be converted to Mev/air-mm through the relationship that, 
on the average, 32.5 ev are required to produce one ion-pair in air. The 
residual range R-r as used in both Figure 1-27 and Figure 1-29 is the remaining 
path length to be travelled after the particle has gone a distance r. For 
large residual range, when the particle still has most of its energy, the curve 
of energy loss follows the prediction of Equation (48). At a value of R-r<^ 
4 air-mm (for which dT/dr 0 6600 ion-pair/air-mm, V 6 X 10^ cm/sec and 
E ^ 0.75 Mev), the specific ionization departs from the predicted value and 
decreases rapidly to zero at R-r =0. The reason for this is the capture and 
loss of electrons on the moving particle. Even at high velocity an alpha par- 
ticle occasionally captures an electron from the atoms through which it moves, 
becoming He^ instead of He for a short while. However, this effect increases 
markedly at low velocities. At the peak of Figure 1-29, which could be called 
a Bragg curve for a single particle, the average charge ze^^l.be instead of 
2e • In the remaining 4 air-mm of travel, the alpha particle on the average 



Figure 1-29. Specific Ionization by Alphas. 
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exchsmges an electron with the medium more than 1000 times, i.e., the mean- 
free-path for capture and loss is very short. This effect is even more pro- 
nounced in the fission fragments. 

With respect to the ranges of particles of this character in materials 
other than air, the originally empirical Bragg-Kleeman Rule, which now has 
some basis in theory, states that the length L of the path in the medium is 
related to the range R^ in air as 

(50) L = \ipyp) = 3.2 X 10"^ {R/p)\IT 


where A = mass number of material, A = mean mass number of air, and p, p are 

a a 

respective densities. Substituting for A and p , it is seen that for alphas 

a a 

of 7 Mev, for which R % 6 cm of air, the path length in ordinary solids is 

a 

30 to 40 microns. Unlike the case for electrons, the ranges cannot be written 

2 2 
simply in gm/cm for all materials. In addition to pL(gm/cm ), there is a 

variation with ; i.e., ph/ \J~k ^ coiist . Figure 1-30 gives the range energy 

relationship for alpha particles on three separate curves. The solid lines 

are in accord with the theory in which J has been matched by taking known values 

for alpha- ray ranges in air; J turns out to be 98 ev in air. The ranges shown 

are in air-cm at 15^C and 760 mm Hg pressure. 

As seen in Figure 1-29, there is intense ionization along the path of 

the alpha ray. This dense, columnar ionization produces chemical changes in 

many materials and distorts the lattice structure of crystalline solids. For 

example, the luminosity of a radium-bearing watch dial fades within a few 

months because of this effect, not due to the decay of the radian. The fission 

fragments can be expected to bo even more damaging. For this reason studies 

of the effects of radiation on materials of construction in nuclear reactors 

are of major engineering importance. 


1-26 Interaction of Fission Particles with Matter 

In general terms, the fission of U^^^ can be written as 

92^^ + ^ + Q 

where the light and heavy fission fragments will be designated as A, and A_ 

JL M 

respectively. The average nianber of neutrons per fission is 17 , which lies 
somewhere between 2 and 3 (estimated from pre-1941 literature)* A small 
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fraction ^(— 0.006) of these neutrons are delayed (e.g*, see Figure I-IO) 
but the majority 77 ( 1 - /G) of the neutrons per fission are emitted promptly. 

The original compound nucleus may be thought of as elongating and 
splitting into two parts with charges and Zg, masses A^ and Ag, and veloci- 
ties of recession fran their center of mass and Vg. Assuming, for the mo- 
ment, that the neutrons are emitted from the fragments rather than simultane- 
ously with fission, conservation of momentum requires that = AgVg. There- 
fore, (A^V^)V2 = or A^E^ = AgEg. Hence, the total energy, E^ + Eg 

= Ej^(l + Aj^/Ag), can be measured from the energy of the light fragment and kndw- 
ledge of the ratio of the masses A^/Ag, which is generally <1. 

The total energy of fission Q not only can be estimated from the bind- 
ing energy curve of Figure 1—2, but also can he found from the electrostatic 

energy of repulsion between the two fragments: ^ Mev for 

- 12 

r = 1.5 X 10 cm, distance between centers of the two fragments assumed 
spherical and just touching. Calorimetric and ionization measurements (assum- 
ing 32.5 ev/ion pr) give 160 Mev for the most probable fragments. 

There is a statistical distribution of the masses such that (A^ -f Ag) 
generally equals 234 or 233, depending on the number of prompt neutrons. The 
distribution of these fission products (F.P.) is as indicated in Figure 1-31. 
The fission yields in log °/o have modal values, or most probable values, A^^ 
^^95 and A^ ^ 139. The yields decrease rapidly at high and low A to about 
10“ per cent for A^ ^ 72 and A^ ^ 162. The total fission energy depends to 
some extent on the particular values of A^ and Ag, since these determine the 
positions of the fission fragments on the binding energy curve. 

The most probable values of the important properties of the fission 
fragments of U , as given in the unclassified references cited, are listed 
in Table 1-1. 

The most probable values of A in amu are 'v95 and ~139 as seen in 
Table 1-1. The most probable values of Z are rather uncertain, the values 
38 and Zg ^ 54 are based on the assumption that the nuclear charge is 
proportional to the total number of particles, i.e., &/a = const. The energy, 
again corresponding to the most probable mode of disruption, is 97 Mev 

and Eg^=^ 65 Mev. In spite of these high energies, because of the large masses, 
the corresponding initial velocities are not as large as have been con- 
sidered for alpha particles. The magnetic rigidity at the moment of splitting 
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TABLE 1-1 



Light 

Fragment 

(ref.) 

Heavy 

Fragment 

^2 

A amu 

~95 

(1) 

~139 

Z 

~38 (Sr) 

(2) 

-'-54 (Xe) 

E Mev 

97 

(3) 

65 

V -25L 

0 sec 

1.4 X 10® 

(4) 

0.93 X 10® 

(Hp)^ gauss-cm 

6.5 X 10® 

(5) 

.'.5.9 X 10® 

(ionic charge)^ 

20 e 

(6) 

22 e 

R 

mean 

25. air-mm 

(4) 

19. air-ram 


(l) Plutoniun Project Report J. Am. Chem. Soc. 68, 2411-2442 (1945), (2) if 

z/a is const. (Bohr.) (3) If E^A^ = E^A^ and E^ + = 162 Mev (Bohr). (4) 

B^ggild et al. Kgl. Danske 1940. (5) Lassen PR^, 137 (1946); and Zj^(Hp)j^ 

= Z^iKp)^ {=m). (6) Jassen PR^, 1426 (1945). 


(H/o)^ is nearly 1000 times that usually encountered for beta rays. Hence, 
very intense magnetic fields are required to deflect these particles. The 
cyclotron in Copenhagen has been used to produce neutrons from Be (d,n) 
which induce fission in uranium placed close to the internal Be target. The 
fission fragments have then been studied by means of the magnetic deflection 
in the field of the cyclotron. The most probable value of 6.5 X 10^ gauss- 
cm for the light fragment was derived from these measurements. The value for 
the heavy fragment was then calculated. The initial ionic charge is extremely 
important in the fission process. It is seen that, unlike the alpha particle 
which is omitted with its two electrons stripped off, the fission fragments 
retain a significant fraction of the atomic electrons of the compound atom. 
Contrary to any theories thus far proposed, the heavier fragment has a higher 
initial ionic charge. The mean range cannot be calculated from the two-body 
theory used for alpha particles, since the fission fragments have many elec- 
trons attached as they move through matter. The values given are based en- 
tirely on experimental observations. 
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Figure 1-32. Range-Velocity Relationship of Fission Fragments. 

Instead of the relationship R^k V for alphas, as illustrated in 
Figure 1-27 and repeated for comparison in Figure 1-32, the fission fragments 
have unique range -velocity characteristics. As this figure shows, the range 
(~25 air-mm) of the most probable light fragment is nearly the same as that 
for an alpha particle of the same initial velocity, 1.4 X 10 cm/sec, while 
the range of the heavy particle is substantially greater than for an alpha of 
the same velocity. The decline in velocity with decreasing residual range is 
very different, being nearly linear down to about 0.2 X 10 cm/sec at 5 air- 
mm for both the light and heavy fission fragments. This effect is solely 
the result of capture and loss of electrons by the highly-charged particles 
which at the instant of splitting are about 20 times and 22 times ionized 
respectively. As their velocity decreases, the charge also decreases. Hence 
the specific ionization dT/dr along their paths decreases almost linearly with 
their range, as seen in Figure 1-33. Thus the upper part of the range-velocity 
..relationships for fission fragments is very similar to the front face of the 
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I Residual range in air -mm 

4 

Figure 1-33* Rate of Energy Loss as a Function of Range . The curve for a 
heavy fission fragment is compared with that of an alpha particle (magni- 
fied for clarity). 



~ 50 X specific ionization 
of an a track 

Figure 1-34. Schematic Drawing of Fission Track as Seen in a Cloud Chamber. 

Bragg curve for an alpha .^particle , except that in the latter the effect takes 
place in the last 4 mm of the alpha track. 

9 . 

At a velocity of about 0.2 X 10 cm/sec, which corresponds approximately 
to that of the most loosely bound electrons in the neutral atom, the fission 
fragments lose energy at a much slower rate than at any other part of the 
reinge, giving rise to almost flat plateaus in the curves of Figure 1-32 and 
a minimum in the curve of Figure 1-33. 

Below a velocity of about 0.2 x 10 cm/sec, the effect of nuclear col- 
lisions becanes increasingly important, resulting in marked curvatures of the 
path and a rapid increase in the rate of energy loss, as seen in Figure 1-33. 
The knock-on atoms of the absorber, which correspond to the knock-on electron^ 
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or 8 rays produced by alpha particles, appear as dense spurs along the fission 
tracks, shown schematically in Figure 1-34. A great deal of energy is lost by 
a fission fragment in each of these elastic nuclear collisions. The velocity- 
range relationships for the fission fragments are determined by measurements 
on cloud chamber photographs of these secondary particles. The number of 
nuclear collisions per fission track ranges from 0 up to about 9, with a 
mean of about 2. Hence the straggling in range of fission fragments is 
very large. The average number of branches with lengths between the limits 
corresponding to energies and Eg has been given by Bohr j^Phys . Rev. 59, 
270 (1941)] as; 

(51) o/Ax = 277N(Ze/V)^ [(Z^e)^/^] [(1/^^) - (lAg)] 

where Ze is the nuclear charge of the fragment whose velocity is V, Z e and 

a 

M are the charge and mass of the knock-on nuclei, N is the number of these 

3 

nuclei per cm , and Ax is the interval of range. This formula holds in a 
region where both energy limits represent values which can actually be at- 
tained by the struck nuclei, consistent with the requirements of conservation 
of energy and momentum. 

1-27 Neutron Interactions 

The neutron is a particle of zero charge (Z =0), hence can be con- 
sidered as having an atomic number 0 in the periodic system of the elements. 
The rest mass m of the neutron (1.00893 amu) is only slightly larger than 
that of the proton (1.00758). The neutron has a negative dipole moment (m = 
-1.91M^), an angular momentum or spin I = l/2 and Fermi-Dirac statistics. 

For a neutron moving with velocity V, the wave length \ = h/mV = 
h/ \J 2mE == 0.286 / \j E (ev) Angstroms. Thus for a neutron of energy 1 ev, k = 
0.286X, which is atomic in size. Hence, beams of such neutrons can be dif- 
fracted by crystals in spectrometers that are very similar to those used for 
x-rays (either transmission or reflection). By this means it is possible to 
obtain beams of monoenergetic neutrons. 

The only known sources of neutrons are from nuclei which have under- 
gone a change, usually as the result of a collision with a particle or quan- 
tum. Most neutrons are emitted with energies of about 1 Mev or more. Since 
all nuclei, with the possible exception of He^, have measurable neutron cap- 
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ture cross sections, free neutrons in matter are quickly slowed down and cap- 

-4 

tured; for example, the meem life for neutrons in paraffin is 'v.lO sec. The 

2 

major capture in this case is by H^(n,7)H • Because of the mass difference, 
it is energetically possible for a neutron to change to a proton, nJ^ p"*^# 
From theoretical considerations, it has been predicted that the half-period 
for this beta decay of the free neutron is ^30 min. Experiments testing this 
prediction are in progress at the Clinton Laboratories and elsewhere# 

The interactions of neutrons with matter are all of a nuclear character# 
There are no interactions between neutrons and electrons. The various type 
reactions for neutrons have been summarized in Section 1-15. Following neutron 
capture in target nuclei of low Z and hence low Coulomb barrier, the (n, a) 
and (n, p) reactions are more likely, while for high Z the (n, y) reaction is 
more probable. There can also be both elastic and inelastic scattering (n, n) 
processes . 

Elastic Scattering . In the absence of substances with large inelastic 
or capture cross sections, the slowing down of the fast, fission neutrons 
( >1 Mev) is largely by elastic collisions with the surrounding nuclei. A 
series of successive elastic collisions takes place in which a neutron loses 
a fraction of its energy at each collision with the nuclei of the moderator. 
It can bo shown from Equation (52) below that the average residual energy of a 
neutron after striking hydrogen (rI), for example, is l/e of the initial 
energy. As derived below, the fractional energy loss per collision declines 
rather rapidly with increasing atomic weight. Hence heavy elements are not 
good choices as moderators for slow neutron reactors. 

From the Q equation (Equation (15), p.l7) with Q = 0, which obtains in 
an elastic collision, = A^ = m = mass of the neutron, A^ = A = mass of tar- 
get nucleus, E^ = E^ = initial kinetic energy of neutron, and E = E == final 
kinetic energy of scattered neutron, it is shown in Appendix B that for the 
head-on collision, in which 0—0 and E — lost by the neutron 
is; 


(52) E 
^ o 

where 





(A - m)/(A + m) 



= E^(1 - a) 


(a - m)/(A + m) 


= E . A 
min 0 
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Thus the maximum fractional loss of kinetic energy in one collision is 


(E, 


= (1 - *) 


Values of (1 - a) for a broad range of nuclei are given in Table 1-2. This 
table also includes values for the mean logarithmic energy loss in one colli- 
sion 4 and the average number of collisions u required to slow down a 1 Mev 
neutron to thermal energy (by definition E^^ = (l/2)m = kT; for T 293 K, 

E = 0.025 ev, X . “ ^4.1 “ ^^00 meters/sec). From its definition, 

"bh "th xh 

£ = averae:© of (-^nE - ^nE) over the rang© E . to E^, 

» o ' o mm ^ 

^E 

(53) 


E^nE+H 


(54) 

(55) 


^ = E (1^ .) f = E d'- .) 

^ = 1+ [a/(l - a) J -^n a » 2/(A + 2/3) for A »1 
1/ = = (1/^) ^n 4 X lo"^ = 17.5/f 


'oE 


When high energy neutrons are produced continuously in an extended 
but non-infinite and heterogeneous medium (such as in a graphite-uranium re- 
actor), the resulting elastic collisions (and a small amount of capture) can 
be shovm to produce a number-energy distribution that is like a Maxwellian 
distribution characteristic of the absolute temperature T of the moderator 
(thermal distribution) plus a 1/E tail at high energies. A curve of this 
type is shown in Figure 1-35, in which the fraction N(V)/^ of neutrons within 
a given velocity range V to V dV is plotted against the velocity V. The 
peak of this curve occurs at the modal velocity, 2200 m/sec, characteristic 
of thermal neutrons at 15^0. 


TABLE 1-2 


A 



He^ 

Be® 

0^2 

0^6 

U238 

(1 -a) 

1 

0.88 

0.40 

0.36 

0.27 

0,22 

0,0085 


1 

0.72 

0.43 

0,35 

0.16 

0.12 

0,0084 

V 

18 

24 

41 

50 

110 

145 

2100 



70 


THE SCIENCE AND ENGINEERING OF NUCLEAR POWER 



Figure 1-35. Maxwellian Distribution of Thermal Neutrons. 


Dispersion Theory for Single Resonance Levels . By analogy with the 
theory of optical dispersion, the modes of interaction of neutrons, particu- 
larly those of thermal energy, with nuclei can be described. A neutron of 
energy E, wave length and minimum position indeterminancy =: X. = h/27rp 

combines with a nucleus A forming a compound nucleus A tl in an excited state. 
This ensemble of nucleons can have a number of qua si- stationary states, dif- 
ferent from the ground state and even above the dissociation limit, because 
of the many-body composition of nuclei. Hence there are virtual excited levels 
in the compound nucleus k + 1 with average spacings of several hundred kilovolts 
near the ground state and of about 100 ev at excitation energies of about 8 
Mev, that is, in the neighborhood of the dissociation energy. 

The compound nucleus then has a number of probabilities of transi- 
tion to lower-lying levels: 


elastic re-emission of n 

y emission to one or more 
lower states 

a emissions 

p emissions 


(n, n); \ . p = h\ MO'^ev 

n ' n n 

(^» y); p = tiX ~0.1 av 

y ly y 

(n. a); r = 

(». P)i ; r° 

Xj I r = t. 


Total; 
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The quantities represent the partial width, usually expressed in ev, of the 
energy level for various possible modes of de-excitation* Thus the total width 
P of a level in the compound nucleus is the sum of all the partial widths: 

(56) P = P -f P 

^ ' nr 

where P = P-^/ + P^r ^ • The total width P is proportional to the total 

r 7 a p 

probability of decay of the excited level and depends on the configuration 
of all the lower-lying levels to which transformations are possible. Exper- 
imentally, it is found that that is, the compound nucleus has a 

large damping and the probability of elastic re-emission of the neutron (n, n) 
is thus made very small* 

Under the restrictions that \» nuclear radius, and central collisions 
(s wave capture) only, and considering only a single resonance level, Breit 
and Wigner have shown that the nuclear cross section for neutron capture 
can be represented by the relation 

(57) r r / (E - E )^ + 

' c r n' o' ' _ 

and the cross section for elastic scattering of neutrons is 

(58) cr = r r / KE - E )^ + 

^ ' s n n' IJ o' ' J 

from which, by Equation (56), the total cross section is given as 

(59) rj/ [(E - + F^/i] 

But P varies with the amplitude of the neutron wave at the surface of the 
n 

nucleus considered either in capture or emission, hence P^ is proportional to 
the neutron velocity V: 
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hence, in general, 

(63) .3^ = |j(E - B^)/(r/2^ " + ij- . 

It will be noted that this expression is similar in form to the equation for 

the antenna current in a highly-damped (low Q) radio receiver, as well as to 

equations in the theory of optical dispersion. 

The maximum cross section a occurs when the incident neutron has 

o 

exactly the kinetic energy E = E^ necessary to form the quasi-s tationary ex- 
cited state of the conpound nucleus. If E^ is in the thermal range, the ex- 
cited state has an excitation energy of about the average binding energy per 
nucleon, say 8 Mev. It can be seen that for reasonably sharp resonances, where 
r « E^, the width P corresponds physically to the full width of the res- 
onance curve at half-maximum, i.e., a = a /Z for E - E = 4- r/2. 

CO o — • 

For very broad resonances, it follows directly that if P >> (E - 



hence 

a ot i/V 
c ' 

which is the usual l/V relationship for a broad level with high probability 
of capture of slow neutrons. In general, 

(65) a (i/y) ry[^(E - 

These phenomenological relationships are useful in understanding the 
variation of cross section with energy of a number of important substeoices 
used in nuclear reactors. The general shape of the curves for fuel materials 
and and for detection and control materials and Cd^^^ are shown 

in Figures 1-36 to 1-39. 
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the curve is drawn has an absorption of 5.43 times that of the natural element. 



Figure 1-59. Capture Cross Section of Cd (n/ y) . This element shows a large 
resonance absorption at .18 ev. The t of this pea?c is .116 ev. Below about 
•025 ev the absorption follows l/V. It is evident that only a few tenths 
of a millimeter of cadmium greatly attenuates all neutrons of energy below 
0.3 ev. Such neutrons are known as C neutrons. 



CHAPTER 2 


THE FISSION PROCESS* 

Martin Deutsoh 


2-1 Semi-Empirical Relations 

In the absence of adequate theoretical knowledge concerning nuclear 

forces^ it is necessary to rely almost completely on empirical relations for 

nuclear binding energies# As discussed in Section 1-3, the nuclear radius 

R is related to the atomic weight A for mediimi weight and heavy nuclei as 
—13 lyfe 

R = 1*5 X 10 A ^ cm. Thus the average density of nucleons in most nuclei is 
nearly constant. It also seems likely that the density is essentially uni- 
form throughout a single nucleus. As seen in Figure 1-2, except for the 
lightest elements, the binding energy per nucleon E/a follows a smooth curve 
over a broad range of A. The specifically nuclear forces contribute the 
bulk of the effect. In light nuclei, which contain a relatively large sur- 
face per unit mass, the binding energy per particle is less than for nuclei 
of medium A. This decrease in binding with area is attributed to the smaller 
binding of the surface particles as compared to the particles inside a nu- 
cleus where each nucleon is completely surrounded by others. Since surface 

2 2 /s 

is aR , the effect must be proportional to A ' and be of opposite sign to 
the saturating forces which are aA. 

Above an A of '>-120, the increase in e/a resulting from the decrease 
in surface area per particle is offset by the increase in the Coulomb re- 
pulsion between the protons. If it is assumed that the charge Z is uni- 
formly distributed throughout a spherical nucleus, the energy will be given 
by; (3/5)e^zVR ^ {z/b)e\^ /p}^^ X 1,5 X 

Combining the three factors considered thus far and introducing the 
semi-empirical constants a^, a^, and a^: 

(2-1) e/a = 

In addition to the foregoing, other bits of information about nuclei 
indicate that certain correction terms should be added to this expression. 

♦This discussion has leaned rather heavily on the lectures given by 
E. Fermi in the fall of 1945 as part of the program of the Los Alamos Univer- 
sity. 
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For example, in light nuclei the nunber of protons and the number of neutrons 
are nearly the same, i.e., (A - Z) «« (Z)* In accord with the conclusions 
from scattering experiments cited in Section 1-10, this condition indicates 
the approximate equality of (n, n) and (p, p) nuclear forces* If the total 
effect of the latter is decreased by the Coulomb repulsion in heavy nuclei, 
it is to be expected that the most stable heavy nuclei would contain more 
neutrons than protons* This slight excess of neutrons over protons in stable 
nuclei is evident in Figure 1-1. 

* 

If it is assumed that except for the Coulomb forces the most stable 
configuration is (A - Z) = Z, then a curve of binding energy E versus Z 
would have a maximum at Z = a/ 2 and would be less for either Z < a/Z or 
Z > a/ 2. It seems reasonable to assume that the change in binding energy 
associated with this departure from Z = a/Z is, to a first approximation, 
proportional to (Z - a/z) /A* 

An additional correction results from the observation that the most 
stable nuclei tend to have both Z and (A - Z) even* Slightly less stability 
occurs for either [Z odd, (A - Z) even] or [Z even, (A - Z) odd] while least 
stability occurs for [Z odd, (A - Z) odd]* It has been suggested that the 
nucleons tend to fill the lov^est nuclear energy levels and that strong forces 
exist between pairs of neutrons or protons that can fill the same level* 
The purely empirical term 8 is used below to express this effect* 

Instead of continuing to express these factors in terms of the bind- 
ing energy, it is somewhat more convenient to consider the precise atomic 
mass M which will be a function of Z €ind A in which the masses of the free 
neutrons and protons are decreased by the various binding energy terms ex- 
pressed in atomic mass units: 

(2-2) M = 1.00893 (A - Z) + (1.00812) Z - a^A + 

+ a^zVA^^^ + a^(Z - k/zf/k + S 
To obtain a^, set (dM/dZ) = 0* The resulting equation 
(2-3) = A (.00081 + a^)/(2a^ + .001254A^/^^) 


gives Z^, i.e., the most stable Z for any A, when a. 


,000627, which fol- 
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lows frcm elementary electrostatioa, is used. When fitted to the curve of 
stable isotopes, a^ = 0.083, hence 

(2-4) = A/(1.981 + .015A^/®) 

By fitting Equation (2-2) to the known data for nuclear masses, a^ = 0.01504 
and ag = 0.014. While S is given empirically as: 



An example of the application of Equation (2-5) is the calculation of 

235 

the binding energy of a neutron to U : 

M = 235.11240 (from (2-5)) 

M (n) = 1.00893 

+ n) = 236.12133 

M (U^^®) = 236.11401 (from (2-5)) 

Binding energy = .00732 amu = 6.81 Mev 

Similarly, binding energies of a neutron to and would be 

5.51, 6.56, and 5.31 Mev respectively. This information is closely con- 
nected to the ability of slow neutrons to cause fission of these various iso- 
topes . 

Equation (2-5) describes quite well the atomic masses of stable iso- 
topes throughout the periodic table. It can be used to predict the most 
stable Z. This formula also gives fairly reliable values for the energy 
release in beta decay. It is also quite useful in calculating the energy 
release in other nuclear changes. 
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2-2 Nuclear Fission 

It is evident from Figure 1-2 that because of the greater Coulomb 
repulsion, heavy nuclei have less binding energy per particle than nuclei 
of medium A* Were this curve drawn precisely, it would show that it is en- 
ergetically possible for all nuclei above A 100 to transform into middle- 
sized nuclei. When large nuclei break into two such fragments, the process 
is called nuclear fission. Since fission does not occur below A ^ 220, the 
question is, in what circumstances is this breaking up possible? 

The energy released in the symmetrical fission of an atom M(A,Z) 
would be ^ 

(2-6) = M(A,Z) - 2 [M(a/2, Z/2)] 

An approximate curve of E^ in Mev versus A is given in Figure 2-1. 
The energy released begins to have a positive value at A 85 and in- 
creases as shown for larger A. The reason that only the heaviest nuclei 
undergo fission is that there is an activation energy for this reaction, 
i#e., a certain activation energy is required to initiate the process# This 
condition is illustrated schematically in Figure 2-2. 
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Figure 2-2. Nuclear Energy E as a Function of Distance r between 

Fission Fragments. 

If E represents the potential energy of the nucleus (or the frag- 
ments) as a function of distance r between the centers of the two parts, it 
is evident that for large r, the energy is simply the electrostatic energy 
resulting from the mutual repulsion of the two positively-charged nuclear 
fragments# The value of E in this region is (Ze/2) /r, hence increases as 
the distance between the two like fragments is decreased. The energy at 
r = 00 is considered zero. At r ^ 2R, that is, twice the radius of each frag- 
ment assumed to be spherical, the energy will no longer be simply Coulombian, 
since there will be other forces between the fragments. The curve must pass 
through the point corresponding to the energy of the coalesced nucleus E^, 
when r = 0. 

Three possibilities are shown in Figure 2-2. Stable nuclei with A 

somewhat >100 are of type I, with E < E , the Coulomb energy at r = 2R. The 

o c 

variation of E with A is shown in Figure 2-1. The difference E - E for 
c CO 

such nuclei is about 50 Mev and is known as the energy barrier height against 

splitting. Nuclei like uranium, thorium, plutonium, etc., would be of type 

II in which E - E is about 6 liev. For still heavier nuclei E may be > E 
CO o c 

as in type III. This condition obtains above about A = 250, as shown in 
Figure 2-1. Such nuclei would certainly undergo fission spontaneously, 
hence could not exist for long in nature. The nonexistent transuranio ele- 
ments are presumably of this type. 
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On a classical basis, nuclei of type II are entirely stable* However, 
quantum mechanically there is a certain probability that such nuclei will 
undergo spontaneous fission; the probability increases rapidly with decreas- 
ing (E^ - E^)o Only in the case of A greater than about 220 is the barrier 

height small enough for spontaneous fission to occur with any reasonable 

238 

probability* For instance, U undergoes spontaneous fission at the rate 

of about 20 disintegrations per gram per hour. The corresponding half- period 

17 

for this process is about 10 years* 

Liquid-Prop Model 

Previous sections have shown that if energy is fed into nuclei, Va- 
rious changes take place* It seems reasonable to suppose from Figure 2-2 
that if an energy ^ were fed into the corresponding stable nucleus, 

fission might take place* The liquid-drop model which has been the basis 
for most of the foregoing discussion in this section has had a rather spec- 
tacular success in predicting the shape of the dotted curves in Figure 2-2* 
The original nucleus, i*6o, r = 0 in Figure 2-2, is assumed to be spherical* 
When energy is fed into this nucleus, it starts deforming or vibrating like 
-a drop of liquid* Assuming that the sphere becomes slightly ellipsoidal 
(r =€, with € << R) and that the nuclear density does not change, the two 
major changes will be in the surface energy and the Coulomb energy* The 
surface energy will be changed in proportion to the increase in surface area* 
The elongation of the nucleus pulls the protons apart, which causes a de- 
crease in their mutual repulsion* The two effects cancel each other to some 
extent, but in sufficiently heavy nuclei with large Z, the energy is de- 
creased by deformation, as shown in curve III, Figure 2-2* Such spherical 
nuclei are unstable and spontaneous fission takes place with the slightest 
change* Calculations by Bohr and Wheeler indicate that the relation Z /A < 
about 45 must obtain to avoid having a nucleus disintegrate almost immediately 

by spontaneous fission* The highest value of this ratio for any element that 

2 38 

occurs in nature to any extent is ^^36 for U* As previously indicated, U 

2 

does undergo appreciable spontaneous fission* Hence, even at Z /A ^ 36, the 
energy barrier is scmewhat transparent* 
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2-4 Induced Fission 

The necessary excitation energy E^ - E^ required to induce fission 
in nuclei of type II can be provided in several forms. Electrons, protons, 
deuterons, alpha particles, gamma rays, and neutrons have been shown to pro- 
duce fission in different nuclei under various conditions. Only neutrons 
and, to a lesser extent, gamna rays are of interest in this regard in nuclear 
reactors . 

The threshold energy for fission induced by electromagnetic radia- 

238 

tion (photofission) is Mev, being somewhat less for A even (such as U ) 

0 * 7 ^: 

than for A odd (such as U ). Since very few of the fission or fission 
product gamma rays have energies >6 Mev, photofission does not account for 
a significant proportion of fissions produced in nuclear reactors. 

The most important process is neutron-induced fission. Neutrons 
contribute both their kinetic energy and their binding energy to the nucleus. 
As computed in Section 2-1, the binding energy is between ^^5 and 7 Mev for 
the heaviest nuclei. Reference to these values indicates that because of 
the 8 term in Equation (2-5), the binding energy of neutrons to nuclei of 
odd A-Z (such as U ^ and U ) is larger than for even A-Z (such as U and 

n *7 0 

U ). Thus fission with thermal neutrons (very low contribution of kinetic 

energy) is more prevalent in nuclei with an odd number of neutrons (A-Z odd). 

235 

Thus thermal neutrons on U contribute an excitation energy of 6.8 Mev 

236 

which is sufficient to carry the compound nucleus U over the potential 

238 

barrier and produce fnssion. On the other hand, thermal neutrons on U 

contribute an excitation energy of only 5.3 Mev, which is insufficient to 

239 

carry the compound nucleus U over its potential barrier. To cause fission 

p *7 D 

in U , the neutrons must have about 1 Mev of kinetic energy in addition 
to their binding energy. 

2-5 Symmetry of Fission Process 

In the foregoing discussion of the fission process, essentially sym- 
metrical fission has been assumed, that is, (z,A) — ►2(z/2,a/ 2). From pres- 
ent theory this process is very probable. However, as indicated in the pre- 
vious chapter, exactly symmetrical fission is either very rare or nonexistent. 
Only by chemical studies of the fission products has evidence for symmetrical 
fission been found (small amounts of among F.P. of pronounced 

asymmetry of the process is not yet understood. 
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2-6 Energy and Mass of Fission Fragments 

The best published determinations of the energy and mass of the fission 
fragments are by Jentschke (Zeit. f. Physik 120 , 165-184, 1943). The apparatus 
used is shown schematically in Figure 2-3. 


Foil (0.04 mg I cm^ 
= 0.15 air - mm ) 



Figure 2-3* Ionization Chamber Used for Measurement of Fission Fragments* 

The ionization produced by the two fission fragments that appear simul- 
taneously in the two halves of the ionization chamber when a fission occurs 
in the thin U or Th foil is collected in the electrostatic field and measured 
by the calibrated electrometers. It was assumed throughout these measure- 
ments that the energy required to produce an ion-pair in argon is the same 
as that for alpha particles, i*e., 27*5 ev/ion pair, and that the total 
energy is proportional to the total ionization. Neglecting the loss of mass 
by emission of prompt neutrons from the fragments, from conservation of mo- 
mentum Therefore, E^/E^ = “^2^1* 

only can the total energy for each fission be determined but also 

the proportion of energies and masses can be deduced* Figure 2-4 gives the 
distribution of masses for both the light and heavy fragments from U bom- 
barded by fast neutrons. Cd shielding was used to filter out the slow neu- 
trons • The statistical distribution of the total energy for the same con- 
ditions is shown in Figure 2-5, while the curves for the separate groups of 

fragments are given in Figure 2-6* Similar curves to the above are given 
23 6 

for U , bombarded by slow neutrons, in Figures 2-7, 2-8, and 2-9* The 
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120 IZS 136 144 132 160 168 
113 III 103 95 87 79 71 


2 '4 Mass number 




2*6 Energy 



2"9 Energy 



Figure 2-4. Distribution of masses 
produced in the fission of Ir- 
radiation of by fast Rn-Be neu- 
trons • 

Figure 2-5. Statistical distribution 
of the sum of the kinetic energies of 
the two fragments in the fission of 
U239. 

Figure 2-6. Energy distribution of 
the heavy and light fragments in the 
fission of 

Figure 2-7. Distribution of masses 
produced in the fission of Ir- 
radiation of normal uranium with pre- 
dominantly thermal neutrons. 



2’7 Mass number 



Energy 


Figure 2-8. Statistical distribution 
of the sum of the kinetic energies of 
the two fragments in the fission of 
U236. 

Figure 2-9. Energy distribution of 
the heavy and li^t fragments in the 
fission of U236, 

Figure 2-10. Distribution of masses 
produced in the fission of Th^^^. Ir- 
radiation of Th^^^'by fast Rn-Be neu- 
trons . 
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232 

number-energy distribution for the two groups from Th bombarded by fast 

neutrons is given in Figure 2-10. A more recent smd more precise distribu- 

236 

tion of the fission fragments from U as determined by Coryell, et al, was 
given in Figure 1-31 • 

2-7 Source of Prompt Neutrons 

Although the splitting of a heavy nucleus has been likened to the 
splitting of a liquid drop, the prompt fission neutrons apparently are not 
produced during the actual nuclear splitting as are the tiny droplets that 
often accompany the rupture of a liquid drop, as seen in flash photographs# 
Instead, it appears much more likely that these neutrons are emitted frcan 
the highly-excited fission fragments immediately after splitting has taken 
place. It is clear from previous discussions that the binding energy of 
the last neutron in a fission fragment is much less than the average binding 
energy per particle. Since there is usually more energy of excitation in 
each fission fragment than corresponds to the binding energy of the last 
neutron, emission of neutrons by the fission fragments is very probable. In 
fact, on the average, somewhat more than one neutron is emitted per fission 
fragment (number of neutrons per fission event averages between 2 and 3). 

If equipartition of energy among the nuclear particles is assumed, 
the observed energy distribution of the prompt neutrons would consist of a 
superposition of a Maxwellian distribution plus a translational component 
resulting from the motion of the fragments. A distribution of this type 
fits fairly well the continuous distribution in energy that is observed# 
However, it is not to be interpreted from these brief comments that the fis- 
sion process is fully understood# Much experimental and theoretical work 
remains to be done in this field# 

2-8 Energy Balance 

From the foregoing curves, it is seen that tlie average total kinetic 

236 

energy of the two fission fragments from U is about 160 Mev# In addition, 
the prompt neutrons have kinetic energies totaling about 5 Mev# If the energy 
of excitation of the fission fragment immediately after its formation is in- 
sufficient to cause neutron emission, the nucleus may lose energy by the 
emission of prompt gamma rays# On the average, about 5 Mev of energy is 
released in this form# Since the fission fragments are invariably radio- 
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active, there is additional energy released as /S , y, ajod neutrino radiation. 
On the average, each fission fragment emits 3 betas. The radioactive energy, 
about 20 Mev, is released over a period of time following fission. The rate 
of decay in nearly every fission product chain is greater at the beginning 
than toward the end. For example. 


51 


Sb 


133 


10 m. 


m 133 
Te 


1 hr. 


,133 (T 133 f ^ 

^ 22 hrs. 5.3 d. 


fa 

55^ (stable) 


133 133 

slows down from T ^ 10 m# for Sb toT=5.3d. for Xe • There is, of 
course, some dependence in this regard upon odd and even values of Z and A. 

The prompt neutrons plus the fraction of a per cent of delayed neu- 
trons eventually are absorbed either in other fissionable nuclei or in ma- 
terials of construction* The binding energy of these neutrons (~10 Mev) is 
released either in the form of gamma radiation or of beta rays from radio- 
active decay. V/hile of minor significance in the total energy release (about 
5%), the energy associated with these stray neutrons becomes of importance 
if they are absorbed in other than useful parts of a nuclear reactor* Thus 
the total average energy released in all of the important forms is summarized 
in Table 2-1. 


TABLE 2-1 

FISSION ENERGY BALANCE 


Fission fragments ^^160 Mev 

Prompt neutrons 6 

Prompt gammas 5 

Radioactive series 20 

Absorbed neutrons 10 

Total *^200 Mev 


2-9 Delayed Neutrons 

The mechanism of the amission of delayed neutrons has been discussed 

8 7 

in Chapter 1, in which the emission from Kr was used as an example. In the 
235 

case of U , at least five different delayed neutron periods have been iden- 
tified thus far. The proportion of these, as compared to the total number 
of neutrons emitted (prcinpt + delayed) are given in Table 2-2. The first two 
periods are rather well verified, while the shorter ones are as yet not pre- 
cisely measured. 
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TABLE 2-2 
DELAYED NEUTRONS 


Half-Period 

sec« 

22.0 

4.51 

1.53 

.42 

Total 


Percentage 

.02 

.14 

.18 

.20 

.07 

.61 


There are also gamma rays of the same period associated with these neutrjns. 
2-10 Types of Fission 

In addition to neutron-induced fission, other radiations have been 

used. Photofission produced by high energy gamma rays causes the splitting 

of the target nucleus. Spontaneous fission without any initial change in A 

238 

also occurs in seme nuclei (for example, U )• In either fast or slow neu- 
tron fission, the splitting nucleus is one unit heavier than the target 

nucleus (for example, U upon bombarding U • In the case of deuteron 

235 

induced fission of U , it is not certain whether the splitting nucleus 

is Np or U .In the latter case, the deuteron would not enter the 

nucleus but would be disintegrated at the nuclear barrier with the absorp- 
235 

tion by U of the neutron portion and repulsion of the proton. Further 
experimental work is needed to settle this question. 



CHAPTER 3 


NEUTRON DIFFUSION 
Victor F* Weisskopf 


3-1 Elementary Theory 

It is clear that the diffusion of neutrons is of fundamental impor- 
tance in any problem of nuclear power. In moving from the source to the 
point at which they are utilized, the neutrons must penetrate matter, and 
in this process they undergo quite a number of changes. It is of interest 
to consider vhat laws and regularities can be formulated for a motion of this 
type. The mechanics of the penetration of neutrons through matter is very 
similar to the diffusion processes in gases. The neutrons emerge from the 
sources, collide mth nuclei in the surroimding material, and suffer changes 
in direction and speed of a statistical nature. The process is much the 
same as the diffusion of one gas in another. It is, however, more similar 
to the diffusion of electrons in gases, for in diffusing through a material 
of moderate atomic weight (A » 1, i*e*, non-hydrogenous) , a neutron undergoes 
the major change in direction, velocity, and momentum upon collision with one 
of the atoms* The nucleus of the struck atom does not change much, because 
it is much heavier than the neutron. This constitutes a characteristic dif- 
ference from the diffusion of gases and makes the calculation of neutron 
diffusion somewhat easier. 

Although many important problems in nuclear reactors are concerned 
with the diffusion in hydrogenous (or very low A) materials where the momen- 
tum exchanged between the neutron and the light nucleus must be considered, 
the present discussion is restricted to the simpler ' o onditions • The more 
complicated problem will be considered in subsequent sections# 

The following simplifying assumptions will be made; 

(1) There is no energy (or momentum) transfer from the neutron to 
the nucleus with which it collides. 

(2) All neutrons considered have the same velocity (a scalar) and 
this velocity remains the same before and after the collision.* 

(3) All cross sections (scattering, absorption, transport, etc.) 
remain constant.** 

*The slowing down is an importeuit feature that is deferred for later 
consideration. 

**This condition follows directly from the second assumption since, 
as previously considered, the cross sections are generally dependent on the 
neutron velocity. 
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Figure 3-1. Schematic Representation of 
Neutron Diffusion through a Material. 

The process of diffusion can then be represented schematically as in 
Figure 3-1. Atomic nuclei are distributed in a statistical manner throughout 
the medium being bound in place by electrostatic forces.’*' 

The neutrons diffuse through the material, changing direction each 
time they collide with a nucleus, resulting in a statistical distribution of 
particles. An important concept in the description of this process is the 
mean-free-path \ , which is the average distance between two collisions. This 
quantity, of course, depends on the cross section of the nuclei in the ele- 
mentary manner: 

(3-1) ^ 

where N is the number of nuclei per cm and a is the cross section. In other 
words, the larger the cross section for collision, the greater is the chance 
for a collision and hence the shorter the mean-free-path. 

Another important quantity is the neutron current S. Imagine a neu- 
tron distribution n(x) which depends only on one coordinate x and which ia» 
essentially linear in x over distances of the order k: 

(3-2) ~ ** 

dx^ 

♦Although the lattice structure of materials must be considered in 
some instances, for purposes of simplification this effect is neglected. 

♦♦The second derivative does not contribute to the current at all. 
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Consider a surface element perpendicular to the x-direotion. If the neutron 
distribution n(x) were a constant = 0)> there would bo an equal number 
of neutrons crossing this element frcmi both sides. If there are more on one 
side, more neutrons will come from this side. The neutrons come on the 
average from a distance when is the so-called transport mean-free- 
path. The difference S between the number of neutrons crossing a unit sur- 
face per second from one side and from the other is given by 

_ Xv dn 

The factor l/3 comes from the fact that roughly l/3 of the neutrons move 
perpendicular to the surface; 2/3 move parallel. The magnitude S is the net 
current through the surface. After generalizing this to any given direction, 
we get for the current 

(3-3) S = -D grad n 

where D S the diffusion constant is given by 



This expression is correct only if n(x) is such that Equation (3-2) is ful- 
filled. 

The quantity X^ requires some detailed explanation. It is the dis- 
tance which a neutron travels on the average in the direction of its initial 
motion. This distance is one mean-free- path X, only if after a collision the 
direction of motion is completely undetermined. If the collision mechanism 
is such that there is a predominance of scattering in a given direction, for 
example, in the forward direction, the value of X^ is somewhat greater than 
for purely isotropic scattering. Conversely, if back scattering predominates, 
X^ should be somewhat less than for isotropic scattering. The transport 
mean-free- path X^ is the average distance in the initial direction that a 
neutron would travel after an infinite number of collisions. It is this 
mean-f ree-path that is suitable for specifying the neutron current as in 
Equation (3-2). It is easily shown that* 

• X cos t* is the average projection of the free flight of the neutron 
after the first collision on the direction of flight before the collision. 
X cos t/2 is the projection of the next fli^t on the original direction, etc. 
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\ _ X + \ OOS $ + X (008 ^ ) + 

u — 

— i—— 2 

= X(1+ QOS 6 + (cos ) 

= x/ (1 - cos d) = 

(3-4) tr = a (1 - cos 6 ) 

% 

where cos 6 = the average cosine of the scattering angle relative to the 
initial direction, cr and = the scattering and transport cross sections 
respectively. 

Neutron scattering cross sections are not spherically symmetric. 
Almost all elements favor forward scattering to some extent, especially at 
high energies. Hence, in general, cos 0 is positive, > \, and cr^ < cr* 
The foregoing quantities will be used to formulate approximate relations 
for the diffusion of neutrons in matter. 

Neutrons can be produced by a source or by a fission process which 
happens to occur at a given point. Neutrons can disappear by being captured 
by an absorber at a point. The neutron density can change by a change in 
the current S. Thus the equation of continuity at a point is: 

(3-5) dn/dt = q - a - div S 

where ; 

3 

q = the source density per cm per second which may be from fission- 
able material 

3 

a = the number of absorptions per cm per second, and 

div S = the divergence or change in current (either + for a source or - 
for a sink) 

Combining (3-2) and (3-5): 

(3-6) dn/dt = q - a + div D grad n 

Since it has been assumed that X^ and v do not change throughout the medium, 
therefore 

(3-7) dn/dt = q - a + DV^n 
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The absorption is proportional to the neutron density and inversely propor- 
tional to their mean life for absorption r, hence a = n/r , If fission is 

o ' o 

the source of production, q is also proportional to n, inversely proportional 
to T , and proportional to the fraction of absorptions which produce fis- 


sion. Since 77 neutrons are produced on fission 

(3-8) 


q = 


a 


The mean life is related to the absorption cross section, cr^, as 


( 3 - 9 ) 


T = ... 

o Na V 


by elementary statistical theory; and is the fission cross section. 

3-2 Application to Infinite Mass Containing a Point Source 

By considering an infinite mass of a very heavy material such as 
Pb, the assumptions on which the foregoing relations were derived are more 
nearly fulfilled. In such a medium, the neutrons lose only a small amount 
of energy in a collision. In Pb, A 207, a neutron loses about Z/k ^ 0.01 
of its energy per collision. The source is assumed to be very small in size 
but of appreciable intensity (for example, a Ra-Be source). The neutrons 
are emitted equally in all directions, collide with the lead nuclei and 
undergo a diffusion process. The average density n as a function of the 
distance r from the source is obtained for the steady state (dn/dt = 0) as 
the solution of Equation (3-7) reduced to: 

( 3 -IO) V^n - = 0 

It is to be noted that q = 0 throughout the medium except in the immediate 
vicinity of the source, i.e., where r ^ 0. If n = u/r 

( 3 - 11 ) (d^u/dr^) - u/t^D = 0 

which has the simple solution u = Ce”^'^^', where L = \/Dt or n = (c/r)e”^^^. 
The quantity L is to be identified as the diffusion length. The positive 
exponential, which is also a solution of Equation (3-9), has no physical 
significance, since u would go to infinity at r = oc. 
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It is to be noted that for no absorption, = 0, which is approxi- 
mated by Pb, since it has such a small absorption, L = ® and n = C/r. Thus, 
because of the diffusion effect, the neutron density decreases as l/r in- 

p 

stead of as l/r for the case of a vacuum in which the neutrons travel in 
straight lines away from the source. The constant C depends on the source 
strength Q as follows ; 


(3-12) Q = ^'sr^ sin d6.6A4> = 

Surface Surface 

where the integration of the current is over the total surface of a small 
sphere surrounding the small source. Therefore 


DC 


/.-A 

^ n ^ 


sin 6diddii> 


(3-13) Q = dwDCA o** C = LQ/4 wD 


and n can be written explicitly as 
(3-14) n = (LQ/4wDr)e"*’'^ 


3-3 Dimensional Considerations 

In the immediate vicinity of the soxirce, the first collisions of 
neutrons occur on the average at a distance r = A, If the source is con- 
sidered as surrounded ly a concentric sphere of radius small compared to A, 
for example, r = X/lO, within this sphere very few initial collisions will 
take place. Hence, the s elution of n within this sphere will contain a term 

p 

which varies as l/r^; while for small distance Equation (3-14) indicates a 
variation as l/r# The explanation of this paradox is that the diffusion 
theory is not an exact treatment of this case. A further assumption was im- 
plicit in the original conditions under which the diffusion theory was de- 
rived, namely, that the region in which diffusion theory holds is always at 
least A, away from any sharp discontinuity of either the density or the dis- 
tribution of sources. Here, consequently, we cannot trust diffusion theory 
at distances frem the isolated source which are less than Neither can 

diffusion theory be trusted within distances of the order of A^ from a boun- 
deiry at which the properties of the medium change radically (Section 3-4) or 
anywhere in a system which is not large compared with A^, 

Since many of the interesting problems in neutron physics involve 
distances of the order of a mean-free-path, care must be taken in the use 
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of diffusion equation. For example, in the oaloulation of the critical mass 
of pure fissionable material, the radius is just of the order of the mean- 
free-path. Thus, for this and many related problems, more powerful methods 
must be used. However, it is true that even in these problems, the diffu- 
sion equation gives a fair approximation if it is used in the correct manner. 

3-4 Neutron Distribution 

We now consider the neutron distribution in more detail. We will be 
interested not only in the neutron density (number per cm’^) but also in the 
distribution as to their direction of motion. Let us, for the sake of sim- 
plicity, assume that all magnitudes depend only on one coordinate x. Let 
us define n(x,/i)d/Lx dx as the number of neutrons in the interval between x 
and X + dx, whose velocity includes an angle 6 with the x-eixis, so that cos 
6 is between /x and ^ •fd/x(/x = cos &)• We then get 

(3-15) n(x)dx = dx/ n(x,/u)d/u 

It is further assumed that the dependence of n on /x is a simple one which 
allows the expansion 

(3-16) n(x,M) = + 

and that the dependence on angle is sufficiently small so that only the first 
spherical harmonic is included. The higher harmonics give a more refined 
neutron distribution, but these fine details are neglected in this simplified 
treatment . 

The two constants, with respect to /x, n^(x) and n^(x) can then be 
determined. By substituting Equation (3-16) in Equation (3-15) and inte- 
grating, the second term drops out, leaving n(x) = 2n^, frcm vdiich = n(x)/2. 
From Equation (3-3)s 

(3-17) S = -D(dn/dx) 


while from Equation (3-2) it is 



•fl 

n(x,/x)Mvd/x 


= (2/3)nj^(x)v 
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henoe 

= -(3D/2v) dn/cbc 

These relations can then be applied to the characteristic problem 
of an infinite, nonabsorbing half-space (Figure 3-2) containing neutron 
sources that are remote from the plane boundary at x = 0 between the mate- 
rial 8Lnd a vacuum. For this one dimensional case V n — 0, hence n = Ax + B 
and the slope of the neutron density dn/dx = A. 



Figure 3-2. Neutron Distribution in Nonabsorbing Half-Space. 


The current S = -D(dn/dx) = -DA. The value of B is the neutron density at 
the interface x = 0 which is determined as follows. The number of neutrons 
emerging into the vacuum per second at x =0 is: 


(3-18) Z - / n(x,/x)/uvd/Li = -v 

This is equal to 

z = -V ^ I 




2 \ dx 


n^(x)| 


at X = 0 


This number Z should be equal to S, the net flow, since there is no flow 
back from the vacuum. Therefore, ai*ter putting n = Ax + B, we get: 


(3-19) -DA = - ^ 
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From the geometry of Figure 3-2, d = B/A, therefore 
(3-20) d = 2 D/t = 2/3 \ 

A more exact solution gives the important relation 
(3-21) d = 0.71 

This length is called the extrapolated endpoint of the neutron distribution. 

According to the foregoing approximate methods, the neutron density 
decreases to a definite value at the boundary and then falls to zero outside* 
In the vacuum, the density must be infinitely smaller them in the diffusing 
medium, for in the medium a single neutron passes back and forth many times 
through a given point, vdiereas in the vacuum a neutron retains the velocity 
with which it emerges and therefore does not return. Therefore, the ratio 
of the density in the medium to the density in the vacuum equals the number 
of times a neutron goes back and forth through one volume element. If the 
mean-free-path is very small compared to the linear dimensions, as is as- 
sumed here, this ratio is a very large number. 

While the more exact treatment shows a slightly rounded curve in- 
stead of an abrupt decrease in neutron density at the boundary, the approxi- 
mate result is in remarkably good agreement with the facts • It is also of 

interest to note that Equation (3-21 ) is also applicable to the case of an 

absorbing medium. Instead of a linear decrease in n, there will be an ex- 
ponential decrease. Also, the mean-free-path is somewhat smaller in an ab- 

sorbing medium. 

3-5 Critical Mass 

Based on the assumptions stated in Section 3-1, the resulting ele- 
mentary neutron diffusion theory will be applied to calculate the critical 
radius R of a sphere of fissionable material. This sphere will be of just 
the right size to maintain a chain reaction, that is, just as many neutrons 
are lost as are recreated by fission. The losses are by emergence to the 
outside and by absorption, which will be proportional to the nuclear absorp- 
tion cross section cj , 

a 

Referring to the stationary state equation given previously, 

(3-22) (\v/3)y^n - (n/r^) + q = 0 
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and substituting the production 


the following is obtained 


(3-23) V^n+;i!f^n=0 

o 


where 


(3-24) X - 




T I C 

o \ a 




a 

a 


7 ? 


This equaticn can be further simplified by using \ = 1/iHa total and a - a = o- 

a f Oj 

the cross soction for capture not leading to fission. 

In these expressions \ represents the mean-free-path between colli- 
sions of all types, absorption, scattering, fission, etc. Thus, 

(3-25) = (3A^)f 



The term f is the important quantity in determining the critical 
mass. It represents the excess number of neutrons created per collision. 
The magnitude of f is classified information. Assuming the values for f and 
\ are known, and considering spherical geometry for which n = u(r)/r 

(3-26) (dVdr^)+ ;i:f^u = 0 

The boundary conditions are: u = 0atr=0; u=Oatr=R + 2X/3 
= • The approximation is made here that the actual radius R must be in- 

creased by an amount 2X/3 to obtain the extrapolated minimal i^dius R>f at 
which the neutron density falls to zero, as was found before. This extra- 
polation was actually derived for plane geometry, but it can be applied with 
a fair reliability to spherical geometry. The solutions are of the form 

(3-27) u = sin ^r 

o 

in which sin;^fR* = 0 if R*= tj \/ . hence R = (wX/ZsT) - Zk/z, 

It is to be noted that if ^ total "’I **2, then f « 1* R* w 1,8\ nnd 
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R»\, Hence, the linear dimensions being considered in this case are of 
the order of the mean-f ree-path which does not comply with the assumptions 
on which the theory is based. Therefore, this is only an approximation, but 
more exact considerations indicate that the results are not very seriously 
in error. 


Effect of Reflector 

One way of reducing the size of the critical mass as calculated for 

a bare sphere is to surround the fissionable material with a reflector, 

preferably composed of a material that has a = 0, In this way there would 

a 

be no absorption losses in the reflector, but there is the further advantage 

that it is easier to calculate. In addition to assuming a =0, the reflector 

is considered infinite in radius. Although there will be no absorption losses 

in this reflector, there will be some losses of neutrons, because there is 

a finite probability that once a neutron gets into the reflector it will not 

get back to the sphere of fissionable material. 

2 

In the reflector, f = 0 and V n = 0. In the reflector, the boundary 

condition is n = 0 at r =oc. and consequently, n = c/r. Putting u^ “ rn, in 

du2 

the reflector, then Ug = c and -j-- = 0. 

Uj = r times the neutron density in the sphere containing fissionable 
material, as given by Equation (3-27). This solution must bo joined to Ug 
at the boundary between the active material and the reflector, with the ap- 
propriate boundary conditions. These are that the neutron density and neu- 
tron flux must both be continuous across the boundary. Assuming the mean- 
free-path in the reflector equals that in the active zone 

(3-28) cos P^'R - 0; and ~ ^ 

o o 2 


The smallest R for which Equation (3-28) is satisfied is obtained 
when m = 0; hence the critical radius for this case is R = v or R = R*/2. 
Thus, the use of such a reflector results in a very substantial saving in 
fissionable material, since the critical volume will be only somewhat more 
than one-eighth that for the bare sphere. 




CHAPTER 4 


NUCLEAR CHAIN REACTIONS 
E. P. Wigner* 

4-1 Elementary Theory 

The great surprise about nuclear chain reactions was the ease with 
which they could be established. A paper by Szilard in January 1940 de- 
scribed a workable arrangement. Our own early work in this field was not 
based on Szilard’s paper, but on Fermi’s work, the concepts of which are 
less intricate than Szilard’s. Ideas similar to Fermi’s were developed also 
by others, notably v* Halbanj moreover, the whole work was duplicated, ap- 
parently without any major deviation, by the German nuclear physicists. 

In a chain reaction of the kind considered by us, uranium nuclei 
undergo fission and liberate neutrons. These neutrons are first fast but 
are soon slowed down by the moderator which, in our case, is carbon (graph- 
ite)# After being slowed down, the neutrons still diffuse around for a pe- 
riod of time before being absorbed. Most of them are absorbed by uranium, 
which then undergoes fission and emits the neutrons of the next generation. 
The ratio of the number of neutrons in one generation to the number of neu- 
trons of the preceding generation is called the multiplication constant and 
is usually denoted by k. Fermi’s theory divides the problem of multiplica- 
tion constants and critical sizes into two parts. The first problem is the 
calculation of the multiplication constant in an infinite medium, k^c^ which 
is usually referred to briefly as the multiplication constant. It depends 
only on the geometry and the materials of the chain-reacting system and gives 
the ratio of the numbers of neutrons in successive neutron generations under 
the assumption that the same materials, arranged in the same geometry, ex- 
tend all over infinite space. 

The second problem is the calculation of a critical length which does 
not depend on the inner structure of the chain reacting unit but only on its 
size and shape. This critical length, or its reciprocal^, permits one to 
calculate, from k<x), the second kind of multiplication constant, This 

♦This is a slightly abbreviated version of a paper which appeared in 
the Journal of Applied Physics, Vol. 17, p.857, November 1946, and is in- 
cluded here with the permission of Dr. Wigner. 
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gives the ratio of the numbers of neutrons in successive generations in a 
finite pile. This second kind of multiplication constant is, of course, the 
relevant one from a practical point of view. It depends not only on the ma- 
terials and their arrangement into a lattice which determine koc# ^ut depends 
also on -Uie actual extension of the lattice, i*e., the size and shape of the 
pile. In a steadily running pile, is always 1 and it exceeds 1 only 

when the power of the pile is increased, e.g., during startup, and then only 
very little. The is always smaller them because in an actual, finite 

pile some of the neutrons of every generation diffuse out of the pile and 

■ # 

do not contribute to the next generation. No such ’’leakage^ exists in an 
infinite pile. 

It would seem that only the effective multiplication constant has 
real significance but it turns out that the calculation of koo is an almost 
necessary preliminary for the calculation of 

I will sketch only the calculation of kco , which is already given 
in principle in the Smyth report. In order to calculate the number of neu- 
trons of the next generation, one may start at the birth of one neutron. 
This occurs in the ureuaium lumps and the neutron has, originally, consider- 
able velocity. As a result, it will be able to induce fission not only in 
236 

the U nuclei but, what is more important because of their larger numbers, 
238 

also in the U atoms. Competing with this process are the process of in- 
elastic scattering by U atoms by which the original neutrons may be slowed 
to a velocity below the fission threshold' of U , and the process of es- 
cape of the neutrons from the U lump into the moderator. 

The importance of fast fission was recognized by Szilard and his col- 
laborators. The rest of the factors making up koo were all recognized before 
and are contained also in Fermi’s considerations. 

Let us assume that the original neutron generates 6-1 further neu- 
trons by fast fission. From Fermi** , e - 1 .03, so that we arrive with 
6 « 1.03 neutrons just below the fission threshold. Most of these neutrons 
diffuse out into the moderator and are slowed down to thermal energies. Some 
of them occasionally enter the uranium and are absorbed there by one of the 

♦Superiors in parentheses refer to bibliography at end of this chapter. 
♦♦Fermi, Science 106, 28 (jan. 10, 1947). 
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numerous resonance levels of the U • These absorptions do not lead to 

fission and constitute an actual loss of neutrons. The importance of this 

process was recognized ly N. Bohr and others in 1940. Only when the neutron 

238 

has lost sufficient energy to be below the lowest resonance level of U — 

( 2 ) 

which is, according to data in the literature ’ , at about 6 ev -- is it safe 
from this fate. The probability that a neutron will escape resonance capture 
is usually denoted by p. It is a nunber smaller than 1. As a result of the 
resonance absorption, we arrive with ep neutrons below the energy of 5 ev 
instead of the e neutrons which we had Just below the fast fission threshold* 
It would lead too far to describe the actual calculation of p. Among 
all the processes vdiich contribute to the chain reaction, the resonance ab- 
sorption is the only one which was not really understood wdien we started our 
work. S. M. Danooff and I were the ones who were most interested in the 
physical principles which determine the resonance absorption of macroscopic 
bodies, but ideas similar to ours were develop>ed also by others. The actual 
calculation of p was described by R. F. Christy, A. M. Weinberg, and n^self, 
although many others, including H. L. Anderson, contributed to it. The ma- 
terial constants necessary for the calculation were measured by Creutz, Jup- 

nik, Snyder, and R. R. Wilson in Princeton, and later by Mitchell's group 

« 

at the University of Indiana. 

We now have €p neutrons with an energy below the resonance levels 
of uranlixn. According to theory, they will be slowed down to thermal energies 
by the moderator. After that, they will be absorbed, some of them by the 
moderator and the impurities present in the pile, sane of them by .the uraniun. 
Fermi denotes this last fraction by f, so that, altogether, «pf thermal 
neutrons are absorbed by the uraniinn, giving 

(4-1) k = spfu 

secondary neutrons, being the number of fission (fast) neutrons produced 
in the uranium p>er thermal neutron absorbed. The principles for tiie cal- 
culation of the "thermal utilization" f were established independently by 
Fermi, Plaozek, and our group. The formulae which we used were derived by 
Christy, "Mrs. Monk, Plass, and myself in a way which is similar to the cal- 
culation of wave functions in metals by the cellular method. 
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On the whole, the calculation of the multiplication constant for an 
infinite lattice is quite ^’straightf orward” and one of the great surprises 
of the Plutonium Project was how easy it was. Mr. G. N. Plass and myself 
happened to be the ones who attempted to calculate the ’’optimal lattice” 
(i.e., the lattice with the highest k<x) early in 1942. Although the physi- 
cal constants were not known too accurately at that time, the dimensions we 
obtained (later incorporated in the first chain reacting unit) are now be- 
lieved to give a koo just l/2 per cent short of the k^o of the real optimal 
lattice. We are quite convinced that any reasonably competent people woi^d 
have arrived at the same results. In later years, computations of kx'^^ore 
much facilitated by diagrams prepared for this purpose by Mrs. Monk and Mrs. 
Uchiyamada, under Professor Wheeler’s direction. The calculation of was 
extended to all sorts of lattices, containing heavy and ordinary wa-ter, etc. 
Most of this work was done by A. M. Weinberg and his collaborators, Mrs. 
Monk, Mr. Plass, Mrs* Uchiyamada, Mr. Stephenson, and others. Qualitatively, 
the results were quite similar for all systems considered. 

In spite of this, the properties which make a lattice optimal are not 
very simple. One may note that it is good if the high energy neutrons remain 
in the ureinium to give a high € • On the other hand, it is best if the lower 
energy (resonance) neutrons keep out of the uranium as much as possible so 
that p may remain reasonably close to 1. Again, the thermal neutrons should 
return to the uranium to give a high f — as close to 1 as possible. These 
conflicting requirements determine the geometry of the optimal lattice, i.e., 
give the ratio of the amounts of moderator and uranium as wll as the lattice 
constant. However, even relatively large deviations frcm the optimal dimen- 
sions do not decrease k^ to a very great extent. 

The foregoing describes the calculation of koo* Although Fermi has 
given a method for calculating from koo, I will not give his method here 
but will turn to the more advanced theory which permits a direct calculation 

'‘eff 

4-2 More Detailed Theory 

The more detailed theory of chain reactions should provide more ac- 
curate methods both for the calculation of k^^ and also for the calculation 
of However, as far as koo concerned, only few improvements were 
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made* None of these improvements occurred in the calculation of e and p, 
only one occurred in the calculation of f. 

The behavior of ’’thermal” neutrons in a moderator-uranium lattice 
is far from simple. Evidently, it would take infinitely many collisions to 
establish real thermal equilibrium between the neutrons and the moderator, 
and in a well-designed lattice the neutrons will be absorbed by the uranium 
after a relatively small number of collisions. As a result, the energy 
spectrum of the neutrons will remain quite complex and their average energy 

3 

will stay considerably above This average energy will be different 
even at different points of the lattice. The actual energy distribution 
will be influenced by the absorbing power of the material as well as by its 
moderating power. The latter is influenced in turn by the atomic weight of 
the moderator, by Fermi’s chemical binding effect and by the crystalline 
nature of the moderator, vhich gives a considerable anisotropy to the scat- 
tered (refracted) neutrons. 

The only serious attempt to take these factors (excepting the crys- 
tal effect) into account is due to E. Teller and his collaborators, mainly 
N. Metropolis and P. Morrison. A more rigorous but much more formal attempt 
later by J* E* Wilkins and myself did not contribute much to the qualitative 
picture. Wick has reported some work which he did on this problem. Teller’s 
work gave, at least, an approximate measure for the difference in the effec- 
tive temperature of the neutrons and the moderator. In spite of this, we 
are far from having an adequate knowledge of the energy spectrum of the neu- 
trons in a chain-reacting unit. 

Moreover, the problem of calculating f remains far from being simple 
even if the energy spectrum of the neutrons is known. It is, in fact, quite 
complicated even if one assumes that all the neutrons have the same energy. 
The reason for this is that the ordinary diffusion theory proves to be quite 
inadequate. G. Placzek carried out the most accurate calculations for the 
diffusion of monoenergotic neutrons. Some of his results were obtained also 

(4) 

by German and Italian theorists and published. Our work along this line 
was not pushed with much vigor because we were, perhaps, too well aware of 
the inadequacy of the model which uses monoenergetic neutrons. Actually, 
there is evidence that the errors in our primitive diffusion equations are 
quite substantial and in the direction indicated by Placzek’ s work. 
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There is no releveint difference between the fast effect in a finite 

and infinite lattice. However, the probability p that a neutron with an 

energy just below fission threshold should become a thermal neutron is smaller 

in a finite lattice than in an infinite one because in addition to being 

captured by the uranium, some neutrons will be lost from a finite lattice 

by ’’leaking” (diffusing) out of it. This leakage was calculated by Fermi 

( 5 ) 

and his co-workers ^ even before fission was discovered. For a finite lat- 
tice, their work gives 

(4-2) = p exp i-Tjf) 

where r is one-sixth the mean square distance, in an infinite lattice, be- 
tween the point where the neutron originated and the point where it becomes 
thermal. The quantity^ is the ratio -An/n, where n is the average of the 
neutron density over a lattice cell and will be discussed presently. 

According to Equation (4-2), the effective p is smaller than it 
would be for the constant n of an infinite lattice, i.e., f or X = 0. The 
leakage depends on the ’’age” r, which in its turn increases with increas- 
ing mean-free-path of the neutrons in the moderator and with the number of 
collisions which are necessary to slow down the neutrons to thermal energies. 
The quantity r, and hence the leakage, is smallest in a water-moderated pile 
and much greater in a graphite-moderated pile. 

Just as the fraction of neutrons which slowed down to thermal ener- 
gies in the pile is, because of the leakage, smaller in a finite than in an 
infinite pile, so is the fraction of thermal neutrons absorbed by the uranium 
decreased by the escape of some of the thermal neutrons from the pile. The 
equation analagous to Equation (4-2) is 

(4-3) = f(l + LpV)"^ 


The significance of^ in Equation (4-3) is the same as in (4-2), that of 
2 2 

L similar to that of t in (4-2): L is one-sixth of the mean square dis- 
P P 

tance in an infinite lattice between the point where the neutron becomes 


thermal to the point to which it has diffused when it gets absorbed, 
also called the diffusion length of thermal neutrons in the lattice 
the n decreases with an exponential relaxation distance L 
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(4-4) n ~ exp 

in a region in which no thermal neutrons are produced. 

G. N. Plass has shown, by means of a calculation which is similar 
to Bardeen’s work^ ' on metallic wave functions, that 

is a very good approximation for if is the diffusion length in the 
pure moderator, without uranium lumps. 

The condition that a lattice can maintain a chain reaction at a 
steady rate is that = i# i.e., that 

‘'eff = l 

Using the expressions (4-2) and (4-3), this becomes 

€pf )7 exp + Lp^^) ^ = 1 

or, by Equation (4-1) 

(4-7) k<o =(1 + LpV) exp (tH^) 

an equation essentially identical to one obtained by Fermi. 

This last equation can be considered to be an equation Hot it which, 
in its turn, will be seen to depend only on the size and shape of the pile. 
Hence Equation (4-7) gives us the size of a pile if its shape and internal 
structure, in particular its infinite multiplication constant kx, are given. 

The connection between the quantity^ and the size and shape of the 
pile is established by the classical equation 

(4-8) An =0 

in which the average neutron density n is subject to the boundary condition 

that it vanish at the outer boundaries of the pile. It is well known that 

2 

Equation (4-8) allows a solution only for definite, discreet values of Pd 
which depend on the size and shape of the region on the boundary of which n 
has to vanish, i.e., on the size eind shape of the pile. Only for the smallest 
of these Pd is n positive throughout and this smallest PC is the one which 
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occurs in Equation (4-7). Equation (4-8) gives an effective dimens ion 
to every size and shape and Equation (4-6) shows how this effective dimen- 
sion affects the effective multiplication constant. If the ^ of the pile, 
as defined by Equation (4-8), is larger than the solution of Equation (4-7), 
the pile is under critical, its effective multiplication constant being 
smaller them 1. If the solution of Equation (4-7) is larger than the ^ sat- 
isfying Equation (4-8), the pile is above critical. 

The quantity n to which Equation (4-8) applies is the average neu- 
tron density, the average to be taken over a cell. Evidently an equation 
applying to such an average as does Equation (4-8) can be accurate only if 
this average does not change too rapidly from cell to cell. The relation of 
the n of Equation (4-8) to the actual neutron density is similar to the re- 
lation of the macroscopic density of bodies to their rapidly fluctuating 
density as given by their atomistic structure. The theory of Equation (4-8) 
is therefore called the macroscopic pile theory, while the quantities of 
Equations (4-1) to (4-7) are concepts of the microscopic pile theory. Ac- 
tually, Equation (4-8) is only the simplest equation of macroscopic pile 
theory, which applies if the spatial variation of the neutron density is 
independent of energy. This is an important particular case but does not 
hold in general. For instance, most control rods absorb only low energy, 
thermal neutrons. The surface of a control rod is, therefore, a boundary 
where the density of thermal neutrons vanishes. However, the density of 
fast neutrons does not vanish at the surface of the control rod and the den- 
sities of fast and of slow neutrons are not proportional any more. Prob- 
lems of this nature call for more complicated equations than (4-8). The 
most important results toward the solutions of these problems are due to 
Messrs. F. L. Friedman, A. M. Weinberg, and J. A. Wheeler. 

Even the simple Equation (4-8) raises a number of interesting prob- 
lems. If the shape of the pile is at all complicated -- which is almost 
invariably the case if the chain reacting material is liquid — the solution 
of Equation (4-8) could be obtained only by perturbation methods. Some of 
these show a remarkable similarity to the Rayleigh-Schrodinger method, with 
which we are familiar from its application to quantum-mechanical problems. 
We owe many interesting results on Equation (4-8) to Messrs. F. Murray, L. W. 
Nordheim, and H. Soodak. 
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A good peirt of the work in this connection is too special to be taken 
up in detail# In my opinion, a good deal of work remains to be done in this 
field. In particular, the behavior of "thermal” neutrons in the pile and the 
transition from fast to thermal energies requires further clarification both 
from the experimental eoid from the theoretical side. But there remain inter- 
esting details to be worked out in almost any part of the theory. There are, 
also, some problems which have already commanded considerable attention but 
which I have not even touched. Chief among these is the change in neutron 
densities with time if Equations (4-6), (4-7) are not exactly fulfilled and 
the pile is either below or above critical. Messrs. R. P. Christy, L. W. 
Nordheim, and J. E. Wilkins were particularly active in this field. 

4-3 Effect of Radiation on Matter 

The radiation densities, both y and neutron, are higher in a plutonium 
producing pile than cein be maintained outside the pile for extended periods. 
The effect of these radiations on the structure of materials was one of our 
early concerns from the theoretical point of view. The experimental work 
was carried out in the Chemistry Division. Dr. M. Burton reported at the 
Atlantic City meeting of the American Chemical Society about his, his col- 
laborators’ , and Dr. J. Franck’s work on the subject. On the theoretical 
side, M. Goldberger, R. S. Mulliken, and F. Seitz shared my interest in the 
subject, which still has some aspects about which we cannot talk freely. 

Clearly, the collision of neutrons with the atcxns of any substance 
placed into the pile will cause displacements of these atoms. If the sub- 
stance is a chemical compound, the displacement will result in chemical 

changes which were, of course, investigated before chain-reacting units 

( 7 ) 

came into being and are summarized, e.g., in the booklet of Lind. All 
these changes are much more intense in the pile, owing to the more intense 
radiation. But substantial effects can be expected in elementary substances 
also. The matter has great scientific interest because pile irradiation 
should permit the artificial formation of displacements in definite numbers 
and a study of the effect of these on thermal and electrical conductivity, 
tensile strength, ductility, etc., as demanded by theory. One may expect 
that studies of the solid state, particularly of the structure sensitive 
properties, will be greatly stimulated by the additional experimental facil- 
'• given by the pile. 
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Before a final interpretation of the experimental results can be 
made, our knowledge of the ranges of low energy ions will have to be ex- 
tended. It is on this subject that most of Messrs. Goldberger's and Seitz's 
work was concentrated. A good deal of the rest of our work was speculation 
which will either be confirmed or refuted by future experiments. 

4-4 Theoretical Physios 

The theoretical work of the group fell into two categories: help 
with the evaluation and planning of experimental work, and real theoretical 
work. Into the first category falls the work of Messrs. Cahn, Schweinler, 
Weinberg, smd others on the so-called pile oscillator. This is an instrument 
which permits an absorber of known or unknown neutron-absorbing character- 
istics to be put into periodic motion in the pile. The oscillation of the 
neutron absorber causes intensity waves to spread all over the pile. These 
waves are similar to the temperature waves in the earth, generated by the 
daily and yearly heat fluctuations of the heat input on the earth's surface. 
The amplitude and wave length of the waves permits one to evaluate the char- 
acteristics of the neutron-absorbing oscillators and of properties of the 
pile. 

The work on neutron diffraction received considerable attention on 
the part of Goldberger smd Seitz. They interpreted and extended Weinstock's 
results^ ' considerably and took into account phenomena not previously con- 
sidered# Their work is being continued by Mr. M. Moshinsky in Princeton. 

As a last example, I would like to mention Dancoff’s work on short- 
range a-particles. This work actually started because of some acute prob- 
lems which were practically forgotten by the time Dancoff took over. He 

noticed that the intensity of short range a’s is often anomalous in the light 
(9) 

of Gamow* s theory , which stipulates that the a-partiole is emitted by an 
excited residual nucleus. Dancoff investigated several other mechanisms, 
among which the excitation of the residual nucleus by the a-particle after 
it has already penetrated the potential barrier seems to be the most impor- 
tant. These theoretical investigations have now received added interest in 
view of Chang* 8^^^^ experimental results. Chang has discovered Dancoff* s 
mechanism independently. 
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CHAPTER 5 


ELEMENTARY PILE THEORY 

F. L. Friedman 

I. INTRODUCTION 

5-1 General 

The theoretical and experimental work which lies in back of those 
notes on the theory of a chain-reacting pile was performed in the course of 
the last seven years by an enormous staff of scientists and technicians 
working on the wartime atomic energy project. It is therefore almost im- 
possible to single out a fev/ names for credit. The largest part of the the- 
oretical work was performed in Chicago in the theoretical group working 
under Professor E. P. Wigner. Other work has been done both by the British 
and at the Los Alamos laboratory. More recently, theoretical work has also 
gone on at the Clinton Laboratories. Some of tho earliest theoretical work 
and a great deal of the experimental background is due to Professors E. Fermi 
and L. Szilard and their collaborators at Columbia and Chicago. 

The pile theory to be considered is applicable to a rather narrow 
range of possible piles -- namely, those which operate with thermal neutrons. 
These piles are relatively large, compared to a bomb, at least, hence cer- 
tain approximations are possible which do not apply in general. The pre- 
ceding diffusion analysis summarized by Weisskopf is applicable in these 
cases • 

In the following discussion, a number of elementary models, which 
are quite unrealistic, are used to introduce the fundamental concepts and 
show how and when these concepts become important in pile theory. 

The problems of pile theory may be classified in the follov/ing scheme: 

1. Time behavior of reactors 

2. Critical size for chain reaction 

a. Assuming knowledge of relative concentrations of all 
constituents 

b. Determination of optimal conditions and concentrations 
for various designs 

3. Experiments to determine relevant properties and to check 
the theory 
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4, ’’Special*’ problems (e.g., controls, reflectors) 

5. Operational problems 

Although we do not treat all of these problems, it may be useful to 
keep this classification in mind. 


5-2 Summary of Symbols and Definitions 

A Mass of nucleus in units of the neutron mass. 

A^ Activation. It is a measure of the radioactivity produced in 

a detector by neutron bombardment; . refers to the ’’type’J of 
neutron involved. 



/? 


c 

c 


i 


Fast neutron activation. 

Resonance neutron activation. 

Thermal neutron activation 

Fraction of fission neutrons v^ich are delayed. 

Fraction of fission neutrons which are delayed of type i. 

Density of delayed neutrons (latent neutron density). 

Density of delayed neutrons of type i (latent neutron density 
of type i). 


d The extrapolation distance == the distance beyond the physical 

boundary of a medium in which neutrons diffuse at which a linear 
extrapolation of the diffusion solution for the neutron density 
becomes zero. 


D Diffusion constant, connects flux, 4>f with gradient of n ( (^ = 

-DVn). 

^ ^ Efficiency of counter in a particular geometrical arrangement. 

V Number of neutrons released per fission. 

7;(1-^ Number of neutrons released immediately on fission. 

Number of neutrons released as delayed neutrons per fission^ 

Number of neutrons produced per thermal neutron absorbed, usu- 
ally = k/p. 

^ Number of neutrons vdiich would return around the cycle of slow- 

ing down, thermal diffusion, capture, and fission -- per neu- 
tron starting in an infinite medium; usually = k. 



ELEMENTARY PILE THEORY 


113 



f 

f 

u 


I . 

J 


Number of neutrons released per capture in ordinary uranium 
(more generally per capture in all but the moderator material) 

Thermal utilization = fraction of all thermal neutron captures 
taking place in fissionable isotopes. 

Fraction of all thermal neutron captures taking place in natu- 
ral uranium — or more generally, in any material not consid- 
ered to be the moderator material. 

The relative resonance integral for an atom of type j. The in- 
tegral over the resonance absorption cross section divided by 
thermal capture cross section. 



°r.1 


dE 

X 


where the integral is taken' 
over the resonance region 


k Number of neutrons completing the cycle of slowing down thermal 

diffusion, capture, fission — measured just after the fission 
per one starting from fission; usually = T7fp. 

k/3 ”k delayed** — number of neutrons getting around cycle with a 

wait as delayed (latent) neutrons. 

k(l-/3) **k prompt** — number of neutrons getting around the cycle which 

avoid a wait as latent (delayed) neutrons 

k^^^. Number of neutrons actually getting around the cycle in a finite 

system. The effects of leakage are included. 


e excess 

si 


Number of neutrons minus one actually getting around the cycle. 
(In a finite system, the effects of leakage are included.) 


A characteristic geometrically determined constant such that 
if the space variation of every neutron density satisfies 

AS S = 0, the boundary conditions are satisfied for a chain 


2 2 

reactive unit (unless 9t — ‘?t 

o 

reactor are functions of time). 


the neutron densities in the 


X 

o 


2 


H 2 
id 


A characteristic constant of a homogeneous medium such that if 
every neutron density has a space variation given by S where 
2 

ASt S = 0, there is no time variation of the neutron dens- 
o 

ities in an infinite region (critical conditions). 

2 2 
The corresponding to the ij harmonic. When AS+ = 0, 

the boundary conditions can be satisfied by a sequence of eigen- 

2 

functions and eigen-values • This sequence is called 

a sequence of harmonics. The indices are used to label the 
elements in the sequence. 
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Fraction of neutrons which stay in a finite system during the 
slowing-down process (computed as if resonance capture were 
absent) • 

Fraction of neutrons which stay in a finite system during ther- 
mal neutrons. 

2 ? 2 

Thermal diffusion length (L = L = 

Thermal diffusion length in pure moderator. 

Analogue of L for slowing down process 



L -f , called migration area. 

Density of neutrons (usually thermal neutrons ^ occasionally, 
when specified, of other velocities per \mittnE interval). 

Density of nuclei of type i. 

Probability that a neutron escapes resonance absorption during 
slowing down in an infinite medium. 

Slowing-down density = number of neutrons slowing down through 
a given energy per unit volume and unit time. 

Source strength (neutrons per unit time; for a plane source, 
neutrons per unit time and unit area). 

Mean square distance from source point to absorption point for 
thermal neutrons or to point at which neutron becomes thermal 
for fast neutrons. 

The relaxation distance of the ij harmonic. In a moderating 
oolum. 

K. . L 

Cross section (total). 

Capture cross section. 

Fission cross section. 

Activation cross section in sections on activation; sometimes 

used elsewhere as a + a„, the total absorption cross section. 

0 1 



ELEMENTARY PILE THEORY 


116 


CT N ^ 
a 8 8 
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T 
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r 

o 


"5 


Slowing-down power = scattering cross section per unit volume 
times the average ^/uE loss per collision* 

Pile period. 

Decay period of radioactive nucleus formed by activation through 
neutron capture. 

Meeoi life of delayed neutrons. 

Meein life of delayed neutrons of type i. 
th 

3 characteristic period of the pile. 

Mean life of thermal neutrons against capture. 

Mean slowing down time to top of l/v region. 

Mean logarithmic energy loss per collision 

^^^in^ outH coll 


5-3 Review of Relevant Concepts from Nuclear Physics 

A great many properties of nuclei have been discussed in previous 
chapters. Fortunately, of these, only a few are of importance in describing 
a nuclear chain-reacting system. The following is a list of the more impor- 
tant properties: 

1. The number of neutrons released on fission. Undoubtedly this 
quantity is not a constant. However, we are only interested in 

its average value. This value is clearly greater than 1. Otherwise, as we 
shall see, it would be impossible to run the Hanford piles or explode a bomb. 
According to the Smyth Report, its value is somewhere between 1 and 3. We 
shall denote it by the symbol 97 . 

2. Delayed neutrons associated with fission. Most of the neutrons 
produced on the fission of nuclei appear at once. Some , however, 

are delayed, appearing first some time after the fission has taken place. 

3. The cross section for the production of fission by the capture 

of a neutron in a fissionable nucleus, such as or Pu239. 

This cross section, which we shall denote by the symbol (t ^ is a function 
of the energy of the neutrons which are captured. 

4. The cross sections for capture of neutrons in other nuclei. These 
are also functions of neutron energy and will be denoted by 
In order to keep our ideas more definite, we may occasionally use the cross 
section for absorption in the resonance region, by which we mean the cross 
section of absorption evaluated in a certain range of energies not far above 
the energy at thermal equilibrium. It will be denoted by a . 
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5. Cross sections for scattering by all the nuclei present, CTg* In 
general, these also are functions of the neutron energy, 

6# The average logarithmic energy loss suffered by a high-energy 
neutron in colliding with a nucleus, f . 

7. Although we can hardly consider the numbers of nuclei of various 
types 83 properties of the nuclei, the proportions in which we 
mix nuclei and the total numbers present are always important data. 

Even though we have eliminated such constants as the magnetic and 
quadrupole moments, this list is still too long. Consequently, we shall 
develop the theory of chain-reacting piles by practicing on a simpler model 
in which only a few of the essential quantities are involved and in which 
the relevant cross sections are important at only a single energy* 


II. THE CLOSED BOX OF THERMAL NEUTRONS 

6-4 The Homogeneous Closed Box with Monokinetic Neutrons 

The imposing title of this section is merely a technical description 
for a simple model. In this model, all neutron energies are those of thermal 
equilibrium. The neutrons released by fission come out in thermal equilibrium 
with the medium and they remain in equilibrium until their death either by 
capture to create another fission or by capture in nonfissi enable nuclei. 
The box is closed by walls which are perfectly reflecting. No neutrons are 
lost in the walls or leak out of the box. 

We shall now define the thermal utilization, f; this is the fraction of 
all neutrons captured which are captured in fissionable nuclei. It is clear 
that Tjf is then the number of neutrons produced per neutron absorbed. If no 
neutrons escape from our box and if 

7]f = 1 

the total number of neutrons inside will remain constant. Nevertheless, fis- 
sions will go on and energy will be released. The rate of fission is deter- 
mined by 

(5-1) nvo-^^V 

where n is the neutron density, v is the velocity of xhe neutrons in thermal 
equilibrium, N^ is the density of fissionable nuclei, and V is the volume 
of the box. We need only multiply this expression by the average energy re- 
leased per fission to find the power level at which our reactor is running. 
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(It should be remarked that vcr„ is approximately constant over a reasonable 

^ 10 

temperature range. It may also be useful to know that 3 X 10 fissions per 
second is approximately 1 watt.) 

If 7 )f < 1, the box progressively empties, while if Tjf > 1, the box 
fills up with neutrons. In both cases the power is proportional to the 
density of neutrons, and falls or rises with the number of neutrons. 

It only remains to calculate f, the thermal utilizaticm, from the 
known values in our list of fundamental constants. Just as (5-1) gives the 
rate of fission 

(5-2) nv(a^jp +cr^N^)V 

gives the rate of capture of neutrons as a result of all processes. Conse- 
quently, 

(6-3) f 



It is interesting to note that o N does not appear anywhere in the theory. 

s s 


5-5 Time Dependence of the Neutron Density (no delayed neutrons) 

The rate at which the box empties or fills with neutrons depends on 
something in addition to the value of 77f. Some sort of characteristic time 
is required. For example, if we could state that a neutron lives just t long, 
then the neutron density in the box would change by the factor Tjf each T, and 


we could write 


(5-4) 


n = n 0 
o 


)t/F 


We might tentatively identify t with 


, which must be a mean 


lifetime for the neutrons, assuming that none is delayed. 

In order to get the time dependence more accurately, we note that, 
when there are no delays 

(5-5) (7]f-l)nv(c7-^^ + o^gN^.)V = ^ V 

is the rate of increase of neutrons present, and consequently the neutron 
density is given by 


(5-6) 


n = n e 
0 


(T}f-l)t/T 
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and 

(5-7) 1/t^ = v(a^^ + a^N^) 

Our first guess, given by formula (^4), is not too bad as long as 1 7]f - ij <<1, 
Again we note the absence of scattering properties and of the volume of the 
box* however, depends on the absolute density, whereas f only depends 

on the relative densities of the constituents. 

5-6 Time Dependence of the Neutron Density when Delayed Neutrons 
are Considered 

We have committed many sins of omission in the above analysis. We 
shall now generalize our model through successive steps so as to bring it 
into better accord with these facts. First we shall consider the effect of 
the delayed neutrons; then we shall consider the effects introduced by al- 
lowing the energy of fission neutrons to take its proper value; and finally 
we shall rub off the ideal nuclear paint which forms the reflecting walls. 

When we cause a large number of fissions at a given instant and ob- 
serve the neutron emission for some time thereafter, we find that most of 
the neutrons appear at once. However, some neutrons continue to show up for 
a long time afterwards. The frequency with which these delayed neutrons ap- 
pear cein be analyzed as a function of time into a sum of descending exponen- 
tials. This analysis has been presented in an earlier lecture. If we call 

the neutrons associated with a given descending exponential, let us say the 
t h 

i exponential, neutrons of type i, we are confronted with a half-dozen 
different types of delayed neutrons. Since in this section we are, at best, 
considering a simplified model, we can get a good idea of the effect of de- 
layed neutrons on the time variation of the neutron density by considering 
only one type of delayed neutron. This fictitious type decays away with 
the mean life t^, and on the average the fraction /3 of all the neutrons re- 
leased in fission are of this type. 

In the new model, with the delayed neutrons, formula (5-1) still 
gives the rate of fission. However, only (1 - /3) of all the neutrons pro- 
duced per fission appear in our box immediately. These we call the prompt 
neutrons; there are now T 7 f(l->S)of them per absorption instead of as was 
the case in our previous model. The other yS arrive gradually. Before they 
appear, we may call them latent neutrons; and at any time, aside from the 
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ordinary free neutrons, we should find a certain number of latent neutrons 
in the pile. If we attempt to rewrite (5-6), we will have to take into con- 
sideration not only the decrease in pranpt neutrons by the factor (1 - >S) 
but also the rate at which latent neutrons are transformed into free neu- 
trons. This rate is given by 


(5-8) c 



where o is the density of latent neutrons. (Equation (5-8) can easily bo 
verified by setting up the equation for the decay of latent neutrons after 
a single fission 


(5-9) 



= 0 


The solution of this equation exhibits characteristic exponential 
decay which we are attempting to introduce into the theory.) We are now in 
a position to improve Equation (5-5) 

(6-6.) + .2. = ^ 

is our improved result* 

Despite the improvement, we are unable to find the time behavior 
from Equation (5-5a) alone because of the introduction of the unknown c. We 
therefore look around for another equation which will determine c. The rate 
of creation of latent neutrons is 


nv(cr^^ + c7^N^)V7jf^ 


and the rate at which they turn into free neutrons is given by (5-8). Conse- 
quently, we may write 

(5-5b) - -2_=i« 

o d ^ 

Both (6- 5a) and (5- 5b) obtain simultaneously, and our problem is to solve 
the pair simultaneously* 

Before investigating the general solution, let us ask what happens 
when Tjf = 1, Then by adding the two equations we discover that 

(5-10) n + 0 = constant 
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By substituting for c in (5-6a), it is possible to determine the variation 
of n. As expected, one possible answer, of which there are two, is that n 
is a constant. The question arises: What is the significance of the other 
answer? In order to see the significance, let us consider what happens in 
our box when we start it off by injecting a batch of free neutrons. At this 
moment there are no latent neutrons, but as time goes on latent neutrons 
are created as the free neutrons are absorbed. Since the total number of 
latent and free neutrons remains constant, the number of free neutrons must 
decrease as the number of latent neutrons increases. Eventually, as is shown 
by the existence of the infinite period associated with n equals constant, 
an equilibrium division between n and o will be obtained (more exactly, such 
8 U 1 equilibrium is approached exponentially as time goes on). 

We shall now look at some of the features of the general solution of 
Eqimtions (5- 5a) and (5- 5b). As a result of previous experience, we may ex- 
pect the time dependence to be given an exponential, say e ^ . Assuming 

(5-11) 


t/ri 


= %1 ® + 

%2 ® 

^=Ai ^ 

tAs 

= 0 . e + 

ol 

%2 « 


(5-12) 

and substituting in Equations (5-5a) and (5-5b), we obtain 


(5-5a' ) 


(5-5b‘ ) 


oj 


7;f(l-/3)-l ^ *^oj ^ ^oj 


'j 


j = 1,2 


OJ 


_ °03 ^ °oj 


T. 

J 


The solution of these equations gives the following foraula for t 


r 


(6-13) i 


“ _ 0 “ ’^dj 




where 
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or its equivalent 


(5-13* ) ± ^ J c.(-) + 

j V o d 




and also detexnnines the associated ratio 

oo y o d 


= ^ [“W 1 / J 

If we call the ratios 

(5-14* ) -2i = a. 

c . n 

wo are enabled to rewrite Equation (5-11) 

, t/r. tAp 

(5-11') n=c^^a^e + 


In (5-11') and (5-12) only and are not already determined from our 
fundamental data. The values of these constants will be fixed by the initial 
conditions. That is to say, if n(0) and c(0) are the values of n and c at 
t = 0; 

(5-15) n(0) = c^^ a^ + c^g 

o(0) = 0^^ + 0^2 

Suppose, for example, that there are no neutrons present in our box 
at time zero, but that for some reason a single fission then takes place* If 
we want to find the future behavior of the neutron densities, we can start 
out by writing the particular forms of Equation (5-15) for this case. They" 
are: 

(5-16) 7}(1-/3)/V= c^j^ a^ + 0^2 

naAr= %2 
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By a small amount of algebra, we can find the following equations for and 

_ r, ^ “2 

(6-16a) '' ‘1 - “2 

^ (1-^) - /3 aj 

o = — I . 

o2 V ^-2 “ ^"1 

In order to finish up our problem, we introduce the additional assumption 
that 

T^f = 1 


Whenever rjf =1, we shall have 


a 


1 - ^2 " 7 ^ 
d 


(5-17) 


1 0 d 


= 0 


and applying these results to the present example 


.-.-•A ii-iy 


- ^ = iVr 7(?r;) 


- o d ' -I- 

® 1 + r 


Mi' 

7^ 


(5-18) 




V _ o' d 


■f 


1 + 


which gives the desired complete description for the time dependence. 

To show the general nature of this type of solution, we note that 
the exponentials will eventually drop away and we are left with certain con- 
stant values for the free and latent neutron densities. The ratio between 
these constant values is the equilibrium distribution between free and latent 
neutrons. It is also easy to check that if one exponential corresponds to 
an increasing density, the other corresponds to a falling density in such a 
way that the sum of the free and latent densities is constant. Here, since 



ELEMENTARY PILE THEORY 


123 


/8 is small compared to one (As we know, it is approximately l/2 per cent) 

and since “^ / “t, is edso small in a realistic case, the coefficient of the ex- 
o' d 

ponential is positive for free and negative for latent neutrons. 

We must say a little bit about ^ just to get an impression of 
the order of magnitude. A review of the information on delayed neutrons 
shows that to invent one delayed neutron period to represent them all, we have 
to take the one period of the order of 10 seconds. On the other hand, t ^ 
depends on how we build the system. Of all the quantities which we discussed 
in the preceding sections, this is the only quantity which depends on the 
absolute densities involved. If we build a box with practically no density 
at all, in an absolute sense, it would take the neutrons an essentially in- 
finite time to find any material in which to be absorbed, would become 

extraordinarily large. In practical systems, then, we make it as an asser- 
tion that the densities will be held high enough so that will be very 
small compared to the delayed neutron periods. Then our statements about 
the coefficients of the exponentials are justified. 

We have just worked out Equations (5-13) and (5-14) for the case 
Tjf = 1, It is also easy to write down the answers if /S = 0 or if Tjf = 0. 
For /3 = 0, we have 



00 


(5-19) 



^ 2 - 


+ T 

0 


For Tjf = 0, we have 



= 00 


(5-20) 
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Previously, when we investigated the case /Q = 0, we obtained only one period, 
emd when there is no reproduction, it might appear that there is no problem 
at all. Strangely enough, in each case we get a couple of periods and asso- 
ciated densities. The reason we get these is that we set up our problem in 
such a way as to satisfy initial conditions. For example, even though our 
medium is not reproducing, our initial conditions may force upon us neutron 
densities, ajtid the array of periods and ratios leads to the description of 
what happens to those neutron densities in a medium which does not reproduce 
at all. 


These results are straightforward. A far more Important result can 
be found by considering what happens when 

7,f(l -/3) - 1 » 4^ 

d 

In that case 


(5-21) 


1 rfiil - yS) - 1 4 

T- T T, 

1 0 d 


From Equation (5-21) it follows that after a short time the neutron density 
and the power level must be rapidly rising. Since usually ex- 
tremely small, we should attempt to build reactors in which we can be sure 
that at all times 


(5-22) T)f{l - yS) < 1 


This eliminates the possibility of leaving the delayed neutrons completely 
behind and of having the neutron level rise on a purely prompt neutron cycle. 
Since 


/i .005 

we find that it is wise to keep 
(5-22a) r)f < 1.005 


On the other hand, in a practical reacting system, we want to make rjf > 1 at 
some times in order to get our neutron density to rise to the level of stand- 
ard operations. We are therefore interested in finding the values of t when 
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(5-23) I Tjf . l| « 1, 77f(l - /3) - 1 < 0 

and (of necessity) 

0 << 1 , 

For example, let us assume as a sufficiently stringent safety condi- 
tion that 


(5-24) 77f(l - 0) - 1 


r,f - 1 


Then, using (5-13'), we find as a good approximation for the periods 
(5-25) 


-yg) - 1 

T T 

1 0 


T, 


- 1 

^2 % - 


Here is always a falling period, but is a rising period when T^f > 1 
and falling when 77f < 1. If we can control r^f, then, we can make the pile 
rise or fall. From (5-24) and (5-26) it follows that the periods are safe; 
that is to say, no rising period for the reaction is permitted which is 
faster than Recalling that 10 sec, we see that the pile will not 
rise at an uncontrollably fast rate. 

Let us summarize the mathematical discussion of time behavior. We 
found that if the excess number of neutrons in one generation, 'rjf - 1, is 
not very great (i.e., if it is only of the order of or somewhat less than the 
number of delayed neutrons, ^^fyS, created in one generation) no long-run, 
fast rising period is present. In fact, we found a slow rising period and 
another period which is falling. The behavior of the neutron density, how- 
ever, is slightly complicated because the densities associated with the va- 
rious periods may combine in such a way that this apparently falling period 
actually leads to a transient rise. The transient period ceui be quite fast, 
for either rising or falling density. It is the response of the prompt neu- 
trons to changes, let us say, in the excess reproduction per cycle. 

For example, suppose that, from a steady state, a quick cheinge is 
somehow induced in the pile, the neutron density will follow this change as 
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best it can with the prompt neutrons. If T)f goes up, the density will promptly 
go up. If rjf goes down, it will promptly go down. In neither direction, 
however, can the density get very far, because it is limited by the delayed 
neutrons. They are running on the old level. To a rising density they do 
not contribute enough and to a falling density they contribute too many neu- 
trons to allow a fast period to survive long. As the transient levels off, 
the delayed neutrons come in; the period from then on is largely controlled 
by the delay periods. It becomes the slow period, the safe period, which 
is really rising when rjH > 1. 

The transient rise is usually extremely short. Therefore a crude 
way of analyzing these problems is to throw away the transient (as unobserv- 
able) and to deal only with the density associated with the long period. 
That associated density we can compute mathematically and in many pile prob- 
lems this is all that is required. The transient is then represented merely 
by a jump. 

5-7 Controlling the Chain-Reacting Box; Oscillation Method 

Most of the time so far we have been talking about chain-reacting 
boxes whose properties are fixed. In such a box a rising neutron density 
will continue to rise indefinitely or a falling one will continue to fall. 
Our boxes would clearly be much more useful if we were able to control the 
time behavior of the neutron density to suit ourselves. In order to do this, 
it is necessary to have at least one of the properties at our disposal. 

We can easily keep for ourselves the power of controlling f by leav- 
ing space inside the reacting box, into which we can introduce or from which 
we can take out thermal absorber. (Of course, in order to keep our simple 
theory, the introduction or removal must be done uniformly throughout the 
box.) Nonfissionable absorber which is placed in the pile will essentially 
make the thermal utilization smaller by increasing the denominator in formula 
(5-3) without changing the numerator. Conversely, on taking out some ab- 
sorber, Tjf will become bigger. By this method, we can control rjf - 1, Other 
methods of controlling the chain-reacting box which do not require a change 
in f will be discussed later. They arise when we deal with the modifications 
involved in the theory of a pile from which the neutrons are allowed to leak 
out. 
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When 7}f - 1 is chcuaged rapidly by successively putting in and taking 
out absorber, the transient jumps described in the preceding section will 
occur in rapid succession. On the other hand, for sufficiently rapid oscil- 
lation about a mean value, the delayed neutrons will not follow but will act 
as if the pile were in a steady state* This oscillation method has been put 
to good use in separating the part rjf which goes with the delayed neutron 
action, r}f/3, from the part which goes with prompts, r}f{l - )3 ) • It can also 
be employed to measure the absorption cross section of the oscillating ma- 
terial. Both applications are discussed in later sections. 


5-8 Measurement of T 7 f - 1 

Occasionally throughout these lectures it will be interesting to 
discuss not merely the problem of designing a chain-reacting unit from a 
known set of nuclear constants, but also a problem, which in some sense is 
the inverse problem, that of determining some of the constants in the theory 
from the behavior of a reacting unit or from an independent experiment. The 
constants which we can thus determine are not usually fundamental nuclear 
constants like cross sections. Rather, they are combination constants like 
f, the thermal utilization, or which involves cross sections, densities 
and neutron velocity* So far we have predicted the combination constants 
from fundamental data. Our values may be in error and it is good to check 
them. Consequently, let us now assume that we have constructed a chain- 
reacting unit on the basis of approximate values of the relevant nuclear 
constcints and set out to determine T 7 f - 1 from the behavior of cur reactor. 

It is easy to rework formula (5-13’) into 


(5-13a) 'y?f - 1 -r A.t ^ 

o' n T . + T 


This formula is particularly useful since, as we just showed, the safe rising 
periods for a reactor are sufficiently long that the first term on the right 
can be neglected by comparison with the second. For reasons which we shall 
come to in a later section, the same thing can often be said for safe fall- 
ing periods. In any case, for a practical reactor we should be able to put 
ourselves in this situation. It is then possible to write 


T7f - 1 
rjf 



(6-13a» ) 
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which will be valid to a very good approximation. From (5-13a’) we are able 
to determine 77f - 1 by measuring the actual time behavior of our reactor. 
Only the properties of the delayed neutrons need be known in addition. 

Of course, (5- 13a) can be solved explicitly for but when a long 
period is employed, (6-13a*) is quite adequate. More important when we intro- 
duce the consideration of finite size by rubbing off the ideal nuclear paint, 
the simple solution for rjf is no longer maintained, while the analogue of 
(5-13» ) is still valid. 

III. THE CLOSED BOX WITH NEUTRONS OF ALL ENERGIES 

6-9 The Slowing Down of Neutrons without Resonance Capture 

Earlier we promised to bring our crude model into better accord with 
reality by allowing the fission neutrons to be released at their rightful 
energy. (This energy is of the order of a million electron volts.) In 
order to perform an ajialysis of the new situation, it will be necessary to 
introduce some more of the fundamental nuclear properties from our list of 
Section 5-3. We shall proceed in two steps s first, assuming that there is 
no resonance absorber present, and later, introduc ing modifications which 
arise when resonance absorber must be considered. 

If it were true that both and cr^ were proportional to l/v through- 
out the whole energy spectrum, changing the energy of the neutrons released 
in fission would have no effect whatsoever on our analysis. However, if it 
were true that suddenly dropped to zero above a certain critical ve- 

locity v^, the time taken by the neutrons to slow down from the velocity at 
which they are emitted in fission to the critical velocity should be added in 
some way to the characteristic time which they live before absorption in the 
l/v region. Let us investigate the manner in which this slowing down time 
should be added to the mean life against ’’thermal” capture by returning to a 
model in which we forget that any of the neutrons are delayed. Suppose that 
we know the frequency distribution of neutrons entering the l/v region as a 
function of time after their release in fission. Let us call this distribu- 
tion K(^), and assume that we have normalized K{d) so that 
00 



(5-26) 


K(i9)d<9 = 1 
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If we define q(t) as the nmber of neutrons slowing into the l/v region per unit 
time and unit volume, we oan write for q(t) 

(5-27) q(t) =77f v(a^N^ + ) f n(t' )K(t - t' )<it' 

<^0 

while the analogue of Equation (5-5) becomes 


(5-5c) q(t) - nv (c^^N^ ^f^f ^ = 


Bn 

3t 


Combining these two equations, we obtain 


(5_5c>) ^ J n(t')K(t - t')dt' 


n Bn 


From our previous experience, we are led to seek a solution of (5-5c') of 
the form 

M 


n = n e 
0 


and in turn we obtain a new characteristic equation 
(5-28) 


Tjf r 
^oJn 


.e/r 


K(6')d(9 - ^ = 1 
0 


This equation may be solved under various assumptions as to the form of K(0), 
For example, if K(0) = 8(0-0), we obtain 


(5-28') 


1 1 

7 = 7 for t> 


More generally, we may expand d/r under the integral and obtain 


'S . \ e 


(5- 28a) 




r 00 

= 1,$'^= ^{e)dB 

^ Jn 


for all values of t sufficiently large that K(t) is essentially zero. This 
procedure is a practical one, since all neutrons slow down in a very short 
time after their release in the fission process (or when / 0 by turning 
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/9 

from latent into free neutrons). For the same reason, the series 1 - ~ + 
1 r" 

will converge rapidly for all values of t of practical in- 
terest. It is therefore possible to make an accurate approximation for t by 

1 _ Tjfe"^-^^ - 1 1 Uf - 1 


or 


T 




We have been claiming that is small, for example, compared to 
(Since F depends on velocity and on the absolute density, is the 
legitimate comparison standard.) Let us now attempt to calculate "5 in terms 
of more fundamental nuclear constants. In order to make this calculation, 
we shall assume that as the neutrons slow down, they do so by making elastic 
collisions with the scattering nuclei in the box. The law of scattering 
will be such that the scattering is isotropic in the center of gravity sys- 
tem of neutron and nucleus. When this is the case, the neutrons bounce down 
the energy scale, losing, on the average, the same fraction of their energy 
at each collision. The quantity ^ measures this fractional loss. It is de- 

=in 


E. 


fined by ^ =< 


in \ averaged over 
®out/°''® mollis- 


V ®out 


1 coll, where E is the 


neutron energy, and in accordance with the assumptions we have just made 
can be shown to be given by 

(5-29) f = 1 - ^ 

where A is the mass of the recoiling nucleus in units of neutron mass. 

The average time between collisions at a given energy is given by 

1 


At = 


a N V 
s s 


and the change in energy in the collision is given by 


AE = #E 


Consequently, 
(6-30) 
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Upon adding up all the collisions, we obtain rather closely 


(6-30a) "5 = 


■ 


Y fissions 
dE 

^o-N vE 
^ s s 


■i 


V fissions 
dv 




In order to get an approximate evaluation of this integral, we shall assume 

that a is a constant. Since the largest contribution to the integral arises 
s 

in the region where v is near v , we may pick the value of or at v without 
° 0 so 

making a substantial error. With this assumption, we get 


(5-30a' ) 


e = 


^-sNs^c 


This formula shows that the major fraction of the time is consumed in making 
the last few collisions when the neutron is travelling slowly. Carrying out 
the comparison with we obtain the approximate formula 


(5-31) 


2 + OfBf) 




In this formula v^ may be chosen realistically to be several times v, the 
mean value of the velocity for neutrons in thermal equilibrium. For most 
of the materials which do the major part of the slowing down in chain-re- 
acting systems ^ is greater than its value for carbon, while for carbon a 
simple calculation shows that is #158. is then determined to be 


(5-31«) A < 
0 


a -I- 
c c 


rfjlf 


a N 
s s 


1 


or n 
s s 


since the scattering cross section (except for hydrogen, when the whole anal- 
ysis is not very good) is usually approximately the seime at v and v • Again 
substituting tha values of our fundamental nuclear constants euid the propor- 
tions found in ’’practical” reacting systems, we find that d/'f^ pre- 
viously assumed. In fact, we may usually go back to using alone, rather 
than correcting for "S in the formulae for the time variation of neutron den- 
sities. 
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This result is really a definition, rather than a oonoluslon. If we 
put a very large enount of thermally fissionable material into the reacting 
box, we will make the numerator in (5-31) large. At the same time, we must 
take out most of the scattering material or at least dilute it in order to 
get the additional fissionable material in, thus making the denominator of 
(5-31) small and violating the inequality (5-31'). In slightly different 
words, if there is a lot of fissionable material and very little light, 
scattering, moderating material in the box, neutrons will not slow down 
quickly and once they get thermal they will be captured immediately. In sufth 
a system the neutrons are travelling quite fast, and a great deal of fission- 
able material is present. We are therefore going away from the thermal pile 
toward the fast neutron action of the bomb. In writing down inequality (5-31') 
for "practical” cases, we are essentially restricting the area of discussion 
to thermal piles. At the end of the next section wo shall make further re- 
marks on the realistic nature of the assumptions employed in this section. 

6-10 The Slowing Down of Neutrons, Resonance Capture Considered 

The presence of resonance capture in the energy region above thermal 
energies (see Section 1-27) will decrease the number of neutrons which be- 
come thermal 8 i 8 compared with the number of neutrons which start the slowing 
down process after fission. Let us call the ratio of the number of neutrons 
arriving at the top of the l/v region to the number of neutrons starting to 
slow down after being released on fission, p, the resonance escape probability. 
To find the slowing down density q(t) at the top of the l/v region, wo must 
multiply the right-hand side of Equation (5-27) by the factor p. This es- 
sentially replaces Tjf by Tjfp in all the formulae where 7)f occurs. For ex- 
ample, when 7}fp = 1, l/r = 0. 

A review of our work will show that in computing the characteristics 
of our chain-reacting boxes, the combination rjf always occurs together; 
neither 77 nor f occurs by itself. In the future the product Tjfp will occur 
and no one of tj, f, and p will ocoxw by itself. We therefore define 

(5-32) kSTjfp 


and in the future any further analogues of Tjfp wo shall also call k, k is 
the reproduction constant; it tells us the number of neutrons which return 
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to fission energies (through the process of fission) for each neutron which 
starts out at that energy. This number is counted over one cycle: that is, 
slowing down, thermal diffusion, and capture to create the new neutrons by 
means of the fission process. 

In order to calculate p, we will have to make use of our knowledge 
of the cross sections for resonsince capture and of the density of resonance 
absorbing nuclei present in the box. We also need the scattering cross sec- 
tion and the density of scattering nuclei; in particular, we want the value 
of the scattering cross section in the energy region of the resonance ab- 
sorption. In this energy region, the cheuaoe that a neutron will survive a 
single collision is given by 


( 6 - 33 ) 


1 - 


r r 


O- N 
r r 


+ a N 

8 S 


This is also the probability that the neutron will be slowed down as a re- 
sult of the collision and, if this occurs, the neutron loses on the average 
the amount of energy given by AE = ^E. The next collision takes place (on 
the average) at the energy E(l - ^), and it follows that the probability of 
surviving two collisions is (closely) 

‘^g(E)Ng + %(E)N^ j y ■ ag{E(l.^))Ng+ a^(E(l-^))N^ 


( 6 - 33 ’ ) 


1 - 


Since the neutron again loses energy, we see that by repeating our multipli- 
cations a sufficient number of times we will compute the probability of es- 
caping resonance capture on slowing down through the whole resonance region. 

Actually, the neutrons do not bounce along hitting only the average 
energy values; and in considering a large group of neutrons, we substitute 
for the spread in energy the concept of a fractional collision which reduces 
the energy by AE = ^E/n, while giving a survival probability of 
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As n becomes large, the neutrons will hit all energies in better correspond- 
ence with the actual facts. Also, as n becomes large, the probability of 
survival may be rewritten as 


(6-33a) 


e 


r r 


a N 
r r 


- 8^3 


1 

n 


It follows that 


(5-34) 


p = e 


-/ 


a (E)N 
r ' r 

a (e)N + cr (e)N 


dE 


if the integral is taken all over the energy region of resonance absorption# 
(Our procedure is essentially an analogue of the 6hange of into 
^(‘^f-l)t/To Section &-5#) 

At the end of the last section we promised to make some remarks jus- 
tifying the assumptions employed# The main point to note is that the top of 
the l/v region will be set by the position of the lowest resonance absorp- 
tion# Since we do not build piles of materials with resonances in the thermal 
region, the top of the l/v region is normally at many times thermal energy# 
It is often set by the characteristic resonance of Uranium 238, which is 
usually present# In that case, v^ is probably over ten times thermal equi- 
librium velocity# Also, since we are dealing with thermal piles, the neu- 
trons which go around the cycle are almost exclusively those which get into 
thermal equilibrium -- well into the l/v region# Consequently, our calcula- 
tions of the cycle time + k"^ is essentially correct# If for some reason 
the fission cross section competes favorably with the resonance absorption 
(for example, if resonance absorption is absent), the neutrons which cycle 
at this higher energy region do so in a shorter time than we have assumed, 
and the cycle time is less lengthened by the introduction of the slowing 
down than predicted by our calculation# There is one chance for trouble# 
If the l/v region does not extend to the energy at which the chemical bind- 
ing freezes our scattering nuclei, our calculation of ^ is inapplicable# In 
this case a much more complicated calculation must be indulged in, but the 
result, that 6 is small compared to r^, is maintained# 
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We should also say a word about the validity of formula (5-34). Ova* 
arguments in deriving this formula were plausible rather than rigorous • For 
example, if cr^ were infinite over a range of energies greater than the pos- 
sible energy loss of a neutron as a result of a single collision, p should 
be zero. However, formula (5-34) predicts an appreciable survival. Formula 

(5-34) can be shovm by rigorous arguments to be correct when a N « cr N 

r r 8 s 

or when the width of the resonance becomes very small compared to the average 
energy jump. In most practical work (5-34) will give an accurate answer# 

It is interesting to note that since the introduction of slowing down 
problems in Section 5-9 the scattering properties of our reactor have en- 
tered the theory. They come in both the calculation of the slowing down 
time and the resonance escape probability. They enter because the rate of 
slowing down depends not only on f but also on the frequency of collisions. 

The product which occurs, a N ^ , is often called the slowing down power of 

s s s 

the scattering material. It may be viewed as a macroscopic absorption cross 

section (see Section 1-13) for fast neutrons. Just as nvcr N is the rate 

c c 

at which neutrons leave the thermal region hy capture in nonfissi enable iso- 
topes nva^N^g is the rate at which neutrons pass out of a higher energy 
region by slowing down (Here nv is defined per unit-drvE). In a later, more 
realistic version of the theory, the scattering properties will enter for a 
different reason and in that case they will not always enter in combination 
with ^ as they do here. 

5-11 Measurement of p, the Resonance Escape Probability 

We have just seen that the introduction of resonance absorber to our 
ideal chain-reacting box changes rjf everywhere in the theory to '>7fp. Men- 
tally, at least, we are able to measure p and consequently 

r dE 

/ a N -f cr N TT 
J s s r r 

by introducing resonance absorber into the box. To do this measurement, we 
observe the changes in the time behavior of the neutron density and from them 
we infer the change in k. The ratio of k before and after the introduction 
of resonance absorber is exactly p. 

In practice, using a nuclear chain reaction may be a bit expensive 
and wasteful, particularly if the introduction of resonance absorber de- 
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oreases k so much that the reaotor is no longer workable. We shall, there- 
fore, describe a somewhat cheaper method for measuring p. 

In this method we employ three new instruments: a neutron source 
which emits neutrons at some energy not far above that at which resonance 
absorption takes place, an ideal resonance detector which becomes radioactive 
as the result of its own ability to capture neutrons in a very low energy 
resonance, and a block of scattering material. The ideal resonance detector 
must have its resonance absorption at an energy which is lower than the 
resonance absorption of the material we are investigating. With these In- 
struments we make two measurements. First, we measure the activation of the 
detector inside the block of scattering material at a short distance from 
the source. Then we introduce scmie of the resonance absorber whose effect 
we want to measure and repeat the experiment. The ratio of activations in 
the first and second experiments gives p for the scattering material employed 
and the concentration of resonance absorber introduced. 

In describing the measurement of p, the scattering properties enter; 
and the density of scattering nuclei is a relevant quantity. If, however, 
p has been measured for one density of scattering nuclei and one density 
resonance absorbing nuclei and ^ is known for the scattering nuclei, by use 
of formula (6-34) the p’s can be computed for other proportions and densi- 
ties of scattering and resonance absorbing nuclei. In fact, it can be com- 
puted for other scattering substances for vhich the toIuos of ^ and cr^ are 
known. 

5-12 Measurement of f, the Thermal Utilization 

In order to measure f, we introduce two new pieces of equipment: the 
ideal thermal detector and the standard box. The ideal thermal detector is 
an instrument which tells, usually by radioactivation, the density of thermal 
neutrons in which it has been placed. It is sensitive to nothing but thermal 
neutrons. The standard box is also simple. It contains no fissionable ma- 
terial and usually no resonance absorber, but otherwise it exactly resembles 
the box which we have been employing to produce our chain reaction. It con- 
tains exactly the same density of the same scattering nuclei and the same 
density of the same thermally absorbing nuclei. 

It is useful in the laboratory since it provides, for example, a 
method for the interoomparison of neutron sources and a convenient place in 
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Figure 5-1. Sohematlo Neutron Densities and Absorption Cross Sections 
(both are multiplied by v, the neutron velocity;. The characteristics of an 
ideal resonance detector (detector for q) are; (1) it is sensitive to neutrons 
only in a narrow range of energies; (2) the energy range of sensitivity is 
lower than all resonance energies of interest, but high compared with thermal 
equilibrium energy. Consequently, the neutrons in thermal equilibrium, in 
the Maxwell distribution (see upper half of figure and Section 5-13) do not 
affect it. It therefore measures q after resonance escape. 

The characteristic of eui ideal thermal neutron detector is that its 
activation is proportional to n, the neutron density, throughout the energy 
region of thermal equilibrium. It must therefore be a l/v absorber, through- 
out this region. 

The neutrons in thermal equilibrium constitute almost all neutrons 
in the l/v region for the piles which we discuss. We shall often use a crude 
classification of neutrons into neutrons in thermal equilibrium and neutrons 
which are slowing down, rather than the classification into neutrons in the 
l/v region and those with higher energies. 
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wMoh to "keep’’ a standard thermal neutron density. In this section we shall 
confine our interest in the standard box to the measurement of f. 

Inside the box we place a neutron source, either the one used in the 
last experiment for the measurement of p or, more conveniently, let us say, 
a Ra-Be source. We measure the activation both of the ideal resonance de- 
tector and of the ideal thermal detector. Since all the neutrons from the 
source slow down through the energy region in which the ideal resonance de- 
tector is sensitive in just the same way as they do in the chain -reacting 
box, the activation of the ideal resonance detector is proportional to qC*^), 
the number of neutrons becoming thermal per unit volume and unit time with 
the same proportionality constant which holds between the activation and q(t) 
if we place the same detector in the chain-reacting box. The thermal neutron 
detector, of course, is given an activation proportional to the density of 
thermal neutrons in the standard box or the reacting box, depending only on 
its location.* 

In the reacting box, the densities measured by the two ideal de- 
tectors are independent of the position of the detectors in the box, while 
in the standard box the densities measured are functions of position* In 
order to get rid of the space dependence, we shall move the detectors around 
inside the standard box and compute the average activations which in turn 
reflect the average densities. 

Now in the reacting box, where no source is introduced. Equation 
(5-5o) obtains. On the other hand, in the standard box 

(5-35) - ^ - 

q = n vcr N 
c c 


♦If a different moderator from that in the reacting box were used in 
the standard box, the ideal resonance detector would measure something pro- 
portional to q but with differing proportionality constants in the two boxes • 
Resonance detectors (in fact) are sensitive to the neutron density at the 
energy of the resonance which leads to activation, and therefore activation 
is proportional to q/NsO'sfg: i*e., to q divided by the slowing down power* 
Also, even though the thermal neutron detector measures n irrespective of 
the medium in which it is placed, a different moderator would, in general, 
have a different thermal absorption. Thus, although theoretically feasible, 
the measurement of f would be far less direct, without our particular stand- 
ard box* 
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where q and n eure the space averages • Let us define R by 


(6-36) 


R = 






From (5-6o) and (5-35) it follows that 


(5-37) 


R = 


a N 
0 c 




= 1 - f 


Now, if we are fortunate or f oresighted, we have adjusted the constants of 
the reacting box in such a way that =0. (in practice this adjustment, 
as we will see in a later section, is possible without changing either 77 or 
fe) When the adjustment has been made, (6-37) becomes 

(5-37* ) R= = 1 - f 

(q/n) 

- A 

or — * 

As we have seen, — = where A is the activation of the ideal 
q A^ ^ r 

resonance detector in the standard box averaged all over the volume of the 
box, and A^, is the activation of the same detector in the reacting box. If 
we also define A^^ and A^^ in the analogous manner, we find the follovdng 
formula for f, in terms of the activations which we measure with the de- 
tectors s 


(5-38) 


f = 1 


Vth 

Wh 


IV. THE PILE WITH THERMAL NEUTRONS 

5-13 Homogeneous Thermal Neutron Pile; Critical Size 

We shall now return to the homogeneous closed box with monokinetic 
neutrons# By rubbing off the ideal nuclear paint, we open up the box. Neu- 
trons which formerly hit the ideal nuclear paint and bounced back into the 
box now leak out# The neutron density at the edge of the box falls down# 
The outflow from the box will decrease the number of neutrons which go the 
full distance around the cycle from fission to fission# We might, therefore, 
change the reproduction constant k from 77f toT^f^ (or from 77fp to 'Hfp^ when 
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rdsonanoe capture enters into the theoretical picture) where ^ is the prob- 
ability that the neutron has not leaked out in the course of the cycle. 
Since I should bo oomputod for all neutrons which start out from fission, no 
matter at what position in the box fission takes place, we expect that t will 
be a function of the size suid shape of the box. 

Rather than modify our definition of k to include the leakage and 
thus involve the shape and size, we shall continue with the definition of k 
which involves only the intrinsic properties of the constituents of the pile. 
We shall bring in the leakage considerations explicitly. 

In Section 3-4 it is shown that the flux of neutrons through a unit 
area, <^, is given by 

(5-39) = 


where is the derivative along the normal to the surface in the direction 
of the flux. It is also shown that 


(6-40) D « 


'SaT 


s s 


where isotropic scattering is assumed and 0'_N » cr N + Under these 

So C C XI 

conditions, and assuming that there are no delayed neutrons, the equation of 
continuity 

(5-41) - div 0 t (soiu*ce density) = — 

3t 


becomes 

(5-42) 

where 


. . 7if - 1 3n 

An + -i- n = 

Dt D3t 


2 2 2 
. „ _ 3 u B u . 3 u 

Bx'^ 3y^ Bz*^ 


When a single type of delayed neutron is considered, (5-42) becomes 

/c >io \ A . Uf(l -)8)“1 0 Bn 

(6-42.) = m 

o d 



ELEMENTARY PILE THEORY 


141 


Equation (5-42a) takes the place of Equation (5- 6a), and Equation (5- 5b) re- 
mains valid without change when we investigate time dependence of the neutron 
density in the pile. 

In a stationary state the delayed neutrons are in equilibrium: 

0 _ Tjf^ 

T57:-TF- 

d 0 

Therefore, to find the size of a pile which will just maintain a chain re- 

Bn 

action, we nood only investigate (5-42) with ^ = 0, 

Calling 

(5-43) 

0 

Equation (5-42) is seen to be 
(5-44) An n = 0 

2 1 

We shall call and any generalizations of the combination — which 

o 

we may define in the future, the negative Laplaoian, and sometimes merely 

2 

the "Laplacian." is a property of the medium at a given point. It de- 

pends on the diffusion coefficient in the medium, the mean life against 
thermal capture, and the reproductive properties considered as if the medium 
were infinite. Although we shall relate it immediately to the critical di- 
mensions through Equation (5-44), it has nothing to do in this definition 
with geometric considerations of critical size. 

The mathematical treatment of Equation (5-44) is well known for many 
geometries. For example, with "cubic" symmetry the solution of (5-44) is 
given by 

p p 

(6-45) n = n^ sin yx sin yy sin yt, Zy 
The length of the side of the cubic lattice cell is 
n _n\fl 

^ ^0 ^r]t - 1 


(5-46) 
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On the other hand, we know that the neutron density in our pile extrapolates 
to zero a very short distance beyond the surface. In Section 3-4, it is shown 
that at the edge of the pile the boundary condition on the neutron density is 


(5-47) 



whore — sr — means the derivative in the direction of the outward normal to 
ds 

the surface of the pile. It follows that a pile which is cubic in shape will 
be in the stationary state == O), as we have assumed, if the length of its 


sides is given by 


(5-48) = a - 2d 


Since we can re-define our pile to include the extrapolation region around 

its boundaries (this is the region between the boundary of the pile and a 

fictitious boundary, a distance d beyond the physical boundary of the pile), 

we shall always confine ourselves to determining a and its analogues: that 

is to say, to determining the extrapolated boundaries of the pile. Before 

building any piles, however, it is better to take into consideration the 

difference between a and a • 

c 

In this section we have picked as an example only a cubic pile. The 
results, however, are easily modified to take account of other geometric 
shapes. Formula (5-46) for the critical dimension always turns up in the 
form 


(5- 46a) 



where G depends only on the geometric shape and involves neither shape 
nor size. For a cylinder, for example, the critical radius is given by 

/ 2 2 2 

(6-46a' ) a= — t where // = 2.4048 


is the first cero of the Bessel fimotion and p, the ratio of radius to 
height, is a shape factor. Again for the critical radius of a sphere we 
obtain (see Section 3-6) 


(5- 46a") 
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As might be expected, the TOlume of the critical sphere is less than 
the volume of soxy other pile with the same nuclear properties and densities. 
For example, the ratio of the volume of the oube to the voltmie of the sphere 
when each is critical is given by 


Vol, 36/2 



1*24 


Unfortunately, spheres are not easily engineered. Later, however, we shall 
discover other methods of approaching the minimum amounts of the valuable 
materials used in the construction of piles. (Some remarks on the use of 
reflectors have already been made in Section 3-6..) 

Aside from constructing spherical piles, in order to minimize the 
amount of material used we should clearly increase the density of the ma- 
terials employed. In the formula which relates the critical size to the nu- 
clear properties, formula (5-43), the combination is the source of the 

dimension of length* Of course. Dr has the dimensions CL^]* Let us call it 
2 ^ 

L . If we substitute for D and for r the values given in (5-40) and in (6-7), 

2 ^ 
we find that L is 


(5-49) 


L = Dr 


3aK (o-N 
s s c c 


t cr 




If the proportions of the constituent materials remain the same, we see from 
formula (5-49) that L is inversely proportional to the cube of the density* 
Since the volume is proportional to L , the total mass is inversely propor- 
tional to the square of the density* 

5-14 Temperature Dependence and Velocity Distribution 

In Equation (5-49) v, the velocity of the neutrons, is implicit in the 
cross sections* Often cr^ is approximately constant, while both cr^ and vary 
as 1/v* In any case, since the dimension of the pile is proportional to L, in 
order to find the real physical dimensions we must understand how to com- 
pute V* This sensitivity to v is a new phenomenon in our theory and is 
characteristic of the finite size* Crudely speaking, v is the velocity of 
neutrons in thermal equilibrium* This crude concept is good enough to es- 
tablish a temperature dependence of the critical dimension* v rises with 
the square root of the temperature, and for 1/v absorbers but constant scat- 
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tering cross sections the critical dimension rises with the square root of 
V. The critical size is consequently proportional to the three-fourths power 
of the absolute temperature. 

For a more exact determination of the velocity v of the thermal neu- 
trons, we must take into account the fact that the neutrons have a velocity 
distribution which is given by the well-known formula due to Maxwell, The 
velocities, therefore, must be averaged over the Maxwell distribution. The 

question of what kind of average to perform may be settled by going back to 

■ > 

Equation (5-42), in which the only place that the velocity appears is in the 
first term, (For a l/v absorber, the second tenn, which contains viy^,v<y^, 
is, of course, independent of the velocity of the neutrons.) Hence, the aver- 
age value of V appropriate to our formula is 

f V M(v)dv 

(6-50) v=-l 

fvi (v) dv 

where M(v) is the MeLxwellian distribution function giving the nxamber of neu- 
trons per unit velocity interval.* 

5-15 Time Behavior of the Homogeneous Thermal Neutron Pile - 
(y o De layed NVut r ons^ 

If we build our pile, and pile means extrapolated pile, with dimen- 
sions bigger than a, the average leakage around the cycle will be decreased. 
Extra neutrons will remain inside on each cycle and the neutron density will 
rise; if we build it smaller, the neutron density will fall. The time be- 
havior, as we saw earlier, is also a function of the reproduction properties 
of the materials in the pile. We must, therefore, be able to relate the size 
and the reproduction characteristics through their influence on the time be- 
havior. Equations (5-44) and (5-46) form such a relation for the special case 


♦For general applicability, the above considerations assume that the 
distribution of neutrons after' collisions in the thermal region is always 
Maxwellian. Otherwise, if higji-velocity neutrons remain hi^ and low-velocity 
neutrons remain lov; despite collisiona, the preferential absorption of low- 
velocity neutrons makes a unique v impossible in many situations. In trac- 
ing a given batch of neutrons as a function of time, higher velocity neu- 
trons live longer. They also travel farther. Consequently, regions into 
which neutrons diffuse contain, on the average, higher velocity neutrons than 
the regions from which they diffuse. 
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of a stationary state. To obtain more general relations of this type for the 
time behavior of piles either smaller or larger than the so-called critical 
size, we must return to (5-42a). 

As a first simple case, we omit delayed neutrons and employ only 
Equation (5-42). To solve Equation (5-42), let us assume that n = ST, where 
S is a function of the coordinates only; T is a function of time only. 
Equation (5-42) then separates, and we find that T = T^e ' where t is a 
constant and the eqmtion for S is 

(5-44a) AS S = 0, ^ 

O UT 


2 

Eerept is determined by the boundary conditions? that is, by the size and 
shape of the pile. 

Equation (5-44a) has solutions which are formally the same as those 
of Equation (5-44). For a cubic pile, therefore, we may write 

(5-45a) n = n^ sin yx sin ^y sin yz e^' , Sy = ^ - — 

The boundary condition that the neutron density vanishes on the extrapolated 
surfaces of the pile determines that for a pile of this type in which the 
length of the sides is r. 


(5-51) 








or 


^ Tjf - 1 - 3(7T/r)^ DT^ 


T T 

0 


Equation (5-51) is merely the result of working out the details in 
Equation (5-44a). Either (5-44a) or (5-51) is the desired relation between 
the time behavior, the size, and the intrinsic properties of the medium. 
Equation (5-51), of course, merely applies to cubic piles, while Equation 
(5-44a) is the general result. Any size and shape may be introduced into 
(6-44a) by determining^ from the boundary conditions. 

Another general form of (5-44a), the analogue of the second equation 
(6-51), is 


1 Tjf - 1 
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This form is the generalization of Equations (5-6) and (5-19) for finite 

sizet It is also, as is (5-44a), the generalization of (5-44) for arbitrary 

time behavior. As the pile period becomes infinite, we see that^C becomes 
2 

PS eind that the actual size approaches the critical size. 

° 2 2 

We can identify PS L quite generally with the number of thermal 
neutrons leaking out of the pile per thermal neutron captured inside. The 
leakage of thermal neutrons per unit time is • d S where the integral 

is to be taken all over the surface of the pile. On applying Gauss' lemma, 
we transform the leakage into the volume integral over the pile; 

y'AndV=L^^y' ~ dV. 


Since 



d V 


2 2 

is the absorption rate for the whole pile,<?£ L ' is the leakage per absorp- 
tion. From this result, the interpretation of (5-44b) is obvious. 

For future use, we shall also compute the fraction of the neutrons 
entering the thermal energy region inside the pile which end their life 
there. It is the ratio of absorptions in the pile to absorptions plus leak- 
age, and is therefore 

This is the fraction of neutrons which escape thermal leakage. Written in 
terms of (6-44b) becomes 


(5-44o) 1 = 


- 

0 th 


As expected, = 1 for critical conditions. 
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We shall postpone further dlsousslon of the relations connecting size 
and shape with intrinsic properties and time behavior until the theory of 
the finite pile has been developed to include slowing down effects. Then we 
shall develop still more general relations which also take account of the 
delayed neutrons. 


V. THE PILE WITH NEUTRONS OF ALL ENERGIES 


5-16 The Slowing Down of Neutrons in a Pile 

In Section 5-9 we discussed the slowing down of neutrons. There we 
were interested in the length of time it took the neutrons to go from fis- 
sion energies to the top of the l/v region. In Section 5-10 the resonance 
capture was considered. The arguments and the results of both these sections 
remain valid, whether resonance capture is present or not, for those neutrons 
which would remain inside of a pile in the absence of resonance capture. 
Since the neutrons that leak out are of no further interest to us as far as 
the computation of critical size or time dependence is concerned, we can 
take over the results of Sections 5-9 and 5-10 bodily. There is, however, 
another very important aspect of the slowing down process which concerns us 
when we allow the neutrons in the pile to be released on fission with their 
real energies. Before they become thermal, these neutrons may have traveled 
quite a long distance, and the space distribution of the neutrons as they 
slow down is of primary concern in finding the critical size. 

We may look at the travels of the neutrons in slowing down as a dif- 
fusion and merely add the mean square distance which the neutrons diffuse in 
slowing down to the mean square distance which they travel while in thermal 
equilibrium. This way of looking at things is a little bit crude, but should 
give us a first approximation to the real situation. Our first problem, then, 
is to calculate the mean square distance. 

If we consider a point source of thermal neutrons located in an in- 
finite region in which rj = 0 but all the other properties are the same as 
in the pile, we find that 


(5-63) L^= X 
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where r is the mean square disteuioe away from the point source at which neu- 
trons are absorbed. In fact, the equation for the diffusion of thermal neu- 
trons may be written 

(5-54) An - = 0 


Sind (E-53) is easily verified from the point source solution of this equa- 
tion. Since adding r^/6 consistently is as good as adding we may oon- 

2 ^ 

fine our attention to L and its analogue for the slowing down process* 

Let us now look back on formula (5-49). If we multiply on the right 

side of Equation (5-49), both numerator and denominator by a N , we see that 
2 ® ^ 

we can write for L 
(5-49*) 


where JT is the number of collisions before capture. (This is a fajniliar 
result in other fields of diffusion theory: Brownian motion.) Simi- 
larly, we may assume that one-sixth the mean square distance in slowing down 
is given by 

(6.65- ) 7!76 = 


where we have computed the number of collisions by dividing logarithmic 
energy loss into the total logarithmic energy span to be covered and have 

assumed that the scattering cross section is not a function of energy. This 

2 2 2 
analogue of L for the slowing down process we call is sometimes 

known as the Fermi age. The reasons for the choice of the name ’’age’’ will 

2 

soon become apparent; however, we shall usually call the fast migration 

2 ^ 

area in analogy with L , the thermal diffusion area. A more rigorous calcu- 
lation considering the energy dependence of a gives 

s 


(5-55) 


■/ 


■'fias 


d£ 


r. 

Bth ® ® 
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2 

Let us define M , which we shall call the total migration area, as 
the sum of L^ and L^^. If we substitute for L^ in (6-42) or in (6-43), 
we essentially substitute M for L in all the formulae for the critical di- 
mensions, acting as if a single diffusion took place* This procedure cannot 
be completely accurate, since, in general, the spatial distribution of neu- 
trons captured at thermal energy aro\md a point source of fast neutrons is 
not of the same form as that around a thermal neutron source* In order to 
refine the treatment, we need to know more about the space distribution of q, 
the slowing down density around a point source* 

Such special distributions can be determined experimentally for \ra- 
rious sources, including fission sources* The experiments can be performed 
by using the ideal resonance detector in a large block of the scattering ma- 
terial, and the fission source can be created by rxmning an intense beam of 
thermal neutrons through the large block, in the center of which a small 
amount of fissionable isotope has been placed* In general, the shape of the 
special distribution near the source is found to be roughly Gaussian* The 
details depend both on the source and on the slowing down material* Hydro- 
genous materials are the greatest exception to our qualitative statement* 
The region which can be considered to be Gaussian is very small, and it 
might be said that an exponential would give a better fit to the data* Typ- 
ical shapes for the slowing down distribution are shown in Figure 6-2 on 
the following page* 

If we integrate the slowing down distribution over all space, we must 
find all neutrons except those which disappear in resonance capture* We shall 
now define q to be the slowing down density that would be present if we for- 
got about resonance capture* The real source of thermal neutrons is then 
pq* With this definition, a unit source of neutrons will lead to a normal- 
ized distribution 


(6-66) 1 = q(x,y,z)dxdydz 


In the case of a Gaussian, the normalization condition gives us 


2 2 2 
X -f y + z 


a) 


(4»t) 


sTT 


(2^ L^r 


(6-67) q = 


e 


e 



160 


THE SCIENCE AND ENGINEERING OP NUCLEAR POWER 


Non -hydrogenous materials 



0 



Distance from point 


source 


Figure 5-2* Typical Curves of the Spatial Distribution of Neutrons 
Slowing Down from a Point Source. 

This is the standard form for the slowing down distribution which is to be 
employed here to investigate the influence of slowing down more accurately, 
but it should be remembered that this form is not universally applicable. 
In graphite, for excuonple, the slowing down distribution from a Ra-Be source 
is reasonably well represented by a superposition of three such standard 
distributions, each with a different value for • (See Table 5-1.) 

There are theoretical reasons for expecting the Gaussian form in the 
slowing down distribution and also for expecting the exceptional slowing down 
distribution obtained in hydrogenous materials. If the number of collisions 
which the neutron undergoes in slowing down is large, and the free path is 
always small compared with L^, it follows from the theory of random flights 
that the slowing down distribution must be Gaussian. However, we would only 
expect a single Gaussian to apply to those neutrons which started out at 
exactly the same energy and underwent exactly the scime number of collisions. 
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If the nvmber of collisions is large, the correlation between energy and 
number of collisions is very good; but most sources do not emit monokinetio 
neutrons. Consequently, it is not surprising to find that a superposition 
of Gaussians is a better representation than a single Gaussian, when the 
spectrum of emitted neutrons is not monokinetio. 

An essentially exponential behavior must, of course, be expected far 
from any source. The neutrons remaining fast at large distances from a 
source have either made an abnormally large number of forward scattering col- 
lisions or have traveled for long distemoes without collision. The fraction 
of neutrons which have made no collisions will only decrease exponentially 

TABLE 5-1* 

ANALYSIS OF RADIIM-BBRYLLItM SOURCE 


2 

in Graphite 

Indium Resonance Iodine Resonance 
130 cm^ 54 

340 268 

815 736 


Per cent Associated 
Source Strength 

15.0 

69.3 

15.7 


rather than in Gaussian fashion. Exponential behavior must, therefore, be 
observable at large distances. Nevertheless, for slowing down in nonhydro- 
genous materials, a single Gaussian adjusted to give the correct value of 
r /s is often an excellent approximation to the actual spatial distribution# 
The spread in energy in the neutrons emitted from the source is either not 
too great or accidentally compensated, and the number of collisions is suf- 
ficiently large that the exponential tail is of little importance* For ex- 
ample, for a single Gaussian to represent the slowing down distribution from 

3 

a fission source in graphite of density 1*6 gms per cm , Fermi gives 
17.3 cm#’*'* 


♦ Data taken from E# Fermi: Neutron Physios , February 5, 1946* 

♦ ♦E# Fermi, Science 105 , No# 2715, January 10, 1947* 
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In hydrogen, a neutron can lose essentially all of its energy in a 
single collision. Also, the cross section of hydrogen rises steeply as the 
energy of the neutron falls. Consequently, the largest fraction of the dis- 
tance traveled ty neutrons in hydrogenous media is likely to be traveled in 
the first or the first and second flights. The restrictions under vdiich the 
Gaussian distribution for the slowing down is to be expected are all violated. 
On the other hand, the fact that only the first couple of collisions made by 
the neutron have much importsuice in detemining its final position, implies 
that some sort of exponential distribution will obtain at any oonsiderablg 
distance from the source. 

If we look at as a function of the lower limit of the integral in 
(5-55), (5-57) gives the slowing down distribution as a function of both 
space and energy around a point source. We also recognize that (5-57) is a 
point source solution of the differential equation 

(5-58) Aq= — 

3(L/) 


This differential equation, which is derivable either from the theory of 

random flights or by a simple argument vdiich we will give in the next para- 

2 

graph, is formally identical with the equation of heat conduction. in 

(5-58) plays the same role that time does in the heat equation. For this 
2 

reason has been called by Fermi the age, and we may occasionally^oall 
it the Fermi age# 

To derive Equation (5-58), we consider the equation of continuity 
in four dimensions, x, y, z, andAj/E. The density of neutrons per unit vol- 
ume in this space is called n. The net nunber of neutrons entering a volume 
element by translation in space x, y, z, is given by DZindxdydzd^E and the 
net number entering the volume by translation in log energy is given by 


3(nv#agNg) 

■ dxdydzd^iE 


Consequently, the equation of continuity reads 


(5-59) DAn + 


3(nv^<y^Hg) 


3n 

= 1 ? 
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On identifying nv^cr N with q, we can rewrite (6-69) 

8 S 


v|rN + 


from which (5-58) follows when = 0 by using the differential of (6-65)# 
In determining the characteristic size of a pile, we shall usually 
employ Equation (5-58) or its solution (5-57) to give the description of the 
slowing down process. 

In applying this slowing down description, some care must be exer- 
2 

cised. If we obtain L„ by definition from (5-69a), we have 


r D dE 

■ J 


In obtaining (5-55) then, a N enters once in the slowing down power ^cr N 

S 3 S S 

and once from 1 /d = 3a N /vj consequently, we should really have a tremsport 

3 3 

cross section in place of one of these scattering cross sections. Since 

2 

high energies are involved in , it is particularly clear that the trans- 
port cross section will have to be used, for at high energies anisotropic 
(forward) scattering is theoretically expected and experimentally found not 
only because the center of gravity system of coordinates moves in the experi- 
mental system but also because higher angular momenta participate in the 
scattering process. Also, at sufficiently high energies, where the scat- 
tering is anisotropic in the center of gravity system, our derivation of ^ 
must also be improved, and in the more refined calculation ^ will become a 
function of energy. 

Rather than develop the theory to include the needed refinements at 

2 

high energies, we shall use it as it stands under the assumption that 
will be filled in from experimental data. The experimental data will then 
not only give a rigorous treatment to the high energy refinements but will 
also show us when necessary that deviations from Gaussiein shape require even 
more radical revisions in our description. 

By modifying Equation (5-59) to include absorption (adding to 

the right-hand side), we can derive a version of (5-58) which includes a 
treatment of the resonance escape probability, and from which we may com- 
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pute not q but pq. This derivation implies a continuous picture, that is, a 
picture of continuous collisions} therefore, we expect it to give a scsne- 
what cruder approximation for p than we obtained in Section 5-10. The formula 
obtained for p by modifying (5-59) is 

fj^ dE 

(5-34' ) P = e”»/crN„ 

s s 

This formula is very similar to (5-34). The only difference is in the denom- 
inator of the integral. In (5-34) the integral is 


f dE 

J "A + Vs ^ 

It is not surprising that a completely different treatment gives a different 
result. We have already discussed the limitations of formula (5-34) in Sec- 
tion 5-10. Since the method of derivation in neither case is rigorous, it 
may be worth discussing (5-34*). 

One of the tests which we applied to (5-34) is to allow the cross 
section for resonance capture to become infinite over such a wide range of 
energies that the resonance escape probability should fall to zero. Unfor- 
tunately, it does not. Here, if we apply the same test to (5-34*), the res- 
onance escape probability will fall to zero. However, we come upon a new 
difficulty. The resonance escape probability not only falls to zero when 
it should, but it also falls to zero when it should not. Indeed, it will 
fall to zero if the resonance absorption cross section becomes infinite at 
any energy. Therefore, for narrow resonances of great height, formula (5-34*) 
is not as good as formula (5-34). Both formulae reduce to the same thing 
and to the correct limit when the resoneince absorption (^^.N^) is small com- 
pared with the scattering (a- N )• 

s s 

It is clear why this continuous collision treatment fails for high, 
narrow resonances. Each collision produces only an infinitesimal change in 
neutron energy. Each neutron will therefore make a collision in the high 
resonance and will consequently be lost, contrary to the actual fact. Since 
we may be interested in high resonances but certainly not in those for which 
p is near zero, the error in the continuous treatment is likely to be seri- 
ous, while (5-34) is usually a reasonable approximation. We shall therefore 
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adopt the procedure of combining the resonance escape probability as cal- 
culated in Section 5-10 with the slowing down description on the completely 
continuous picture rather than carrying the continuous picture thrcugh to 
the extent of including resonance capture. 

6-17 The Critical Size of a Pile 

The problem of finding the critical size of the chain-reacting unit 
has now been reduced to the problem of finding the simultaneous solution of 
two differential equations. These two equations are Equation (5-68) for 
the slowing down of neutrons and the thermal diffusion equation given below: 

(5-60) + pq - = 0 

0 

The two equations are interconnected, that is to say, the slowing down density 
enters the thermal diffusion equation and the thermal neutron density is 
connected with the initial condition for the slowing down equation by the 
following relation: 

(6-61) i 7?f = q when = 0 

0 

In attempting to solve these equations simultaneously, we pay no attention 
to the delayed neutrons; we need to pay no attention to them if we are only 
looking for the critical size* In this case the rates at which neutrons feed 
in and out of the latent type are always exactly equal* Of course, vdien the 
pile is not in a stationary state (that is, when it is not exactly of crit- 
ical dimension), it is necessary to modify the equations in order to bring 
in the effect of the delayed neutrons on the time behavior. For the moment, 
we shall only handle the case of exact criticality* 

We shall attempt to find a solution in the form 

q = S(x,y,z)H(Lj^) 

n = S(x,y,z) 


where 

(6-44) AS + at = 0 
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In this case. Equation (5-58) yields us 
o _ 

(6-58') 


which has the solution 


H = H 6 
0 


_ 2 


Upon substituting into (5-60) and (5-61), we obtain 


(6-60« ) + pH e 


T 


and 

(6-61') ^=H 


On combining these two relations, our final result is 
(6-62) (1 +de\^) = ke ° ^ 


This equation is often called the oharaoteristio equation determining the 

2 

critical size. It is so called because it determines PC , and at the same 

2 ^ 

time Equation (5-44) relates 9C^ to the actual critical dimension. 


When 


+ Lj.^) « 1 

the characteristic equation can be simplified to road 


k = (1+ + 


8Lnd it then follows that PC’ is given by 


(6-63) ^ 
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This is the result for St ^ that was obtained by adding together the mean 

0 

squares in our very crude troaiaaent in the last section* We now see that 
this result is obtained here whenever I k-1 | « !• The details which we 
promised to consider, namely, the details of the Gaussian shape, have all 
been put into the new characteristic equation, (5-62)* 

Suppose now that instead of the Gaussian wo use as a description for 
the slowing down a diffusion, not dissimilar from the thermal diffusion* 
Such a diffusion will give a certain type of exponential as a point source 
solution and may then be appropriate for hydrogenous substances* In order 
to write down the equations, we assume that there is not only a thermal 
density n but also a fictitious density for fast neutrons which we symbolise 
by n^. We also invent a mean life for fast neutrons which we symbolize 
and a diffusion coefficient D^. Let us proceed without defining and 
too closely. After we have proceeded a short way, it will become clear that 
we do not need to know the exact values for and r but only for the prod- 
uct which must be * The two diffusion equations which we use are 

-^ = 0 

(5-64) 

DAn + p - ^Aq = 0 

The source density of fast neutrons is determined by the rate of absorption 
of thermal neutrons in the same volume, and the source of thermal neutrons 
is likewise related to the rate of absorption in the fast group* Since the 
major resonance effects will be found in the epithermal region, we assume 
all the resonance absorption takes place in passing from the fast to the 
thermal neutron group. Consequently, the thermal source density is pn^/r^ 
and the fast source must be (k/p)(n/T^)* 

Using the same S as before, we try to find a solution of (6-64) in 
the form n^ = A^S n = S * 

On substituting in (5-64), we obtain the algebraic equations 




-J-)A 


(at + -^) = (pAf )a£. 

o 


(5-64‘ ) 
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If these two equations are multiplied together, we obtain another charaoter- 
istio equation for the determination of the critical size: 

(5-66) (1 + ^^^L^)(1+ = k 

Here the symmetry between fast and thermal neutrons is obvious and we can 
identify 


as the probability that a neutron shall remain in the pile during the slow- 
ing down process. (We recall that 




th 


1 

ITT 

l+3e V 


See Section 5-15, Equation (5-52).) 

Again we should note that under the same conditions as in our last 
case we are able to obtain the simple form 

(5-63) Y" 

M 

Of course, it is no accident that this simple form always arises. 
Let us consider a general description of the slowing down, one which may be 
determined purely empirically. For this purpose we define K(p), the slowing 
down density from a point source at a distance P» We assume that K(P) has 
been normalized so that it will give over all space just one neutron per unit 
time. The total number of neutrons which are slowing down is given by Q 
where Q is the source strength in neutrons per unit time. We are now in a 
position to modify the equation for thermal diffusion of neutrons in such a 
way that it becomes the integral equation 


(5-66) DAn + ^^(x' ,y' ,z» )K ^^(x-x* )^ + (y-y* )^+ (z-z» )^ ^dxdydz 
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the integral term in this equation takes account of the source density of 
thermal neutrons* It already contains the interconnection between the ab- 
sorption and the source strength for fast neutrons. 

In order to solve the integral equation, we make an expansion for 
as it appears under the integral 



On integrating over this expansion term by term and assuming at the same 
time that the space dependence of the neutron density is given by S, we ob- 
tain a generalized expression for the characteristic equation in the form 

(6-67) (1 + = lc(l - + ) 


where 



euad 


7 


= 47r 


/ 




It is clear that as k approaches one, the neutron density flattens 
out. Only the first few terms of the Taylor expansion are necessary because 
the first few terms give a sufficiently good approximation for n(x*,y',z’) 

at all values of K(7 ), which are substantially different from zero. Con- 

2 

sequently, we again find, qjite generally this time, that is given by 
(5-63) ^ 

M 

as long as |k-l| is small. 

Since there was a good deal of difficulty and question about whether 
piles would run at all with natural uranium, k-1 osmnot be terribly big; this 
approximation is therefore valuable.* As k becomes larger, it is necessary 


♦According to the Smyth report. Appendix 4, with a lattice of uraniun 
rods in graphite, k = 1.07 may be achieved. The lattice is resorted to in 
order to increase the reproduction constemt above that obtainable in a homo- 
geneous mixture. Sane discussion of the advantages of lattices will be given 
later . 
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2 

to improve the approximation for^^ by solving the appropriate oharaoteristio 
equation in a more rigorous fashion, for example, by trial and error or by 
expansion in power series in the variable k-1. 

Since our formulations for the problem of critical size differ essen- 
tially only in the description applied to the slowing down process, we may 
be able to summarize them in a simple form by writing 

(5-68) 1 


We may call this equation the general characteristic equation, just as the 
one before, and in this equation we are permitted to calculate by any 
method we choose, always means the fraction of neutrons which stay in 
the pile during the slowing down process, calculated as if there were no 
resonance capture# We can abbreviate (6-68) as 

(5-68a) = 1 

vyhere may also be calculated by any method. (The result 

J 1 

1 +X 

0 


will be obtained as long as a thermal diffusion description is used#) 

2 

When we know 3^ from any of the equations summarized in (5-68), we 
can find the critical size from the interconnections (5-46, 5-46a, etc#) 
given in Section 5-13# Although the relations between a, k, and L must now 
be considered as special oases, the equations given there between a and2d^ 
still obtain# 

2 

Of the equations f or which we have developed. Equation (5-62) is 
usually the most reliable# It is not always possible, however, to apply the 
analysis employed in deriving it in the simplest fashion# For example. Equa- 
tion (5-66) and the associated treatment which was given as a possible ap- 

2 

proximation for finding for hydrogenous systems is sometimes applied to 
nonhydrogenous systems, because of its greater simplicity. This simplicity 
is not important if we are considering a single homogeneous region as we 
have been doing so far, but becomes significant in more complicated problems 
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In which the pile oonsidered ie oomposite (i.e«, contains regions of differ* 
ing characteristics). As we shall see later, there are then rather few prob* 
lems which can be solved in a finite time by continuing to use the continuous 
collision slowing down treatment in composite systems; many that can be solved 
by extending the method of interconnected diffusion equations. 

2 

5-18 Comments on L , f, and 17 for the Computation of Pile Size 

It is important to note that the in a chain-reacting system is 
2 

different from the L measured by observing the neutron distribution in pure 

2 

moderating (slowing down) material. (The measurement of L in moderating 

2 

blocks is discussed in a later section.) For example, if is the diffu- 
sion length in the moderating material 

L 1 

0 3cr N a N 
cm m sm m 

where N is the density of moderator nuclei; a and cr , their capture and 
m ' ’ cm am 

scattering cross section. In the pile, on the other hand, 

r2 ^ 1 

3 ( 0 - M + + a S“y(a "N ' + o' M ) 

cmm rf ooo amm sx f so o' 

where a , and N refer to any substances other than fissicnable mate- 

rials which may be introduced in building the pile* If the scattering per 
unit volume remains the same in the pile as in pure moderator 

(5-69) = L ^ (1 - f ) 

o u 


where f^ is the thermal utilization in everything but moderator: i.e., the 

fraction of all thermal neutron captures which take place in any nuclei but 
2 

those for which L is measured. It is 


(5-3a) 


+ o 


+ cr N 
r f CO o 

¥ 


- + cr H 

CO 0 cm m 


When only fissionable nuclei distinguish the pile from the moderator, 
f = f» When other new nuclei are also present in the pile, f can be mea- 
sured by the experiment described earlier for measuring f • In order to mea- 
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sure f rather than it is necessary to poison the standard box vdth the 
same other new nuclei which enter the pile. If these new nuclei are essen- 
tially tied up with the fissionable nuclei as U-238 with U-236, the poison- 
ing may be extremely difficult. Instead of measuring f, then, we prefer to 
measiire f . 


2 2 

With formula (6-69), L is easily found from L (see Table 6-2 for 
2 ° 

typical -values of )• If we measure f^, however, in order to find k we 


^f«f 


must either assume that we know + a N 


or measure the number of neu- 


^f*^f CO’O- 

trons released per capture in all but the moderator materials. The product 

— = — - — g is the number of neutrons released per nonmoderator capture. 
Vf"^ CO 0 


Whether found experimentally or computed from fundamental data, we shall 
call it Tj^. Whenever convenient, we may now compute k as 


(6-32a) k = VuP 


TABLE 5^2» 

TYPICAL THERMAL DIFFUSION LENGTHS 


Moderator 

Density (gna/oux) 

L (cm) 


1.0 

U 

2.86 

“2° 

1.1 

> 100 

Be 

1.8 

31 

C 

1.62 

60.2 


6-19 Temperature Considerations 

In Section 5-14 we found that it is necessary to consider the energy 

spectrum of the thermal neutrons and the energy variation of the cross sec- 

2 

tions in order to find an appropriate value for L • We also established a 

2 

temperature dependence for L based on the variation of the mean thermal 
neutron velocity assuming thermal equilibrium. In Section 5-14 thermal 


♦ Data taken from E. Fermi i Neutron Physics , February 5, 1946 
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equilibrivaa was olosely enforced because, in the model employed there, the 
neutrons emitted in fission are emitted in the equilibrium distribution* 

When the slowing down of neutrons from true fission energies is in- 
cluded in our picture of the pile, the neutrons approach thermal equilibrium 
from higher energies by making collisions with the nuclei of the moderating 
materials in the pile. The situation is more difficult to analyse. If the 
neutron capture cross sections were infinitesimal, thermal equilibrium would 
be essentially complete; but as the neutrons in practical piles make only a 
limited number of collisions on the average, the "thermal*^ neutron speotrimi 
is shifted to a higher apparent temperature than that of the pile materials. 
(The Maxwell velocity distribution will be approximately maintained if the 

capture cross sections are not too great.) Such apparent thermal neutron 

2 

temperature shifts have been observed. Consequently, we believe that the L 
appropriate to the actual operation of a chain reaction is somewhat larger 
than is computed on the basis of strict thermal equilibrium. 

As the neutrons slowing down in a pile penetrate into the energy re- 
gion below one volt, the nuclei in the pile cease to act as individuals. 
The chemical binding forces freeze them together with a strength comparable 
to the neutron energy, and the mechanisms of neutron energy loss become com- 
plex. We may expect that the slowing down power of the moderating materials 
in the pile will fall off, and that the apparent temperature shift will be 
enhanced due to the decreased rate of slowing down in the epithermal energy 
region. In any case, except for a gaseous pile, an accurate estimate of the 
temperature shift will involve a fairly complete knowledge of the character- 
istics of either solids or liquids and must depend on relatively complicated 
calculations . 

2 

The ordinary temperature effect on L , of course, is still present. 
2 

Since L* has a much weaker and probably opposite temperature dependence, 

^ 2 
the temperature effect on the migration area, M , is not the same, and the 

temperature effect on the characteristic pile area, \/dt , is even less 

2 ^ 

closely related to the temperature effect on L . To estimate the effect of 
a change in operating temperature on the critical size of a pile, we should 
consider the effects on the density of the materials, on the meem velocity 

of thermal neutrons, and on f (or f and 77 ) if the cross sections are not 

/ 2 ^ 2 ^ ? 
all 1 /v. We should then compute L , L^ , and k; eind finally obtain^ from 

the appropriate oharaoteristio equation. 
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5-20 The Time Behavior of Nonorltloal Piles 

Any one of the three treatments of Section 5-17 may be extended to 
include the time behavior when the pile is not critical. For the sake of 
simplicity, wo shall only detail a single one of the three type treatments. 
We shall take for our example the Gaussian case. 

In order to treat the Gaussiein case, it is necessary for us to re- 
turn to Section 5-16 and to extend a derivation of Equation (5-58) to in- 
clude an actual time variation as well as em energy and a space variation. 
We did actually include such a time variation in our derivation. However, 
we threw it away at the last minute. When we keep it, we may write 


(5-58a) 


Aq = 



+ 


_3q_ 

D3t 


In conformity with the treatment given in Sections 5-17 and 5-14, we shall 
attempt to solve this equation by the separation 

(5-70) q = TSH, AS S = 0 

2 

where, as in (5-44a),Pt is geometrically determined through application of 
the boundary conditions. As a result of our previous experience, we may 
immediately write 

(5-71) T = T^ e*/^ 


In these circumstances, we obtain for H the following equation 




H = 


BH 


and 

-zhj -^/t 

(5-68a') H = H e e 

0 


where 7 is a function of . 
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Employing Equations (5-69) and (6-70) to determine the form of the 
left-hand side, the time dependent thermal diffusion equation 

(6-60a) DAtj- ^ + pq = ^ 
o 

can be written 

(5-60a* ) (1 = •¥ “^o 


The equation for the interconnection of the initial condition of the 
slowing down density with the thermal density must now include the delayed 
neutrons; that is to say, we must also include the rate at which latent neu- 
trons of various types become free. When this is done, the interconnection 
equation reads 

(6-61a) — (?• ^ = q when = 0 
P * / • X ^ 

The subscript i refers to the various latent neutron types. 

Since the latent neutron densities have entered our last equation, 
in order to have a complete set of equations, it is necessary to write down 
the connection between the latent neutron densities and the thermal neutron 
density. Assuming that the nuclei from which delayed neutrons originate do 
not move about, those relations are (cf. Equation 5-5b*)s 


(5-72) 



iv!?i 


T 


0 


Upon combining all these equations, we can eliminate all the densities and 
obtain a new characteristic equation which is 


(6- 13c) 


(l ^ ) 


= k 


1 



-A/ 


JB/r 


In this equation, if we interpret the 1 on the left as one thermal 
2 2 

neutron absorption,^ L is the associated thermal neutron leakage (see Sec- 
tion 6-14), and t^/t is the rate of rise of the thermal neutron density in 
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units of the thermal neutron absorption rate. The left side must, therefore, 
equal the rate of production of thermal neutrons in the same units. 

On the right-hand side we obtain the production of thermal neutrons 
by adding together those which were produced as prompt neutrons and those 
which were produced on fission as latent neutrons. 

The term k(l - ^) e e is the rate in units of the thermal 

neutron absorption rate at which prompt neutrons become thermal. In this 

tarm, is ^he prompt neutron production, and pe = pif is the 

fraction which arrives at thermal energies inside the pile. The factor 
occurs because the prompt neutrons now beocming thermal were produced as the 
result of absorptions at a time 6 ago when the absorption rate was lower or 
higher by this factor. The other terms on the right side are all of the font 

(5-73) 

"z — 7—z. e e 


Each suoh term represents the rate (per thermal neutron capture) at which 
neutrons once delayed as latent neutrons of type i now reach thermal ener- 
gies. These neutrons turned from latent to free neutrons a time "5 ago, but 

were produced over a range of times still further in the past. The rate of 

t + 

production per present thermal neutron capture was e for a time 
t + ago, and the rate of transformation to free neutrons of the latent 
neutrons produced at t + "5 was 


- 

0 



at a time ~§ ago. 


Upon integrating over t from zero to infinity — all the relevant 
past time — we obtain (5-73). 


With a little algebra. Equation (5-13o) can bo transformed to 




P ^ ^ - y.P p ^ 4. “^o ^ th ^ , 3/r , x 

.^th ^ - ‘^yth 2_ V — + (e ^ - 1) 

1 





(5- 13d) 
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Similarly, from the model in which two coupled diffusion equations are em- 
ployed 


( 5-130 ) 


^^f^th 


- 1 








0 f f th 


a? the symmetry of the model would lead us to expect. For this purpose, 
must be considered As a real time and may be identified with When t » "5", 
e^/r. l = 0/r, showing the close relationship of the two results. 

In Equation (5-13d) the exponential dependence on (and also the ex- 
ponential leakage factor, tj>) arises from the strict correlation of time and 
energy in the continuous slowing down theory as contrasted with the exponential 
frequency distribution in the coupled diffusion model. In Equation (5-13e) 
the appearenoe of in the combination on the coupled diffusion model 

is associated with the decreasing probability as a function of time that a 
neutron which remains in the fast group shall become thermal inside the pile. 
In the continuous slowing down picture. Equation (5-13d), vdiere there is only 
one lifetime. S’ , for slowing down, this factor is absent. 

In any case, as t — we find 

(5-68a) 


determining the critical size. Also, as long as ^ « t t and "r , and thermal 

0 uH 

neutrons are handled by a diffusion model 


(5-13f) 


1 = k 


y V 

eff Z_ + *’' 


T I , 
o th 


In defining effective reproduction constant, as ''*® 
have finally made the modification of the definition of the reproduction con- 
stant to include leakage effects which is mentioned as a possibility at the 
beginning of Section 6-13. Since we know how to relate the actual size and 
shape of a pile to this point the characteristic equation for crit- 
ical size, = 1» and Equation (6-13f) are abbreviations rather than def- 
initional identities. 



168 


THE SCIENCE AND ENGINEERING OF NUCLEAR POWER 


Equation (5-13f) is the generalization of (5- 13a) and (6-44o). Sinoe 

for long periods, % 1 and - 1« ® , lA is a good 

measure of k^^^ - 1. Sinoe lA is an inverse time, (5-13f) is often called 

the inhour equation, k - 1 is sometimes called k ,> the excess reproduo- 

Ol 1 d 

tion constant, and in this notation, according to Nordheim 


(5-13g) 


^e^^eff “ ^1 


^ + 33 1159 

T ^ T + 0,i T + 6.5 


1793 . 585 

^ T + 34 T + eJ 


where the period is to be measured in seconds, end C^^ is a constant. Here 
the inhour is used as a unit of "reactivity", and is defined in such a way 
that a period of one hour corresponds to one inhcur.* k is essentially pro- 
portional to the reactivity in inhcurs, since for long periods ^ The 
constant is easily computed by comparing (5-13g) with (5-13f). It is 

•^2. 5 X 10"®. 


Equation (5-13f) is an equation of n + 1 the degree, where n is the 
number of delayed neutron periods and the 1 comes in because of the fact 
that we have essentially a fundamental cycle time for undelayed neutrons 
which manage never to get into a latent group at all. We, therefore, find 
n + 1 periods. In order to see what these periods are, we shall examine 
(5-13f) in the form 


k /k 
0 ^ eff 


=T- 

/ T. +T 
L 2. 


'i "^o^th 


Tk 


eff 


The sum 


V • 


is plotted schematically in Figure 5-3 (solid curves). So 


that the fast periods are essentially out at infinity, and the desirable 
periods, the alow ones, are in the middle of the figure, it is plotted as a 
function of lA* As lA becomes zero, the neglected terms in (5-13f) become 
small compered to the sum plotted. (We assume that There- 


♦In (6-l3g) the normalization actually employed is asymptotic in char- 
acter. As the period increases, the reactivity in inhours becomes equal to 
the period in hours. For a period of one hour, the reactivity differs from 
one inhour by about l/2^. 
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fore, in the central region of the figure, this graph is substantially an ac- 
curate plot of the whole right-hand side of the "inhour” equation. Conse- 
quently, much information about the solutions of (6-13f) can be obtained just 
by looking at this graph. If we go far enough out from the central region, 
we must also consider the effect .of the other terms on the right side of 
(5-13f). The term ("^o^th^^^eff ^ first one to add in. We must add for 

it, in first approximation, a line of low (positive) slope going through zero. 
(Where the absolute value of the resulting graph is not small compared to If 
higher approximations or different methods of attack are needed to account for 
the fact that changes.) When this term (and the first approximation ba 

the terms including the mean slowing down time from Equation (5-13d) or 
(5-13e)) is added, instead of going asymptotically to the value as 

(1/t) OD, the graph of the left-hand side of the inhour formulae goes 

down very slowly, while on the right it goes up very slowly (dotted line in 
Figure 5-3). We now get the n t 1 solutions for r, and by inspection we find 
that one r is unavoidably a fast period# The other periods, as we see, can 
be depended on to be slow enough for safety. 

Although there is a very fast period, if we obtain it on the left 
side of the figure it is a descending one# It represents the prompt neutron 
effect which we described in Section 5-6# This fast period allows us to fol- 
low fluctuations, but will never kill us because it is always of an essen- 
tially negative character# It will always damp itself out# To be s\n*e that 
the fast period (i#e#, j-ij large) is a descending one, we must know that the 
right side (and therefore the left side also) of the inhour equation is less 
than 1 ^. This is the condition: ^ other hand, 

> ;S, we obtain a fast period on the right-hand side of Figure 6-3# It is a 
fast rising one, and leads to disaster# In terms of this diagram, then, we 
have shown that the condition for safe operation is 


k 



or 

This is exactly the same oonditicm that we gave in Section 6-6, Equation (5-22), 
generalised so liiat leakage is also considered* In order to make the energy 
release in a pile rise, must be greater than 1* Therefore, safe oondl- 
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tions in bringing a pile up to standard operation require 

° ‘ '' Aff ‘ ^ 


When the periods have been found from any of the Equations (5»13), 
it is then possible to go back to the equations which connect ihe densities 
and find the ratios for the -various densities which are to be associated with 
the given periods. The evaluation of the ratios was done in detail in Sec- 
tion 6-6 for the simple model; to evaluate ratios here is merely long-winded, 
but not more complicated. When the inhour formula is used to determine the 
period, we find that just enough ratios are determined to give all the ratios 
of the latent neutron densities and the free neutron density, but there are 
not enough ratios to distinguish in the initial conditions between those 
neutrons which are slowing down and those which are thermal. This is not 
surprising because we have made the time for slowing down so short that neu- 
trons during the slowing down process are already to be considered as thermal 
neutrons. If we want to make further distinctions in the initial conditions, 
it is necessary to go back to the more exact forms of the characteristic 
equation. We then obtain an infinite sequence of solutions by means of viiich 
we hope to represent the initial condition applying to the slowing down dens- 
ities as well as to all the other densities ^ 

Just as we viewed (5-13a) in Section 5-8, Equation (5-13f) cein be 
looked at as a method of finding k^ or in terms of the time behavior of 
a pile. If we measure the time behavior and fit it to the right side of the 
equation, we can determine k^/k^^^. The method for the measurement of k 
given in Section 5-8 is really a method for the measurement of k^ or 

So far, we have assumed that the energies of the neutrons released 
promptly on fission and of the delayed neutrons are identical. If the en- 
ergies are* different, different s and different *8 and must be 
associated with the various neutron types. Since the slowing down time is 
small enough to be neglected, the differences in slowing down times will not 


interest us. We should, however, investigate the modifications vdiich are 
introduced by considering various '^^’s. 

If denotes the fraction of prompt neutrons staying in -Uie pile 
during slowing down (computed as if there were no resonsmoe capture) and 
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are the corresponding fractions for the free neutrons vdiioh arise from the 
various latent neutron types, 

(6-74) if = (1 - fi) + Mfi 


»ith 


With these definitions and some algebra, we find that 


(6-13h) 



+ 


’’o^h 


+ 


When the various are known separately, computed 

and (5-13h) employed. For large piles, however, as^^ becomes zero, 
becomes 1 no matter what energies of emission are associated with the vari- 
ous types of neutrons, and (5-13h) becomes identical with our other equa- 
tions (5-13). 

For example, suppose that k = 1.11. Then ^ *9. Even if the fast 

^ th 

migration area for neutrons slowing down after delay in the i^ latent group 
is only one-half of the average fast migration area. 



1 

.95 


Therefore, between 1.00 and 1.05. If thermal neutrons also leak 

out of the pile, as they do, the range of ( above 1.00 is more re- 
stricted, and if the fast migration areas differ less radically, this range 
is still further cut down. We conclude, therefore, that when | k - l| « 1, 
we need not go to the refinement of (5-13h). As k becomes large, however, 
or, more accurately, as becomes smaller, the differences in the various 
and may become significant. 

A slight modification of the safety condition for pile operation 
with rising power levels may also be derived from a consideration of the 
various ‘^^•s. Since it is rising prompt neutron reproduction which we wish 
to avoid, in place of - /S) < 1, we should write 

“off (1 - « ^ < 1 
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Using ( 5 - 74 ), this condition bee canes either 


or 


Ktt 


< 1 


/S 


^fd 


e < 


in place of k 


< — , 


1 -^ 7 “ 



Since and enter the inhour equation, it is no longer 

possible to eliminate the size and shape of the pile from one side of the 

equation; k cannot be found merely in terms of the time behavior. It is 
0 

for this reason we did not push (5-13a).to a formal solution for k • 

0 


VI. SPECIAL TOPICS 

5-21 Preliminary Remarks on Controls, Absorbers, and Refleotors 

In the last section we obtained relations between the intrinsic 
properties, the size and shape, and the time behavior of piles. The intro- 
duction of absorbing material into a pile will also affect the critical size 
or time behavior. If the absorbing material is introduced uniformly, it is 
simplest to view these changes as the result of changes in the reproduction 
constant and migration areas. If, on the other hand, the absorber is intro- 
duced in a small region, it may be convenient to isolate that region from 
the rest of the pile. Boundary conditions can be found connecting the neu- 
tron densities in the pile with those in the isolated region, and the changes 
in time behavior (or critical size) may be computed hy considering the changed 
size and shape of the pile; that is to say, by considering the changes in^fc . 

2 

The insertion or removal of localized absorbing material changes^ 

without changing the intrinsic properties in the body of the pile; so also 

does a variation in the overall size or shape. Consequently, it is possible, 

2 

by thus oontrollingPd , to bring a pile to a stationary state without chang- 
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Ing its thermal utilization* The method for measuring f, described in Seo-> 
tion 5-12, oan be employed without the aid of luck and without accurate 
building and rebuilding of the pile, by using localized absorbers to attain 
a stationary state* Such localized absorbers are usually employed in the 

form of rods which oan be insez*ted in or withdrawn from the pile* 

The theory of the effeotiveness of suoh control rods is an excellent 

example of the problems which may be approached by use of the idea of geo- 
metric change* Suppose that a control rod of perfect neutron absorber is 
introduced along the axis of a cylindrical pile. When the control rod 
in place, the neutron densities must extrapolate to zero a short distance 
inside the control rod as well as a short distance outside the external 
boundary of the pile. In Figure 5-4 the spatial distribution of the neutron 
density is plotted along a radius of the pile for the two cases of the orig- 
inal pile and the pile with the control rod inserted. Since the new bound- 

2 

ary put in along the axis of the pile has the effect of inoreasingPd , the 
insertion of the control rod causes all the periods, as given the inhour 
formula, to shift to the left on Figure 5-3. If the original pile is in a 
stationeu*y state, the pile power level will fall when the control rod is in- 
serted. 

That the pile power level will fall in these circumstances is clear 
ab initio. The introduction of absorber robs the pile of neutrons which 



Figure 5-4* Neutron Density Distributions in a Cylindrical Pile 
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are neoessary to maintain the reproduotive cycle. It is, however, not pos- 
sible to compute the time behavior from a naive consideration of the absorp- 
tion of neutrons in the control rod. Since the vdiole spatial distribution 
of neutrons is changed by the presence of the control rod, not only is a 
leakage into the control rod produced, but also the leakage of neutrons to 
the outside is changed. The picture of geometric changes considers both 
effects at once. 

For weak absorbers localized in the pile, the picture of geometric 
chsinge is not so obvious. We expect that the spatial distribution of neu- 
trons is hardly disturbed and that the capture of neutrons in the extra ab- 
sorbing material is given by J' nv a^^N^dV, where nv is the original neu- 
tron density and <t , N refer to the extra absorbing material. Although we 
06 6 

are correct, let us look at the problem more closely. 

For example, we consider a pile in which the neutrons are always in 
thermal equilibrium, and there are no delayed neutrons. If it is in a sta- 
tionary state (of. Section 5-13), 

(6-75) An + n = 0 


When weak absorber is also present, we have instead 


(5-76) 


An’ + 



n’ 


n' a N V 
ce e 


IT 


3n’ 

DBt 


where n’ is the modified spatial distribution. 

On multiplying (6-75) by n' and (5-76) by n and subtracting (5-76) 
from (5-76), we obtain 


O' N V 

V • (n'7n - n^n’ ) + n n' 


n Bn* _ nn* 1 
D yr " D T 


Integrating over the vdiole pile, the first term drops, since both n emd n’ 
vanish on the surface. Therefore 



cr^ N V 

oe e 


dV 



n n* 
D 


dV = 


1 

T 


(6-77) 


D 


pile 
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On the other hand, suppose that by any geometric change, we change in the 
2 2 

pile fromP^^ toP6 « Then Equation (5-44a), Section 5-14, gives 

= - 7 

2 

By an appropriate choice ofP£ , we can make the periods given by (6-77) and 
(6-44a) equal. This choice is 


(5-78) — 2 — 

' o r 


L ^ 


Since the absorber is weak, n* « n, and we finally obtain 


f . 


2 a N V 

oe e 


(5-79) 


I 

pile 


Equation (5-79) is the first order perturbation theory result, well 
known in quantum theory from the Schrbdinger perturbation theory* Whether 
this result is valid or not, we are on sure ground for any absorber up to 
Equation (5-78). The effect of any absorber may therefore be assimilated 
to a change in geometry. 


Since the effects of absorber and of change in geometry can be inter- 
converted, and since the change in time behavior of a pile as the result of 
introducing absorbing material is a measure of the absorption introduced, 
absorption is sometimes measured in inhoxnrs at a standard position in a pile. 
In our simple example. Equation (5-77) gives the pile period when the extra 
absorber is in place. The period is infinite when the extra absorber is ab- 
sent. With n* ^ n, for weak absorber, and localization of ihe extra absorber 
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By naively balancing the extra absorption rate against the rate of change of 
the total number of neutrons in the pile, we would obtain the erroneous re- 
sult 


(5-77 wrong) 


1 ^ 

r 


n cr ▼ N V 
e oe e e 

/ ndv 

pile 


(This naive attack can be corrected easily, as we shall see at the end of 
the next section.) 

2 

The geometry, i.e#, the boundary conditions, and thereforeP^ , is 
obviously changed by surrounding a pile with a reflecting layer of scatter- 
ing nuclei* Some of the neutrons which leak out of the pile instead of 
staying outside bounce back in* They act approximately as if they came from 

an extension of the reproducing region* The pile size is effectively in- 
2 

creased, andP^ is decreased* A subcritical pile may, therefore, be brought 
to a stationary state, or the power level of a pile of critical size may be 
made to rise by placing a neutron reflector around it. An example of the 
change in critical size effected by a reflector is given for a simple model 
in Section 3-6* 

The general problems of controls, pile perturbation theory, and re- 
flectors are more difficult than we have pretended in this section. Ab- 
sorbers are not found black to neutrons of all energies. Actual control 
rods may be highly absorbing at thermal neutron energies but are likely to have 
no significant effect on high energy neutrons. The geometry may be effectively 
altered for thermal neutrons, but apparently unchanged from the viewpoint of 

other neutrons* It is therefore necessary to find the effective geometry change, 
2 

the change in^ , by gluing together different geanetries for fast neutrons and 
thermal neutrons* Since the behavior of fast neutrons and of thermal neutrons 
has been described by different equations, we can introduce different boundary 
conditions on the solutions in correspondence with the different geometries. 

Similarly, in the reflector problem, the differences in the slowing 
down characteristics of pile and reflector are hardly expected to be similar 
to -the differences at thermal neutron energies. The presence of fissionable 
material in the pile leads to desirable thermal absorption. A reflector, on 
the other hand, is selected to scatter neutrons back into the pile. Neutron 
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absorption in the reflector is a loss# In practice, then, the properties of 
the reflector are likely to be radically different from those of the pile at 
thermal energy, while they may be quite similar at higher energies. Again 
we must use a set of boundary conditions between pile and reflector rather 
than a single condition. 

Pile perturbation theory, which we developed slightly in discussing 
weak absorbers, must be adapted to consider perturbing influences not only 
as a function of position, but also as a function of energy. It must also 
be extended to include reflectors. 

There are complications of a different type# One is illustrated by 
the reflector problem# Neutrons which spend a large fraction of their lives 
in the reflector may have a different mean life from neutrons which stay in 
the pile# We may therefore expect further changes in the description of the 
time behavior when reflectors are used# 

5-22 Harmonic Expansions 
The equation 

(5-80) AS = 0 

2 

with the appropriate boundary conditions, can be solved for many values of<^ # 

2 

So far we have used but a single value of^P^ , and we have assumed that when- 
ever S equals zero, we have located one of the boundaries of the pile, or 
possibly of one of the images. This procedure gives a unique solution for 
S, the space variation of the neutron density in a pile of a given dimension# 
We must, however, examine all the solutions, of (6-80). Since they meet 
the boundary conditions, it is possible that the neutron density is 

(6-81) S = IB S 
m m 

rather than the single S^, say S, we have used#^ 

♦We disregard the possibility, raised in the last section, that the 
boundary conditions may change with energy# Returning to simple piles, 
2 2 

AS S ~0 and the set of X , S are so determined that the S are 

m m m m m m 

all zero at any point on the extrapolated boundaries of the pile. They may, 

however, have other zeros which are not located on the pile boundaries* 
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Let us arrange theP^ 


m 


in ascending order, and call the in this 


order the successive harmonics in the neutron density. To each hamonio 

O 

{pt , S ) there corresponds a characteristic time behavior. Equations (6-13) 
m m 

of Seotion 6-20 determine a set of associated periods, from the 

initial conditions and the t . the neutron densities associated with the 

mj 

various periods may be found. The neutron densities are now broken down as 


06 n+1 


” = I Z ■ 

m=l J=1 


t/- 




Sj^(3c,y,z) 


(5-82) 8Uid 


00 00 


«i= Z Z i 

m=l j=l 


t/7 


0 . e 


“3 


\(3c,y,z) 


where the n . and .o . are constants* The ratios .o ,/n ^ (we call them 

1 mo i mj' mj 

i*^mj) fixed by equations corresponding to (5-72). Then 


(5-83) 


n+1 

= z 

3=1 

and 

n+1 

z 

3=1 


n 


m3 


i^m3\j 


are found from the initial spatial distributions. Finally, from (5-83), the 

n . 8uid ,0 . are determined, 
m3 i mj 

Upon referring to the inhour equation and to Figure 5-3, we see that 

2 

as^ increases, each of the periods decreases. Consequently, as time goes 
on, the higher harmonics disappear with respect to the lower ones, end fi- 
nally only the lowest harmonic is of significance in a pile. It is this 
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lowest harmonio which has been taken by us as a unique solution* There are, 
however, oases, particularly when independent sources are present, in which 
the higher harmonics maintain a certain signif ioeince* For example, if any 
permanent sources of neutrons are present, and if the effective reproduc- 
tion constant is less than one, the higher harmonics should always be taken 
into account* In the next section, we shall consider just such an example* 
In the last section, we found that an incorrect result is obtained 
by balancing the rate of change of the neutron density against the capture 
in extra-absorbing material placed in an original critical pile* The trouble 
arises because leakage is not correctly accounted for* Let us, therefore, 
fit the sink into the pile with the correct boundary conditions* 

To meet the boundary conditions, we can use an harmonic expansion* 
If the functions form, a complete orthogonal set in which any density dis- 
tribution in the pile may be expanded, a unit point source at r^ is repre- 
sented by 

( 6 - 64 ) 

pile 

Since we are considering only weak absorbers, the neutron density distribution 
in the pile, which, in general, is 

n = Va S (r) 

Z- n n' ' 

is closely given by Sj^(r), the lowest harmonic* The sink at the extra ab- 
sorber is, therefore 

pile 

and the rate of absorption of the lowest harmonic due to the presence of the 
sink is 


or N vV 
e e e 


Sj®(r^)Sj(r)/y’s^®(r)dV 


pile 
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Since the are orthogonal, this is the only harmonio which we cein match 
with the approximate neutron density Sj^(r); consequently we find 


3Sj^(r) 

“~3r" 


- <y N vV 
e 6 e 


J" Sj^(r) dV 

pile 


Si(r) 


and to the extent that Sj^(r) represents the whole neutron density. 


(6-77* ) 



n ^<7 N vV 
e e e e 

r n^ dV 

pile 


the correct result. 


5-23 The Approach to Critical Conditions 

In practice, when building a pile it is unwise to construct the 
whole chain-reacting system first, and later sit down to see what is going 
on. Instead, the pile is built bit by bit in order that we may observe the 
approach to the critical condition. To observe this approach to the criti- 
cal condition, we must first make a few computations to see how the neutron 
density acts as we increase the size of the pile. 

Suppose that we place a source in the center of a Tery small cubic 
pile. For simplicity, we shall choose our neutron source to be a point 
source of thermal neutrons of strength Q neutrons emitted per unit time. This 
pile is smaller than the critical dimension, but we shall gradually increase 
its size until it runs. As we build the pile, we shall observe the neutron 
density in the stationary state at every size. Let us examine such a sta- 
tionary state. 

When no independent source is present, the thermal diffusion equa- 
tion, the interconnection relations, and the slowing down description -- on 
the model of continuous collisions, for example -- may be combined in an 
overall pile equation 

(5-85) |^L^A+ ^ ^ j 
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2 

for a stationary state# When An n =0, Equation (6-86) becomes Equation 
(6-62)# When there is also a permanent source of thermal neutrons present, 
(6-85) must be modified to include the source# It becomes 


(5-85a) 




L^ A 


ke 



0 


If we expand both n and Q in a complete set S. ,,(x,y,z) of orthogonal fimc- 

1 JK 

tions satisfying (5-80) and the boundary conditions, on carrying out the 
operations indicated we obtain 

(6-86a» ) 



where 




Therefore 




\i k 


1 +X^. , - ke 


(5.66) 


= I T-k::/' s,j^(x.y,z) 


eff 


ijk 


elnoe 


L 2 

^ is , and e ^ is when n = S. ... (Of course, 


77772 72 Hh "f “ “ijk 

1 ijk^ 


Equations (5-85a* ) and (5-86) may be obtained from an analysis parallel to 
that given in Section 5-17 in deriving (5-62).) 

If Q(x,y,z) is a point source of strength 0 at (x^,y^,z^) 

(6.84* ) = Q S^.j^(x^,y^,z^)/ y's2^j^(x,y,z)dxdydz 
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In a cubic pile, where the length of the extrapolated sides is r, the func- 
tions 

= sin sin ^ sin i,j,k integers 

form a complete orthogonal set satisfying (5-80) and the boundary condition 

that S = 0 on the planes x=0, y=0, z=0, x=r, y=r, and z = r» The 
2 

oorrespondingi^^ are 

ijK 


(f) 

and y' jj^dxdydz = ( ^ I for all (i,J,k) 


i^ + + k^ 


Y* Y* T* a 

In these coordinates the center of the pile is at (-s', -s', -s-)* For a 

Ci C* Ct 


source at the center: 


Q, ,, = 0 if i, j, or k is even. (The harmonics S, 

Ijk: ijlc 

2 with 8uiy index even 

Q. = Q (1) for i. 3, and k .11 c«id. amplitude 

iQk \r I ’ at the source and 


are therefore ab- 
sent.) 


Consequently 


,„.3 tth, 

(6-86.) f=«(|) 


Sijk(^»y»2) 


where i, ;), k= odd integers. 

If the pile is almost of critical size, 1 - k is almost zero, 

effiii 

but the other denominators in (6-86* ) are appreciable* Below critical, but 
near it, only the first harmonic is of major importance. is then given 

by the first term in (5-86'): i.e,. 


(6-86") V-^o^Qd)' 


Siij(3c,y , 2 ) 
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When r reaches the critical dimension a, the pile rides up on this lowest 
harmonic. The other harmonics, however, are still tied to the source and 
are consequently left behind. 

Since as r approaches a. 




we find that 


'th. 


Ill 


®^^111 .2, \/t 2 ^ T 2. 0 ^f V 

6n (a - r)(L + ke ) 


or 


(6-86 "a) (a - r) n = 


4Qt 


„ , „ L_ 

3n (L^ + L^^ke ° ^ ) 


r-ir SjiiU.y.z) 


The differenoe between a and r (that is, the distance away from critical con- 
ditions) is measured by a constant divided by the thermal neutron density# 
If we construct a graph of l/n as a function of r while we build a pile, we 
are able to extrapolate this graph to the place at which l/n becomes zero 
some time before we actually reach it. The place at which l/n becomes zero 
is the critical dimension. 

It should be mentioned that this type of procedure can be applied 
whether or not we build up our pile in a completely symmetric fashion. It 
is, in fact, more usual in practice to build one dimension almost complete 
and then extend the pile only in another direction. 

To show that when r approaches a the higher harmonics in the expan- 
sion n/r^ become negligible by comparison with consider the 
next harmonics. They are (3,1,1), (1,3,1), and (1,1,3); and all of them 
are eqml. Also 




2 2 

near orltioal oonditlons. When^ 

o f 


11 ^^, 


111 


« 1, it 


11 XZ 
X ® 

is easy to evaluate 
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311 


T:nE 


eff, 


311 


it is approximately 


'""311 , 1 . 


^ 7/S^^ 


Also, when^ << 1 
' of 


^th. 


Ill 


1 - k 


eff 


111 


^3 

6n^(a - r)M^ 


(6-87) and ^311 _ ^ a - r 

"ill ^ " 

Clearly, then, disappears by comparison with as critical conditions 
are approached. 

If there is no reproduction in the pile but somehow the other prop- 
erties, including (<^qNq + are unchanged, the coefficient 

the (i,J,k) harmonic is 



The reproduction increases the (i,j,k) harmonic by the factor 


a = 


ijk= TTT 


eff 




This harmonic amplifioation factor duo to the reproduction is sometimes use- 
ful, especially vdien the pile is almost oritioal* For example, in the range 
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in which 
constant 

( 5 - 88 ) 


only the first hamonio is of significance, ^th^^ii is approximately 

^ O / 

n(l) . ' ■ Xu''’ . 


for two different almost critical values of r 



CHAPTER 6 


THE APPLICATION AND EXPERIMENTAL BASIS OF PILE THEORY 

by 

Bernard T. Fold 


I. Application of Elementary Pile Theory in the Design of a Power Pile 


6-1 General Considerations 

In order to review the ideas developed in the preceding lectures and 
to illustrate how they might be applied, we shall undertake to design a pile. 
We shall assume the availability of sufficient quantities of enriched uranivan 
and of graphite to do the Job, The uranium is assumed to be enriched to ein 


atomic ratio 


N(U^^^) 
N(U^®®) 


This uranium is mixed uniformly with graphite 


2 

and the mixture pressed to a density of 1^S gms/om • (As will be seen, we 
are interested only in mixtures containing a small fraction of uranium, so 
that the mixture should physically resemble pure graphite.) 

It must be pointed out at the onset, and emphasized throughout, that 
this paper does not represent an attempt to reproduce the work done on the 
Manhattan project. Only nuclear design problems will be considered; there 
will be no attempt to build into the pile any provision for removing heat, 
nor will any other engineering problems be given serious consideration. In 
order to be able to substitute numbers into the formulae, it is necessary 
to assume values for the nuclear constants involved. To prevent this example 
from being completely fantastic, we have chosen, at random, constants from 
the prewar published literature, without prejudice as to whether these con- 
stants agree or disagree with those measured in the Manhattan project lab- 
oratories • 

It is worth emphasizing again that the pile here designed has no re- 
semblance to any actual pile, living or unborn. 


6-2 The Nuclear Constants 

Uranium 

-24 2 

ss 600 X 10 cm A rough average of all the prewar values; previously 

given in Professor Evans’ paper (page 73) 




-24 2 

15 X 10 cm 


Asswed equal to that for U' 


238 
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T) = 2,3 


Zinn and Szilard, Phys. Rev. 56 , 619 (1939), 
Delayed Neutrons 


^i 

^i 


.0002 

80.2 sec 

Fermi - lectures in nuclear 

.0014 

31.7 " 

phjrsics given at Los Alamos, 

.0018 

6.51 " 

declassified (Table 2-2) 

.0020 

2.21 " 


,0007 

.61 " 


.0061 




o- “ 16 X 10”^^ om^ 


-?4 2 

a • 2 X 10 cm 

o 


Uranium 


Goldsmith, Cohen, and Dunning, 
Phys. Rev. 55, 1124 (1939). 


cr ^ - the measurements of Anderson (Phys. Rev. 566 (1940)) indicate a 

resonance at 5 ev. In order to find a , we shall assume that the resonance 

r’ 

cross section is given by the Breit-Wigner formula 

’ mV (E-E )V 

r 4 

where 


fi « 1.06 X 10 erg-sec 


-24 

m * 1.66 X 10 gm 


V « neutron velocity in cm/sec 
E * neutron energy in ev 


E »s 5 ev 
r 


r * r + r 

n y 


r * .15 ev 

y 

r = 10“^ ev 
n 


The last two constants are typical of the values found in (n,?) resonances 
involving heavy elements. 

From these constants, it is possible to calculate 
/*“ dE _ _ . ,„-24 2 


C 


ar ^ = 44 X 10 cm' 
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Slnoe U is a heavy element, and heavy elements are knovm to have (n,>) 
resonances spaced at intervals of '^lO • 30 ev, it is reasonable to assume 
that higher resonances also contribute to the above resonance integral. 
Since the magnitude of the contribution of higher resonances falls off in> 
versely with their energy, we shall assume (in a completely arbitrary fash- 
ion) that all of the higher resonances, lumped together, double the above 
value of the integral, and take 

/ a * 88 X 10 cm 
(/lev ** E 


Graphite (C) 

-24 2 

a “ 4.8 X 10 cm Segre chart (following page 22) 
s 

-24 2 

cr ^ * *005 X 10 cm Fermi lecture (cited above)# Also Segre' chart# 
^ » the average logarithmic energy loss 


. 1 . 

^ 2A 

in 

e 

A + 1 

- 1 - (11)^ 

24 

e 

13 . 
TT 


N(C) m the number of carbon atoms per cm 
• ^ X 6 X 10^^ “ 8 X 10^^ 

6-3 The Calculation of k « fp?? 

(l) The thermal utilization (fraction of all the thermal neutrons 
235 

captured by U in an infinite medixan) iss 

(6.1) f . 

+ K(C)o^(C) 

3 

where N is the number of atoms per cm • 
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This expression oan be simplified by dividing numerator and denom- 
inator by the numerator! 


1 «Se + 




N(lf ) N(U ) o-j(U ) 



where R 


« N(C) 

N(U^®®) 


the ratio of carbon to U 


atoms in the mixture# 


(2) The resonance escape probability is: 

N(D^®®) + o- (C)N(C) 

P » 6 ^ ” 


2*20 2*58 

Under the assumptions a (U ) N(U ) <<cr (C)N(C) and cr (C) and ^ are in- 

r s s 

dependent of E, the expression for p reduces to 

1 P /„238x dE 116 

'1^ J ^ T ■ — 

s 

p « e B e 

(3) The value of k » fp-rj is now determined if R (the ratio of carbon 
238 

to U atoms in the mixture) is given. From the form of the expression for 
f and p, it is clear that, as R becomes large, p approaches 1 and f approaches 
0. Conversely, as R becomes small, p approaches 0 and f approaches 0.835* 
The ratio of carbon to uranium for the mixture is the one parameter at our 
disposal, and we should therefore choose a value .of R which will yield a k 
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greater than !• Since the exponential (from whloh p is calculated) is a 

function which varies rapidly with the value of the exponent, we should oon- 

2 3 

fine our choice of R to values between 10 and 10 . Table 6-1 gives the 
values of f, p, and k for a number of values of R in this range. 

TABLE 6-1 
CALCUUTION OF k 


R 

f 

I 

k B fpT} 

3 X 10^ 

.741 

.679 

1.158 

5 X 10^ 

.690 

.793 

1.258 

8 X 10‘ 

.625 

.865 

1.244 

10 X 10^ 

.588 

.890 

1.202 


The values calculated above indicate that k has its maximum value 
2 2 

for R between 6 X 10 and 8 X 10 , vnoe the k* s calculated are already 
sufficiently greater than 1 to assure us of the possibility of obtaining a 
chain-reacting pile of manageable size, we shall not attempt to obtain the 
highest possible value of k, but will choose, rather arbitrarily, a mixture 

h(c ^ 

with Rb '■ ■ 600. For this mixtvire, then, the system has the follow- 

N(r®®) 

ing properties s 


f B .690, p B .793, 7 ) B 2.3 and k b 1.258 


6-4 The Calculation of Critical Size 

The critical size of a chain-reacting system (pile) with a given k 
is obtained from the following equation (when graphite is the moderating 
medium; »dien hydrogenous slowing down materials are used, the proper formula 
is given on page 158). 

- ^ ^L ^ 

(6-3) (l + ;KV)Bke’ ° ^ 

vtoere is related to the critical size for a particular geometric config- 
uration. Thus, for a cubic pilot 
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(6-4a) M 


2 STT** 

o “”r 

a 


where a is the length of an edge; for a spherical pile: 


(6-4b) pe ^ 

where S is the radius of the critical sphere, 


and • 


2 2 
To obtain the value of^ # it is necessary, first, to calculate L 

o - ^ 

• 

2 

(1) The calculation of L , the thermal diffusion area 


3 pg(C)N(C)+ag(U)N(U)j |^^(C)N(C)+a^(U^®®)N(U^^®)+ 


(6-5) 

3 %(C) %(C)^(C)f 1+1 


R%TcT“ R jj(^238j 


We note that depends inversely on N(C)^ j~N(C) st 8 x 10^^, and henoe de- 

creases with increasing density of the graphite. Substituting the values 

2 2 

of the constants, together with R •= 500, gives L = 358 cm • 

2 

(2) The calculation of , the slowing down area (all constants are 
assumed independent of neutron energy): 


3^a (C)N(C) r(7g(C)N(C) + a^{U)1i{U) 


( 6 - 6 ) 


2 2 r ^ 1 

3^>)n2(C)[i + | 


Substituting the constants given above, plus the values 


E , = 10® ev and E.. = e^ 

fiss - th 40 '• 


2 o 

we obtain L„ = 242 cm^. 
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(3) The oritioal sizet 

2 

It is now possible to solve the critical size equation for . This 
is a transcendental equation; perhaps the easiest method of solving it is by- 
trial and error. In order to orient ourselves, we may first solve the ap- 
proximate equation 

(6-3a) ^ 


2 2 2 2 

vdiere M ■ L a 600 cm m the migration area. This equation holds for 

k - 1 < < 1; since this oonditicn does not really obtain in our case (k - 1« 
• 258), the solution will only serve to obtain a starting point for the trial 
and error solution of Equation (6-3). 




2 ~ ,258 

. ■W 


4.3 X 10“'^ cm"^ 


With this as a starting point, we obtain from Equation (6-3) after -very few 
trials and errors; 

X ^ « 4.00 X lO”'* om"^ 
o 


Hence, for a cubic pile, the critical side is 


Zn 
o 


= 272 cms 


and for a sphere, the oritioal radius is 



=157 cms 


Those critical dimensions include the ’’extrapolated length”, i.e#, 

these are the dimensions at which the neutron density may be said to fall 

to 0* The actual size of the pile (side of the cube or diameter of the 

sphere) is smaller than the above dimensions by twice the extrapolation dis- 
71 

teinoe, d = =lm8 cm* Hence the actual side of the critical cube is 

^s s 


a = 272 - 3.6 = 268.4 cm 
0 
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and for the critical sphere: 

S = 157 - 2 = 155 cm 


6-5 Provision for Excess k 

If we build a pile to exactly the critical dimensions, it will main- 
tain whatever neutron density is present, but it will give no provision for 
increasing the neutron density. In order to be able to cause the neutron 
density to rise, so that the power produced may be increased, it is nece,s- 
sary to build a pile larger than the critical size. With such a pile, it is 
possible to control the neutron density by the insertion or removal of ad- 
ditional neutron absorbers (control rods). Thus, by removing the control 
rods, the pile will become overcritical and the neutron density will rise; 
by inserting the control rod, the pile may be made subcritical, and the 
neutron density caused to fall. For one particular position of the control 
rod the pile will be just critical, and the neutron level will maintain it- 
self; the pile will then run at constant power. 

We have seen that a certain fraction (0.6?S) of the fission neutrons 
are emitted after a delay of the order of seconds. Hence, the period of 
exponential rising or falling of the neutron density can be made fairly 
long, and the pile can be controlled with ease provided the excess k (des- 
ignated as k^) is never allowed to become greater than this fraction. Hence, 
in building a pile larger than the critical size, we must be careful that k 

e 

is never greater than .006. 

For complete safety, let us build our pile with k = .003. The ex- 

e 

cess k is given by the expression 

— ^ 

(6-7) k = ke ^ /(,1+P£^L^) - 1 = .003 
e 


2 2 
where P6 is connected with the pile size by Equations (6-4), withP^ replacing 


Equation (6-7) can be solved by using the method of trial and error 

and bearing in mind that since the actual size is to be greater than the 
2 2 

critical size,P^ < PC • For k = .003, we obtain 
' o e * 


^2 _ ^ _ ^77 

^ = 3.946 X 10 cm = 


(a*) 




a’ = 273.8 cms 
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Subtracting off 2d, m obtain for the actual side of our super-critical cube 


a ’ ac 270.2 cm 
o 

compared to 268.4 cm for a just-critical pile. 

The difference between a * and a is 1.8 cm in about 270, or ^67%^ 

0 0 

Thus, the margin between a just-critical and a safely super-critical pile 
is quite small. It should hardly be necessary to emphasize the need for 
extreme care, in the construction of a pile, not to exceed the limit of safe 
operation (k^ < .006). 

In addition, it should be stated that the critical size of the pile 
calculated above could have been reduced by surrounding the pile with a re- 
flector, say pure graphite. The theory of the critical dimensions of a pile 
with reflector will be treated in future lectures; we merely point out that 
it may be possible to achieve a substantial saving of fissionable material 
by the use of reflectors. (Sections 3-6 and 5-21.) 


6-6 Amounts of Materials Required 

Knowing the volume of the pile and the density of the graphite- 
uraniim mixture, it is easy to calculate the amounts of the various materials 
going into our pile. Since 


R* 


N(C) 

N(U^^®) 


a 500 


Wt(C) ^ N(C) X 12 
Wt(U^^®) N(U^^^) X 238 


25 


Wt(C) 


a 25 X 50 a 1250 


The total weight of the pile is 


(a^* ) X 1.6 s 31.8 metric tons « 35.2 short tons 


Pi^om this: 


25 

Wt. of Carbon » 31.8 X *= 30.6 metric tons 

CO 


35«2 X 


25 


33.8 short tons 
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Wt. of = 1.22 metric tons 


= = 1.35 short tons 


Wt. of 


X 10® 


1.36 X 2000 
50 


24.4 kg 

: 54.0 lbs 


6-7 Power Considerations 

The power developed in the pile is proportional to the average neu- 

— — 235 10 

tron flux, nv, and to the total number of U nuclei present. Since 3 x 10 

fissions/seo = 1 watt, the power in watts (P) is given by the expression 

nv O’ (U )N(U ) V 

(6-8) P- i ypr watts 

3 X 10 ^ 


Substituting 


V = (a • )^ = 1*99 X 10 cm® 
' o ' 




cm 


50 y 500 
cr^(U^®®) = 500 X 10"^^ cm^ 

6 2 

nv =.94 X 10 neutrons/cm , sec, watt. 


For thermal neutrons, the average velocity 

V = 2 X 10^ cm/sec 

and, thus, the average density of neutrons is 

n = 5 neutrons/cm^, watt 


In a cubic pile, the neutron density has its maximum, n^, at the 
center and falls to zero just outside the pile. In terms of the peak neu- 
tron density, 

(6-9) n = n cos cos cos — 
o a a a 
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(the origin is taken at the center and the coordinate axes parallel to the 
edges of the pile). Averaging over the cube, ws obtain 

(6-9* ) n = ^n^ i n^ = 3.9 n 

For our pile, this gives 


n V = 3«7 X 10 
o 


6 neutrons 


cm , see, watt 


-o neutrons 

= 18 — s 

° om^.watt 

10 235 

At a power of 1 watt, 3 x 10 D nuclei undergo fission each 

235 10 7 

second# In one year, the consumption of U is 3 x 10 x 3*15 x 10 = 9.5 

X 10^*^ — , Since the total number of atoms in the pile is 6 .4 

year , watt 

pc S 

X 10*^ , the rate of depletion of U is 

17 

100 X 8*8 X ^9 - ^ = 1,5 X lO”® % per year per watt 
6.4 X 10 ^ 

6-8 Time Behavior of the Pile 

We have designed our pile so that with all control rods removed, it 

will rise with a period determined primarily by the delayed neutrons. It is 

instructive to calculate the period associated with the prompt neutron mul- 
tiplication. The mean life of thermal neutrons in the pile, t^, is given by 
the expression 


( 6 - 10 ) 


N(U^®^) + a^(U^®®) N(U^®®) +a^(C)N(C)^ 


« .00215 sece (for v * 2 X 10 cm/sec) 


For a pile of infinite size, the neutron density is given ly the ex- 
pression 

(k -l)tA 

(6-11) n . n^ e P ° 
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The period (time for an e-fold increase in neutron density) is 


(6-lla) 


TT^ 

P 


2.15 X 10" 
0,252 


•0085 seo 


Hence, a very large pile would be extremely difficult to control# 

In the theory used above, we have consistently neglected the slowing 
down time compared to To see if this was justified, let us calculate 
dt 


(6-12) e 


^ N V 
s s c 


where v is approximately the velocity corresponding to the lowest resonemoe 
238 ^ 

of U , which occurs at a neutron energy of about 6 ev. Hence 


c 

V 




14.1 


and 


e 


W 

2 

.158 X 5 X 10"^^X 8 X 10^^ X 14.1 X 2 X 10® 


7 = .000011 sec <<T 


Having designed the pile so that the shortest period r is deter- 

m 

mined by the delayed neutrons, we can calculate the value of r from the 

m 

in-hour equation 


(6-13) 


k 

e 

IE + 1 

e 


"■o 4. V 


when « 0.003 and the values of and are given in Section 6-2. 


-003 . .00216 iV ’1 

m j m 
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This equation is most easily solved either by a graphical method or 

by trial and error. The solution turns out to be T =9 see. This is the 

in 

shortest possible period with which the pile can rise; hence the pile can 
always be kept under control. 

6-9 Conclusion 

These illustrative calculations have been made to demonstrate the 
application of elementary pile theory to the design of chain-reacting units. 
Many important factors have been neglected} for instance, no provision has 
been made for possible changes in the value of k as the pile temperature 
changes . Nor has any attempt been made to embody any engineering features 
into the design; for example, the removal of the power developed. The de- 
sign of a more practical unit is left as an exercise for the reader. 

II. Experimental Basis of Pile Theory 

The Detection of Charged Particles 

The preceding chapters contain what might bo called the heart of 
pile theory. Problems of critical size, the time behavior of the neutron 
density, etc., have been discussed arid some of the considerations which de- 
termine the choice of materials and of concentrations in the design of an 
actual pile have been set forth. The models which have been developed are 
often fairly ocmplicated, although there is nothing really deep or difficult 
in the treatment. 

From time to time there have been described rather idealized exper- 
iments. It is now time to check up on the theory in a more realistic fashion. 
It will turn out that this check-up can be used not merely to verify the 
general correctness of the theory developed, but also to improve upon the 
detail of theoretical prediction by an adjustment of the constants so that 
the greatest amount of data is fitted inside the theoretical framework. 

In order to handle adequately the experimental problem, it is nec- 
essary to have a reasonably good idea of the instruments used in experimen- 
tation. It is therefore our intention to give a brief discussion of most 
of the instruments employed in real experiments. As we proceed with the 
description of the instruments, we shall describe sample experiments in 
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which they are used. These sample experiments are also chosen for their use- 
fulness in the developaent of the nuclear energy field. 

6-10 The Ionisation Process 

A charged particle, on passing through matter, loses energy mainly 
by the processes of ionization. The rate at which the energy is lost de- 
pends on the charge and mass of the particle as well as on its velocity; the 
total energy lost is, of course, the initial energy of the particle. The 
distance the particle goes before losing all of its energy (the range of the 
particle) is thus determined by the type of particle (charge and mass) eirftl 
the Initial energy of the particle. Range-energy relationships have been 
discussed in previous chapters (Chapter 1, Sections 1-25 eind 1-26). 

6-11 The Scintillation Method 

One of the first methods used to detect charged particles consisted 
in allowing them to fall on a screen having a high efficiency for conversion 
of the energy of ionization into visible radiation. Whenever and wherever 
a flash of light (scintillation) was observed on the screen, it could be in- 
ferred that a charged particle had hit the screen. Such fluorescent screens 
(zinc sulphide was, and still is, mainly employed as the fluorescent mate- 
rial) were used by Lord Rutherford and his co-workers in their classic ex- 
periments on the scattering of alpha particles. Fluorescent screens are now 
extensively employed for the detection of electrons in cathode ray tubes. 
(An obvious extension of this technique is used in the production of the 
visible images observed on television screens.) 

6-12 The Photographic Method 

Photographic plates may also be used to make visible the effects of 
ionization. When a charged particle moves through a photographic emulsion, 
the ionization in its wake sensitizes scans of the grains; upon developing 
the emulsion, a lino appears along the track of the particle. The use of 
photographic plates for the detection of charged particles Introduces the 
possibility of measuring more than the mere presence of the particle. From 
the length of the track (emd the density of the emulsion) we have a measure 
of the range (and, thus, of the energy) of the particle, if we know the iden- 
tity of the particle. The relative spacing of developable grains in the 
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track gives a measure of the nature of the particle, since the closeness of 
sensitized grains depends on the density of ionization, which in turn de- 
pends on the mass and charge of the ionizing particle. Thus, a combined 
measurement of the range and density of ionization can identify the particle 
and yield a measure of its energy. 

Photographic emulsions have been developed which have a threshold of 
sensitivity such that the ionization due to electrons will not leave a devel- 
opable track, while the greater specific ionization due to heavy particles 
(say, protons or alpha particles) will result in a line on the developed 
plate. Thus, heavy particles may be observed in the presence of a large 
background of gamma or beta radiation, which would render ordinary photo- 
graphic plates uniformly black. Recently, emulsions have been produced which 
will respond only to the dense ionization of fission fragnents, while lighter 
particles produce no effects. Such plates, impregnated with uranium and ex- 
posed to thermal neutrons, have been used to study the fission process. 
Their great advantage lies in the fact that the presence of the large alpha 
particle background due to the natural radioactivity of ursuiium and its de- 
cay products does not disturb the observation of the tracks due to fission 
fragments . 

One of the most useful applications of photographic plate detection 
of ionizing radiation is in the health-monitoring business. Ordinary photo- 
graphic film is sensitive to y and j: radiation, and exposure to such radia- 
tion results in a uniform blackening of the film. The amount of blackening 
is determined by the sensitivity of the film and the total amount of radia- 
tion to which it has been exposed. Thus, individuals who are subject to 
exposure to ionizing radiations can carry on their persons strips of film. 
After a suitable period of exposure, the film can be developed and the total 
amount of radiation to which the person has been subjected can be dotennined 
by a simple comparison of the blackness of the developed film with samples 
of identical film exposed to known amounts of radiation, Duo to the wide 
range of sensitivity obtainable in different films, such radiation monitors 
can be made to cover a very wide range of possible exposures. 
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6-13 The Cloud Chamber Method 

In aotuel praotioe, the measuring of traoks formed in the emulsion of 
a photographic plate is very laborious, since it involves searching for and 
measuring each track under a microscope. Mainly for these reasons, the 
jdiotographio plate technique is seldcm used for observing charged particles. 
Instead, an instrument is widely used which allows for the visual observa- 
tion of charged particle traoks in a gas, where the range is much greater 
and the measuring much simpler. Such a device is the Wilson Cloud Chamber. 

In the operation of a cloud chamber, a gas, saturated with water er 
alcohol vapor, is suddenly expanded; the saturated vapor will then condense, 
provided that there are present, in the gas, centers around which the con- 
densation can take place. Such nuclei of condensation are provided by ions 
which are present at the time of the expansion. Thus, if a charged particle 
has traversed the chamber shortly before the expansion, its track will be 
observed as a line of droplets. The track can be photographed, the range 
and density of ionization observed, and the particle thus identified. 

The photographic plate technique has the one advantage that plates 
sensitive only to certain particles can be employed, while cloud chambers 
are sensitive to all charged particles; cloud chambers, on the other hand, 
are considerably more flexible instruments. For instance, it is possible 
to apply a magnetic field in the region of the cloud chamber to measure the 
curvature of the track and, thus, to obtain a measure of the momentum of the 
charged particle which, together with a measurement of the range, completely 
identifies the particle in a much more satisfactory fashion than the simul- 
taneous (difficult) measurement of density of ionization and range. In ad- 
dition, it is possible to arrange that the cloud chamber be expanded only 
sifter a particle in which we are interested has passed through, thus eliminat- 
ing the necessity for studying many pictures in order to observe one inter- 
esting track, 

6-14 The Electroscope 

The first instrument developed to detect charged particles by elec- 
tronic means was the electroscope. Such instruments can be made simple and 
rugged smd are still extensively used in radioactivity measurements. 

We shall briefly describe a simple electroscope, discussed and dem- 
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onstrated in all elementary physios courses. This instrument is a condenser, 
one of the elements of which ends in a pair of gold leaves, as pictured in 
Figure 6-1. 



Figure 6-1. 

The case serves as the second element of the condenser. When the two ele- 
ments are connected across a source of potential difference, they become 
oppositely charged; the gold leaves (A and A') separate, due to the electro- 
static repulsion of like electrical charges. If, now, the source of poten- 
tial difference is removed and the gas in the condenser is ionized, charges 
opposite to those accumulated migrate to the elements of the condenser, the 
net charge on the elements and the potential difference between the elements 
decrease, and the leaves collapse to, say, positions B and B’ . The sep- 
aration of the gold leaves is a measure of the potential difference between 
the elements. The rate of collapse of the gold leaves is a measure of the 
rate at which the gas in the chamber is being ionized and, thus, of the 
intensity of the ionizing radiation. Such an instrument is very useful in 
the detection and intensity measurement of y and radiation. 

Electroscopes have been developed in which the moving element is 
considerably more sensitive to small changes in potential difference than 
the one described above. One such (the Lauritson electroscope) uses as the 
moving element a very light quartz fibre. This instrument can be made small 
and sturdy enough to be carried around in the pocket, like a fountain pen, 
and is very useful as a health monitoring instrument, to measure the total 
amount of radiation to which the carrier has been exposed over periods of the 
order of days. 
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Electroscopes can also be made to operate in conjunction with extremely 
sensitive voltmeters (Lindemann electrcmeter ), and these are eunong the most 
sensitive ionization detectors at our disposal. 

6-16 Ionization Chambers 

In the main, charged particles are most easily detected by the use of 
gas-filled "ionization chambers" and their accompanying (now) standard elec- 
tronic circuits. A simple ionization chamber is shown in Figure 6-2. The 
charged particle ionizes the gas in the chamber. Due to the difference 
in potential between the electrodes of the chamber, a current flows. This 
current produces a potential at point A, proportional to the magnitude of 
the current, which is detected by the vacuum tube euid amplified by the elec- 
tronic detector. 

Such a chamber is most useful in measuring the intensity of beams 
of electrons or gamma rays. If the intensity of the beam is increased, the 
ionization in the chamber increases and the current to the plates increases. 

Single particles may also be detected in an ionization chamber if 

the ionization pulse due to a single particle is great enough to give an 

observable current. This criterion is usually obeyed in the case of heavy 

particles. (Because heavy particles have much shorter range than electrons 

of the same energy, they can be stopped in the gas of the chamber.) It is 

thus possible to observe the pulse due to the stopping of a fission fragnent 

in the gas. If one of the plates is coated with uranium, slow neutrons may 

235 

be observed ly the pulses resulting from capture of slow neutrons by U 

Charged particle 



Figure 6-2 
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leading to the production of fission fragments which penetrate into the gas* 

The number of such pulses observed per unit time is then proportional to -Uio 

intensity of the slow neutron besun impinging on the uranivm* An ionization 

chamber used in this way is called a "fission chamber." Fast neutrons may 

also be detected in a fission chamber because of the fact that they can pro- 

duce fission in U . Thus, a fission chamber in which uranium depleted in 
235 

the U isotope is used, or from which slow neutrons are eliminated by sur- 
rounding the chamber with cadmium or boron, can be used as a detector of 
fast neutrons. 

Another method of detecting slow neutrons is by filling an ionization 
chamber with a boron-containing gas. The absorption of a neutron by the B 
isotope results in the emission of an energetic alpha particle which can then 
be detected by its ionization. If the chamber contains only enough gas so 
that a small fraction of the impinging neutrons is absorbed, the nvonber of 
pulses, or the total current, depends on the cross section of boron for the 
particular neutrons in the beeun. Since the cross section of boron for slow 
neutron capture obeys a l/v law, the efficiency of such a chamber for neutron 
detection is inversely proportional to the velocity of the neutrons. If, on 
the other hand, the amount of boron is such that all of the impinging neutrons 
are absorbed (this implies a large chamber, made smaller by the use of the 
separated isotope), then the efficiency of the detector will be inde- 

pendent of the energy of the slow neutrons and, in fact, equal to one. Most 
boron-filled chambers have efficiencies lying between the two extremes dis- 
cussed above. 

When an ionization chamber is used to detect pulses due to individual 
charged particles, a measure of the energy of the particle may be obtained 
from the total ionization in (or the height of) the pulse. In such uses, 
however, the geometrical shape and size of the chamber are of great impor- 
tance. If, for instance, the linear dimensions of the chamber are comparable 
to the range of the charged particles, many of the particles will produce 
part of their ionization in the walls of the chamber, and the pulse heights 
will no longer be a measure of the energy of the particle. This difficulty 
may be minimized by using large chambers and by increasing the pressure of 
the gas in the chamber. (Still, it will always be necessary to apply a cor- 
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reotion for the fraction of particles ending their paths in the wall of the 
chamber.) Another difficulty encountered in this use of ’’pulse ionization 
chambers” is the fact that the shape and height of the pulses are usually 
strongly dependent on the position in the chamber at which the ionization 
occurs. This difficulty in the measurement of particle energies has been 
overcome by the technique of placing a grid at an appropriate position be- 
tween the plates of the chamber. The presence of the grid (for reasons 
which we shall not go into at this point) tends to equalize pulses of the 
same energy originating in different parts of the chamber. 

6-16 Proportional Counters 

Pulse ionization chambers are most conveniently employed when the 
particle energies are quite large (fission fragments or high energy alpha 
particles). For particles of low energy, the pulses resulting from a single 
particle are usually too small to be observed (or accurately measured) above 
the ’’noise” background due to random fluctuations in the electronic elements. 
In such cases, the particle pulses may be amplified in the ionization cham- 
ber by employing fields strong enough to produce additional ionization in 
the chamber gas, due to electrons originally freed by the charged particle. 
In parallel plate chambers (of the type discussed in the preceding section) 
the required uniformity of the electric field demands exceedingly c areful 
machining of the plates, while the voltages required to produce such strong 
electric fields are excessively high. A simple modification may be used to 
overcome these difficulties. 

In the chamber shown in Figure 6-3, the plates are concentric cyl- 
inders. (a wire is used for the anode.) The electric field in such a cham- 
ber is nonuniform, increasing towards the wire like l/r. (r is the perpen- 
dicular distance from the center of the wire.) Thus, even with the employ- 
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ment of moderate potential differences, the field in the vicinity of the 
wire is sufficient to produce an observable pulse. In the chamber shown, it 
will be noted that the electrons are collected (by the anode) to produce the 
pulses. This technique has the advantage, over the collection of the posi- 
tive ion current, that the electrons are lighter and hence move faster (through 
the same potential drop) and are more rapidly collected than are the positive 
ions. Hence, by cutting down the collection time, the frequency with which 
particles may be counted is increased and the "resolving time" of the system 
is decreased. This improvement is very useful when one wishes to count pulses 
resulting from a high flux of ionizing particles, or when one wishes to re- 
solve events separated by very short times. The resolving time of such 
counters may be made smaller than a microsecond (compared to>10”^ sec for 
positive ion collection). 

The pulse heights in such systems are still proportional to the 
original ionization produced by the charged particles as long as moderate 
multiplication (^lOO) is employed. Such counters are known as "proportional 
counters." They are often filled with a boron-containing gas for the detec- 
tion of slow neutrons, or with hydrogen for the detection of fast neutrons. 

In the latter case, the neutrons are detected by the fact that they 
can give up, in a collision with a proton, a large fraction of their orig- 
inal energy. The recoil proton is then detected by its ionization, and the 
original neutron energy obtained from the energy given to the recoil proton 
by applying the laws of conservation of energy and momentum (provided that 
the angle between the neutron and recoil proton is known). 

Since such a measurement requires an accurate knowledge of the di- 
rection of the original neutron and of the recoil proton, before the neutron 
energy can be ascertained, the proportional counters used are never as simple 
as the one drawn above. In practice, the best measurements of neutron energy 
by the proton recoil method have employed argon-filled chambers in which the 
recoil protons originate frcm a thin paraffin radiator placed at one end of 
the chamber. The neutron beam is first oolumnated, so that the original 
neutron direction is accurately known. The counter is divided into several 
parts by the insertion of a number of diaphragms with holes in them to allow 
the passage of a beam of protons moving along the direction of the wire. The 
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se'roral parts are operated as separate counters and an eleotronlo ooinoldenoe 
oirouit registers only suoh pulses as ooour simultaneously in a sequence of 
counters (starting from the paraffin radiator). In this way the angle of 
recoil is specified, and the range is measured by counting the number of 
segments through which the protons penetrate. This method, although it re- 
sults in an accurate measure of the energies of the impinging neutrons, suf- 
fers from the fact that only a very small fraction of all of the recoil pro- 
tons are measured; hence, it can only bo employed when very high neutron 
fluxes are available. 

Other techniques have been worked out for measuring fast neutron en- 
ergies by observing proton recoils in a proportional counter, but it can be 
stated as a rather general rule that any system which is devised to use a 
larger fraction of the proton recoils (than the one described above) does 
so at the expense of introducing less resolution in the neutron energies 
measured. 

Proportional counters are also employed in the accurate measurement 

of the energies of alpha particles emitted in natural and artificial radio- 
activity, 

6-17 Geiger-Mueller Counters 

Let us consider an experiment in which the pulse heights, due to 
particles (say, electrons) of a given energy impinging on the counter at a 
given point from a given direction, are measured as a function of the poten- 
tial difference between the electrodes . Curves of the nature of those shown 
in Figure 6-4 may be observed (differing in detail frcan counter to ooxmter). 



Figure 6-4 
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In region I, the ioniiation chamber region, all of the electrons are 
oolleoted, Hiere la no electron multiplication, and the pulse height la in- 
dependent of -the voltage* In region II the aerification la small (up to ~100) 
and essentially Independent of the original particle energy, and the final 
pulse height Is proportional to the original particle energy (for constant 
voltage)* In this range of voltages the counter behaves as a proportional 
counter* In region III the magnification in pulse height is large, and no 
longer linear with increasing voltage* Almost all particles going through the 
sensitive region of the counter produce large pulses* A counter operating In 
this voltage range is called a Geiger-Mueller or Geiger counter. 

Although the mechanism of operation of Geiger counters is not cosi- 
pletely understood, it is known that the ionisation produced by a single 
charged particle causes a discharge between the electrodes, vdiioh can be 
quenched by a suitable circuit or by the use of a suitable (self quenching) 
gas; mixtures of argon and alcohol have been extensively used to fill Geiger 
counters, although other gases are frequently employed* In the region to 

the right of III, the voltage is so high that a discharge, once set up, per- 
petuates itself and a single ionising particle will result in a large nunn 
ber of pulses* 

In practice, the best operating voltage of a Geiger counter is found 
by exposing it to a source of electrons (the energy distribution is prac- 
tically immaterial) and plotting a curve of pulse rate versus voltage, as 
shown in Figure 6-5* Region II is the proportional counter range* In region 
III, the Geiger counter range, the pulse rate is almost independent of voltage 
(increasing by a few per cent per 100 volt increase for a good counter)* The 
operating voltage is usually chosen somewhere around the middle of the "plateau" 
in region III. 

Geiger counters are most extensively used in the detection of elec- 
trons in problems where the« number of particles striking the counter (rather 
than their energies) is of greatest interest* It should be noted that the 
use of a Geiger counter does not preclude a measurement of the energy of the 
impinging particle* Energies may be found by obtaining an absorption curve, 
wherein the number of particles reaching the counter is determined as a func- 
tion of the thickness of absorber placed between the source of particles and 
the counter* 

The efficiency of a Geiger counter for detecting electrons is approx- 
imately 100 per cent, provided that the electron has enough energy to pene- 
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Figure 6<-6 


trete the wall of the counter# For deteoting low energy electrons, counters 
with thin windows may be employed, or the source of electrons may be placed 
inside the counter# 

Gamma rays and x-rays (photons) may also be detected by the use of 
Geiger counters, although the efficiency for their detection is usually quite 
small ('^l per cent)# The detection of photons is based on their ability to 
produce recoil electrons in the walls of the counter (by the processes of 
Compton recoil or photoelectric effect); the electrons are then detected# 
Since the probability for a photon to produce a recoil electron is strongly 
dependent on the energy of the photon, the efficiency of a Geiger counter 
for photon detection is thus also strongly dependent on the photon energy# 
The efficiency for photon detection is also a function of the material out 
of which the counter wall is made# By a suitable choice of material for the 
walls, counters may be obtained whose efficiency for photon detection is 
quite high ('^lO per cent) and for which the curve of efficiency of detection 
versus photon energy is predictable# 

III# Neutron Detection and Neutron Flux Measurement 
by the Radioaotivation of Foils 

6-18 The Radioaotivation of Foils in a Pure Thermal Neutron Density 

Consider a thin foil of a pure isotope placed in a region in which 
there exists a density, n, of thermal neutrons, neutrons of no other energy 
being present# By ”thin” is meant that only a small fraction of the neutrons 
traversing the foil are absorbed# In such a foil the rate of production of 
active nuclei is given by 

nva N V 
a a 
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where a is the cross section for neutron absorption leading to activation 

A 

per nucleus, N is the number of nuclei (atoms) per unit volume, and V is 
the total volume of the foil. If the active nuclei thus produced disinte- 
grate with a meem life r , the equation which expresses the rate of chsoige 

a 

of active nuclei while the foil remains in the thermal neutron flux, nv, is 

(6-14) nvtr N - N ^ 3N 

a 

In this equation N is the number of active nuclei per unit volume. The gen- 
eral solution of this equation is 

(6-16) N = nvo-N t (1 - e + N e "‘‘^e/'^a 

a a a o 

We have now written t for the time that the foil remains in the thermal 

e 

neutron flux (exposure time) and for the initial density of active nuclei 
in the foil. If t >> t , wo obtain the "saturated” density of active nuclei, 
which is given by 


(6-15’ ) N « nvcr N r 
a a a 


This expression also follows from Equation (6-14) by considering that after 

a long exposure time an equilibrium condition obtains, wherein active nuclei 

are formed as fast as they decay, and ^ * 0* 

On the other hand, if t <<t , we obtain 

e a* 


(6-15”) N = nva N t + N (1 - t /r ) 
a a e o e a 

In steindard practice, in order to simplify the analysis, it is usual to use 
foils for which is sufficiently small that the second term on the right- 
hand side of Equation (6-15) will always be negligible compared to the first 
term for the exposure times contemplated# (Another possible working condi- 
tion is given by 
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(6-16) nva N t » N 

A 8l 8L 0 

In this case the number of active nuclei minus N^ is exactly the same as it 
is in the case in which N^ is completely negligible.) 

In order to measure the number of active nuclei produced by our ex- 
posure to thermal neutrons, we need to measure the rate of disintegration 
or the total number of disintegrations in the foil in a given time. It is 
possible to obtain a measure of the activation of the foil by placing it in 
a standard geometry near a standard Geiger-Mueller counter. If it takes a^ 
time t after exposure to move the foil into the standard geometry and to 
start the count, the number of active nuclei at the time that the count is 
started is given by 

(6-17) N = nva N T (l - e ‘^eAa) ^ "twAa 

AAA 

If we count for a time t^, the total number of disintegrations is therefore 
given by 


(6-18) 


/ 


t + t j . 
w c „ dt 
N — 


- nva Nr ( 1 - e 

A A A ' 




(1 - e '^oAa) 


w 


This number is not, however, the number of counts recorded by the Geiger- 
Mueller counter. The number of counts recorded is less by a factor ^ , which 
represents the efficiency of the counter for counting a disintegration in 
the foil placed in a given geometry. Let us now define A by the following 
equation; 


(6-19) 


A = 


(1 - e 


-t /t 
e a. 


C 

-t h 
w a 


(1 - e 


-■t.A. 


= 6 nva N T V 
0 a a a 


in which C is the number of counts recorded. A is then a measured activa- 
tion which takes into account the whole experimental setup. It is a func- 
tion only of; 
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(1) The counter and foil geometry 

(2) The particular foil employed (aN t V) 

(3) The flux of neutrons in which it was exposed (nv) 

By using the same foil, counter, and geometry, we can intercompare 
neutron fluxes. By measuring A with the same foil, in the same flux, using the 
same counter, but in different geometries, we can standardize our geometry 
factors. By measuring a sequence of foils exposed in the same flux and 
counted on the same counter in the same geometry, we can standardize the 
foils, finding the so-called foil factors. In order to gxiard against errors 
due to changes in the counter, it is useful to maintain a standard thermal 
neutron flux. Employing this flux with a given foil and geometry, it is 
possible to watch for any changes in the counter efficiency and to correct 
for them if they occur. Only one measurement of an absolute neutron flux 
is then needed to reduce all our measurements to absolute terms. 

It is not necessary to restrict our treatment to the thin foils which 
we have considered so far. If the foils employed are thick, the theory 
which we have developed is not rigorous. A correction which accounts for 
the shielding of one atom, which might be activated, by other atoms in the 
foil must be introduced. However, for relative measurements it is not nec- 
essary to introduce this correction explicitly into the theory since it may 
be lumped into the foil factors. On the other hand, it is not desirable to 
use extremely thick foils which absorb a lafge number of neutrons. If this 
is done, the neutron flux being measured is perturbed by the presence of the 
foil. When this perturbation is sufficiently large to change the experi- 
mental conditions in other parts of the experiment, we may fail to measure 
what we are attempting to determine. It is not a question of using infini- 
tesimal foils, because the perturbation involved usually does not affect the 
measurement through the decrease in neutron density at the position of the 
foil itself, but usually enters only when the perturbation is sufficiently 
large to extend to other parts of the experimental setup. 

It is also not necessary to restrict ourselves to foils which con- 
tain only a single isotope. If more than one isotope is present, it is nec- 
essary to modify the equation which gives the activation by considering the 
activations produced by the various Isotopes. We then have a sequence of 
activation cross sections and a sequence of nuclear densities for the vari- 
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ous isotopes leading to a sequence of equations like (6-14), one for eaoh 
Isotope. If the periods of the active nuolel produced on exposure to neu- 
trons are the same, this modification is of no consequence. On the other 
hand, if the periods differ, it is necessary to concentrate on one of them. 
Various methods may be employed to sort out a single period. Often the beta 
rays emitted in radioactive disintegrations are of different range, and a 
single period may be sorted out by sm absorption method. Again, it is pos- 
sible that the periods are sufficiently different that the radioactive decay 
pattern may be analyzed as a function of time to determine the various perlodf 
which enter. This type of analysis is performed in a standard fashion by 
taking a series of measurements of the decay rate as a function of time; 
different expostore times may be used to accentuate the different periods. 

The recorded count C which enters Equation (6-19) may have to be cor- 
rected for a background count. Such a background count always exists, even 
in the best shielded counters; but in experiments involving the neutron fluxes 
produced in piles (even those run at low power) the problem is usually shifted 
to that of finding a time of exposvure t^ and a counting time t^ such that 
the count due to the foil is much larger than the background count normally 
present. For accurate work, or for any work at low neutron fluxes, it is 
necessary to measure the background and to subtract this from the count as 
actually recorded by the Geiger-Mueller counter. 

If neutrons of velocities other than thermal velocity are present, 
we cem expect that a real foil will not simply ignore them. It would be de- 
sirable to eliminate their influence by finding a filter which screens out 
all high energy neutrons. Unfortunately, no such practical filter exists. 
Fast neutrons penetrate any reasonable thickness of any known material. In 
the next section, we shall describe a simple technique for eliminating the 
effects of fast neutron activation when we want to measure the effect due 
only to thermal neutrons . 

6-19 The Cadmivim Difference Method 

We are able to get around the problem of finding a fast neutron fil- 
ter if we are able to find a slow neutron filter. Such a filter is cadmiun. 
By measuring with a foil, say indium, first covered with cadmiun and second, 
uncovered, we are able to meas\a*e first am activation which depends on the 
fast neutrons present, and second, an activation which depends on all the 
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neutrons present. We denote these activations, respectively, by A^ and A^, 

+ A.. The difference. A^. , of these two measurements is a measure of the 
th. th’ 

thermal neutron flux in the region which is shielded from activation when 
the cadmium surrounds the foil. The absorption of oadmivm is such that fast 
neutrons penetrate through a cadmium sheet, but thennal neutrons are ab- 
sorbed almost completely. Consequently, A^j^ can be associated with the thermal 
neutron activation discussed in the last section. 

The crude cadmium difference scheme just outlined can be refined by 
making a series of measurements with differing thicknesses of cadmium around 
the foil. From such a series of measurements it is possible to make a good 
estimate of the decrease in the resonance activation (high energy activation) 
of the foil as a result of the presence of cadmium and also of the leakage 
of thermal neutrons through the cadmium filter. In this way, an extremely 
accurate estimate of both A^, and A^j^ can be made. In practice, this pro- 
cedure is used to approximate the ideal thermal detector which was employed 
in the ideal experiments of earlier sections. 

6-20 Resonance Activation as a Measure of the Slowing Down Density 

In order to obtain an accurate measure of the slowing down density, 
q, at a given energy, it would be desirable to have a foil consisting of 
nuclei which have a sharp absorption resonance in the energy region in ques- 
tion and no absorption elsewhere throughout the energy spectrum. In prac- 
tice, it is possible to find detectors which have essentially only one sharp 
resoneuioe. However, even these detectors have the property of mixing in a 
measurement of the thermal neutron density with their measurement of the 
neutron flux in the resonance region. By covering such detectors with oad- 
miim, however, it is possible to eliminate the thermal neutron effect almotft 
completely and, as was pointed out in the last section, by employing differ- 
ent thicknesses of cadmium it should be possible to get an accurate measure- 
ment of the resonance activation of the foil. 

Employing, then, the methods of the last two sections, such oadmivn- 

covered foils should yield a resonance activation, A , which is given by 

r • 

(6-20) k = 6 C nvor N ^ T V 
* r aj a a E a 
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In this equation, the integral is to be taken o-ver the resonance region of 
the detector material* Also, nv is the neutron flux per unit logarithmio 
energy interval in the resonance region* This nv oan be related to the 
slowing down density q by: 

(6-21) q=nvo-N£ 

B S 


If we use this formula to introduce q into Equation (6-20 ), we obtain for A 


a (th)N 

(6-20.) q 


s s* 


where I 


=/ 


"a'®' dl 
a^(th) E 


and is the resonance activation cross section, which is a function of 

the neutron energy, E* 

Equation (6-20a) shows that depends not only on the variables (l) 

and (2), as was the case for the thermal neutron activation, and on q, but 

also upon the characteristics of the moderator — in particular, upon the so- 

called slowing down power, cr N We find, therefore, that it is only pos- 

s s 

sible to irjteroompare slowing down densities in this simple fashion when the 
moderator is always the same or vdien the slowing down powers of the moderators 
employed are well known. Fortunately, the scattering cross sections of mod- 
erators can be measured with comparative ease. The nuclear density can be 
measured with no trouble at all. And there is now reason to believe that 
the average logarithmic decrement in energy per collision, oan be pre- 
dicted from the theory with substeintial accuracy. 

IV. Application of Measuring Techniques 

6-21 Measurement of Pile Power Levels 

The ionization chambers and counters described in Sections 6-16, 6-16, 
and 6-17 are employed for making the measurements required in building and 
operating a chain- reacting unit. The total power developed in a pile of uni- 
form composition is proportional to the neutron density integrated over the 
volume of the pile; to a good approximation, the space distribution of neutrons 
in a pile is determined only by the geometry of the pile. Therefore, it is 
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suffiolont, in order to find the power developed, to measure the neutron 
density at one point in the pile. To do this, we may place a boron-filled 
ionisation chamber of knovm efficiency at some point in the pile. The ion- 
isation produced in this chamber ceui be continuously observed, so that we 
can obtain a continuous record of the power at which the pile is operated. 

If the pile is operated over a very wide range of power levels, we 
cannot reasonably expect that a single ionization chamber will cover the 
entire range. If the sensitivity is such that easily measurable currents 
are obtained at the hipest neutron fluxes, then the current from the ioniza- 
tion chamber at low power levels will be too small to be detected. If, on 
the other hand, the chamber is designed to give measurable currents at very 
low power levels, then at high power levels the response of the chamber will 
no longer increase with neutron flux, but will "saturate." Hence, in prac- 
tice, a number of ionization chambers of different sensitivities are dis- 
tributed at various places in the pile, so that at any power level there 
will be at least one ionization chamber of known efficiency capable of yield- 
ing a value of the neutron flux in the pile. 

In an early section it was pointed out that the criticality of a chain- 
reacting unit may be increased or decreased by subtracting from the pile or 
adding to the pile neutron absorbing material. In practice, the control of 
a chain-reacting unit is usually achieved through the motion into or out of 
the pile of a rod of material of hi^ neutron absorption cross section, such 
as cadmium or boron. We leave the development of the theory of "control 
rods" to a later section, and merely point out that if a pile is just crit- 
ical when a control rod is inserted a given distance into the pile, then the 
neutron density may be made to increase by withdrawing, slightly, the con- 
trol rod from the pile, so that the fraction of neutrons absorbed by the rod 
is decreased. Likewise, to decrease the neutron density, the control rod is 
pushed further into the pile. Thus, idiile the control rod is being moved in 
and out of the pile and the power level varied to obtain a desired value, the 
ionization chambers in the pile will provide a means for obtaining a continu- 
ous record of the power, and will therefore give the operator the information 
which he requires for the manipulation of the control rod. 
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6-22 Measurement of tj 

In developing the theory of a ohain-reaoting unit, we have assumed 
that 7?, the number of neutrons released per fission, is known. The value of 
V may be obtained by the following experiment. An ionization chamber, in 
which one of the plates is coated with a thin layer of uranium (say, 
is placed in a flux of thermal neutrons. If the thickness of the uranium 
layer is very much less than the range of a fission fragment, a pulse will 
result for each fission that occurs, since one of the fragments will always 
emerge from the plate into the gas. Thus, the rate at which fissions are 
occurring in the chamber may be measured. 

The number of neutrons emitted per unit time can also be measured. 
In order to make this measurement, we place the fission chamber inside a 
large block of moderating material— paraffin (or water) and graphite are 
most commonly used. The neutrons are slowed down by the moderator, and since 
the moderating materials have negligible neutron capture cross sections above 
thermal energies, all of the neutrons eventually reach thermal energy, where 
they are captured by the moderating material, (The leakage is negligible 
if the block is large enough,) The number of neutrons becoming thermal at 
any point in the block can bo measured by observing the activity induced in 
an ideal resonance detector. In practice, indium, surrounded by cadmium, is 
used as the resonance detector, since such a detector is almost entirely ac- 
tivated by neutrons at the energy of the indium resonance (1,4 ev). If the 
efficiency of the detector is known (i,e,, the number of neutrons passing 
through the indium resonance energy per om^ and second corresponding to a 
given activation of the detector), we obtain the rate of neutron emission 
from the uranium by integrating the indium activity over the volume of the 

block. That is: if Q is the rate of neutron emission from the U and A . 

r 

the activity of the indium detector as a function of the distance, r, from 
the fission chamber, then 


( 6 - 22 ) 


"/ 


.00 

BAtt I A r’^dr 
r 

6 
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where B is a nxmber which converts the indiun resonance activation, A , into 

3 ~ 

q, the nvmber of neutrons per cm and sec passing throu^ the indium resonance 

energy. 

Before describing the method for measuring B, it should be pointed 
out that the above experiment implies that we have a pure thennal neutron 
source, so that indium resonance activation can only result from fast neu- 
trons produced in fission of the uranivm. Almost-pure thermal neutron sources 
are obtainable from the "thermal columns", which can be attached to piles, 
A thermal column is a long block of moderating material (say, graphite), one 
end of which is next to an operating pile. The neutrons leaving the pile and 
entering the thermal column have an appreciable fast neutron component} but 
if the column is long enough, practically all of the neutrons will have been 
moderated to thermal energy by the time they emerge from the other end. It 
is possible to correct for the small fraction of fast neutrons present in 
the beam by repeating the experiment described above, except that the fis- 
sion chamber is surrounded by cadmium. If the indium resonance activity, 

in this case, is A ’ , then A - A ’ is a correct measure of the number of 

r r r 

neutrons resulting, at the distance r from the chamber, from the fission of 

235 

U by thermal neutrons, and 


(6-22a) 


Q * B,4v 

0 


’f[\ - ‘r] 


r^dr 


For the measurement of B, it is only necessary to have a source whose 
rate of fast neutron emission is constant, and known (and, say, equal to Qj^), 
The fission chamber is replaced by this source, the thermal neutron flux 
turned off, and A^^ measured in the same block, using the same detectors. 
Then 


( 6 - 22 * ) 


- B.4 




A, r dr 
Ir 
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and 


(6-23) 


oTlfr - *r'] 


The integrations are usually performed graphically# The number of neutrons 
emitted per fission is now directly obtainable: 


(6-24) /) « qA 


P is the number of fission pulses per unit time occurring in the chamber 
without the oadmiim covering, minus the corresponding fission rate with cad- 
miun around the chamber (see the first paragraph of this section)# 

6-23 Calibration of Neutron Sources 

There remains, still, the problem of measuring the rate of neutron 
emission from a single, constant soinrce# (For if one is determined, all 
s can be found#) An absolute source calibration has been obtained as fol- 
lows: the source is put at the center of a mass of slowing down material 
(say, a teuik of water) so large that all of the neutrons are slowed down and 
absorbed in the moderating material, and the number leaking out the ends is 
negligible# The size of the water tank required for such an experiment can 
be reduced to manageable proportions by adding boron to the water to hasten 
the absorption of the neutrons# If, then, the macroscopic absorption cross 
section, N a, of the material is known (N is the number of absorbing atoms 
per om f and -Uie absorption cross section per atom) and the neutron density, 
n(r), measiured, the total number of neutrons absorbed is 


(6-25) 


/ ® 2 
Ncr^n(r)vr dr 


Qn 
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where v is the velooity of the neutrons* It should bo pointed out that if 
the absorbing material obeys a l/v law (like lydrogen and boron), the velocity 
of the neutrons need not bo known, since er^ * a/v and v<^ “ a • a constant 
independent of v. This is true, provided that the detector used to measure 
n also obeys a l/v law. Such a detector is, for instance, a small boron- 
filled proportional counter. If svKsh a counter, in which the amount of boron 
is accurately known, is used for a detector, the number of pulses per second^ 
P, is a direct measure of the neutron density n, since 

ttvi 

(6-26) P * nv — ^N„ 

V D 

(Ng ■ number of boron atoms in the chamber and v(^ (boron) ■ Prom the 

definition of a, a and by combining (6-26) and (6-26), we find 

D 


(6-25a) 



nOD ^ p 

Arrl P(r)r dr 


Although suoh an experiment for the measurement of is in principle quite 
straightforward, it requires, in practice, great care and ingenuity to obtain 
an accuracy of better than 10%m 

In the above description the only physical constants which we have 
assumed are the absorption cross sections of boron and hydrogen (together 
with the fact that these cross sections obey the l/v law). For the sake of 
logical completeness, a description of methods of measuring neutron cross- 
sections follows. 

V. Measurement of Neutron Cross Sections 

6-24 Survey of Cress Section Results* 

The most straightforward method for measuring nuclear cross sections 
for neutrons is by a transmission experiment.” In such an experiment a beam 

♦The author is indebted to H* H* Goldsmith for the critical compila- 
tion and analysis of neutron cross sections upon which many of the general- 
izations contained in this and the following sections are based. 
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of neutrons is allowed to fall on a slab of thiokness t and density N (N = the 
number of atoms/cm in the slab) of the material under investigation and the 
attenuation of the beam observed, by comparing the reading of a detector 
with and without the material in the path of the beam* If I equals the in- 
tensity transmitted through the material, and equals the intensity without 
the material in the beam, then 

T _ T -Nat 
I = I e 
o 

where a = the total atomic cross section for neutron absorption and scat- 

‘ 

tering* 

A number of points should be noted: (l) The above formula holds only 
in the case of ’’good geometry”, i*e., when the distances from source to slab 
and slab to detector are large compared to the dimensions of the slao and 
detector. (2) The cross section measured is the total cross section for all 
nuclear processes. In the case of boron and other materials of high absorp- 
tion cross section, the total cross section is primarily due to absorption 
(a- = In the case of some other materials, like Bi, the total cross sec- 

tion is almost entirely due to scattering (a = a ). In the case of most 
materials, the total cross section is the sum of absorption and scattering 

cross sections (a =a + a ), (3) The cross sections for different proo- 

c sc 

esses exhibit different energy dependences. Scattering cross sections are 
almost always constant is the low energy region (unless ’’crystal effects” 
are present). The most important exception to this rule is hydrogen, in 
which the scattering cross section decreases from '>-80 barns for very slow 
neutrons to 20.8 barns for neutrons of 1 ev energy. Most absorption cross 
sections obey a l/v law. However, many nuclei exhibit absorption resonances 
in the low energy region. For instance, the neutron absorption cross sec- 
tion of indium has a value of '^200 barns at l/40 ev, obeys roughly a l/v law 
in the thermal neutron region, and then rises to a value of ^^30,000 barns 
at the peak of the resonance, at ~1.4 ev. Cadmium, with an absorption res- 
onance at .08 ev, has an absorption cross section for thermal neutrons which 
does not even faintly resemble a l/v law. 

Thus, it is important to know the energy of the neutrons used in a 
transmission measurement of the total cross section. If a heterogeneous 
energy distribution is employed in the neutron beam, the cross section mea- 
sured is an average over the energy distribution of the beam, and is quite 
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difficult to interpret in terms of the various cross sections involved and 
their energy dependence, unless these factors are knovm beforehand. It is 
therefore highly desirable, in cross section measurements, to use beams of 
single, known energies, and to be able to vary the neutron energies used* 
Devices for providing a homogeneous neutron beam of known and variable energy 
are called neutron "velocity selectors*" They will be described in the next 
section. 


As a result of many investigations of total cross sections as a 
function of neutron energy for many materials, the following generalizations 
can be made: 

(1) Most nuclei have a total neutron cross section in the thermal 
neutron energy region, made up of a constant scattering cross section and an 
absorption cross section varying as l/v. 

(2) Many neutron resonances are observed. The width at half maximum 
of most neutron resonances is about 0,1 ev. As far as neutron resonances 
are concerned, nuclei can be divided rou^ly into three classes: (a) Atomic 
weight 0-100: there are very few resonances in the region 0-100 ev, (b) 
Atomic weight 100-200: many resonances are encountered. The average dis- 
tance between neutron resonances for a given nucleus is ~30 ev, but the res- 
onances are distributed in a random fashion, (c) Atomic weight >200: most 
nuclei exhibit neutron resonances, with an average spacing of ~30 ev. How- 
ever, there are some striking exceptions in which no resonances have been 
observed up to 100 ev; such nuclei, like Bi and Pb, exhibit abnormally low 
neutron absorption cross sections. 

6-25 Velocity Selectors 

Three types of velocity selectors are most commonly used in cross 
section measurements. They are: (l) the mechemical velocity selector, (2) 
the "time of flight" velocity selector, suid (3) the crystal spectrometer. In 
the following sections these instruments will be described and compared. In 
comparing velocity selectors, we shall pay particular attention to several 
characteristics* The first is the "range", which is simply the neutron ener^ 
region covered by the velocity selector. The second is the "resolution” of 
the velocity selector * The resolution is a measure of the spread in energies 
in the monoenergetic neutron beam emerging from the velocity selector. The 
resolution, we shall see, depends on the neutron energy, and the spread in 
neutron energies increases (in any velocity selector) with the energy of the 
neutron beam. Another characteristic of the whole system of source, velocity 
selector , and detector is the total neutron intensity, in a given energy 
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range, as seen by the detector • This property depends on source, selector, 
and detector, but is essentially correlated with the neutron source in con- 
junction with which the velocity selector can operate. Thus, a velocity 
selector which can be used with a pile is capable of yielding a much greater 
neutron intensity at a given energy than a velocity selector used in con- 
junction with a cyclotron. 

(1) The Mechanical Velocity Selector 

The earliest meoheinical neutron velocity selectors employed the same 
principle as was used by Fizeau in his classic measurement of the velocity^ 
of ligjit. However, this design is not the most efficient to use on neutrons. 



Fi glare 6-6 

Figure 6-6 illustrates a more convenient mechanical selector built and operated 
by Fermi and his co-workers at the Argonne Laboratories. 

The rotating cylinder next to the thermal column consists of alternate 
thin laminations of aluminum and cadmium, so that slow neutrons can get 
through the cylinder only when the direction of the layers is parallel to 
the beam (or perpendicular to the top surface of the thermal column). A 
mirror, attached to it, rotates with the cylinder so that a beam of light is 
reflected into* a photocell once during each revolution of the cylinder. The 
time in the cycle at which this reflection takes place is adjustable. The 
photocell is coupled to the boron-filled proportional counter in such a way 
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that the oounting rate is recorded only when light falls on the photocell. 
Thus, by varying the position of the mirror, the time, r , elapsing between 
the transmission of neutrons through the cylinder and their detection may be 
varied# Hence, of the multitude of neutron velocities in the beam, only 
those are detected whose velocity is equal to d/r. By placing a slab of 
scattering and absorbing material in the beam (halfway between cylinder and 
counter), the total cross section of neutrons of a given velocity (v * d/^) 
can be measured* This velocity selector works well for neutrons of low 
energy, up to about .2 ev, but for neutrons of higher energies the energy 
spread increases, since the maximum speed at which the cylinder can be rotated 
is limited* 

(2) The Time- of -Flight Velocity Selector 

The time-of-f light velocity selector is based on the possibility of 
modulating a source or besim of ions in such a way that the ions fall on a 
target in short bursts, lasting only a few microseconds* Thus, neutrons 
may be produced in short bursts* However, this velocity selector can be used 
only in conjunction with instruments in which the neutron beam is produced by 
a beam of ions falling on a target* Thus, a cyclotron or linear accelerator 
is used as the neutron- producing instrument* 

The detector is then placed at a distance d from the source and also 
modulated so that it is sensitive only during a short interval separated from 
the period of neutron production by the variable time r* 

The neutrons produced by positive ion beams are usually of rather high 
energies, so that if we wish to have a source of slow neutrons it is neces- 
sary to slow the burst of neutrons down by passing them through a slab of 
paraffin* Fortunetely, the time for slowing down in parsffin is short (com- 
pared to the times of flight, r , of interest)* Nonetheless, the spread in 
the slowing down times for different neutrons sets a limitation on the short- 
est time interval that can be used* The source intensity and detector sen- 
sitivity are shown in Figure 6-7* 

The velocity of neutrons detected is, then, given by v « d/r* Since 
T is variable, the neutron velocity to which the selector is sensitive is 
also variable# Again, by placing a slab of material halfway between source 
and detector, the total cross section of the material can be measured as a 
function of neutron velocity* Such instruments have been constructed which 
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source detector source detector 



Figure 6-7 

have a range up to about 10,000 ev, although the resolution deoroaees with in- 
creasing neutron energy, and is about equal to the neutron energy at an en- 
ergy somewhere between 100 and 1000 ev, the limiting energy differing from 
instrument to instrument# 

(3) The Crystal Spectrometer Velocity Selector 

This selector is based upon the wave properties of slow neutrons# 
According to the laws of quantum mechanics, a particle of velocity v can be 
said to behave as a wave of wave length where 



rav 

-24 

m s the mass of the neutron « 1*66 X 10 gms 

-27 

h » Planck’s constant « 6.62 X 10 erg-sec. 


From the above relationship, we can see that neutrons of thermal energies 
5 y 

(v « 2 X 10 cm/sec) have an associated wave length 


6.6 XlO 


■27 


-?4 'i 

1.66 X 10 X 2 X 10 


2 X lO’^cm 


This wave length is of the same order as the wave lengths of x-rays, and 
also of the distance between planes in a crystal, so that we should expect 
interference effects when neutrons are reflected from crystals, in much the 
same way as x-ray interference patterns are obtained on reflection from 
crystals. Thus, if a beam of slow neutrons, of wave length k, is reflected 
frcm the surface of a crystal, we should expect reflection maxima at angles 
given by the Bragg relationship. 

nX » 2d sin 6 

n « an integer (1, 2, 3, ) 
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d m the distance between crystal planes 
d m the angle of incidence and reflection 
From these considerations it follows that if a beam of neutrons of lieteroge- 
neous energies is allowed to fall on the face of a crystal, most of the re- 
flected neutrons will have a velocity 

B nh 
^ 2md sin ^ 

Thus a crystal can be used in conjunction with the neutrons coming from a 
pile to provide monokinetic beams of neutrons, the velocity of which can be 
varied by varying the angle of incidence of the neutron beam. An experimental 
setup for such a velocity selector is shown in Figure 6-8* 



Again, by placing the material under investigation between the crys- 
tal and the detector, the total cross section of the material can be measured 
as a function of neutron velocity. The crystal spectrometer is limited to 
neutrons of energies between '^..01 - 100 ev because at high velocities the 
angles of incidence become very small and at large angles (low velocities) 
higher order reflections for the neutrons most abundant in the thermal dis- 
tribution (energy ^.025 ev) make the reflected beam polykinetic# 

Table 6-2 compares the three velocity selectors described above with 
regard to the three criteria discussed at the beginning of the section on 
velocity selectors* 
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TABLE 6-2 


Selector 

wm 

Resolution 

Neutron 

Source 



*025 ev 1 ev 10 ev 100 ev 


Mechanical 

0-.2 ev 

~ .005 av 

pile, Ra-Be 
and paraffin 

Time of 




flight 

0-10,000 ev 

~#001 ev -^#1 ev ~1 ev ~20 ev 

cyclotron, 

linear 

accelerator 

Crystal 

•01—100 ev 

'^#001 ev ^*6 ev "^10 ev 

pile 


The mechanical velocity selector is seen to be useful only at low 
neutron energies# The time of flight and crystal spectrometer velocity se- 
lectors are about equally good up to ~#05 ev, after which the crystal spec- 
trometer resolution becomes rapidly worse, while the time of flight selector 
maintains a fairly good resolution up to about 10-50 ev. 

6-26 Special Techniques 

A nimber of specialized techniques have been developed for detecting 
neutrons of certain definite energies, and these are worth mentioning at this 
point# One of these is the use of resonance detectors to select neutrons of 
a definite energy* Thus, if a heterogeneous neutron beam impinges on a slab 
of material, and the detector is, let us say, a foil of indium surrounded 
by Cd, then the cross section measured is primarily that for neutrons of the 
indium resonance energy, or~l#4 ev • Thus, by the use of this detector, 
cross sections of various materials for 1#4 ev can be measured* Other res- 
onance detectors can be used to measure cross sections for different neutron 
energies* This technique has been developed by many experimenters, mainly 
by Goldhaber and his collaborators# The weakness of this technique is that 
it is difficult to correct for the effects of other resonances occurring at 
energies higher than the main resonance energy of the detector# 

Neutrons of very low energy can bo obtained, and used to measure 
cross sections, in the following fashion: A beam of thermal neutrons im- 
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pinges on the bottom of a long, thin column of a polyorystalline material, 
suoh as graphite* The material contains many small crystals, randomly ori- 
ented* The beam of neutrons, on traversing the material, encounters crys- 
tals at all angles, so that, eventually, all neutrons will suffer Bragg re- 
flections and will be knocked out of the beam* However, for those neutrons 
of long wave length 

X » 2d 

the only angle at which the Bragg condition cein be satisfied is 6 m 0^ . These 
neutrons will thus not bo reflected by the small crystals in the material 
and will traverse the material without very great attenuation* Hence, the 
neutrons emerging from the top of a long column of polycrystalline material 
will mostly have wave lengths X > 2d, or very low energies* If graphite is 
the material used, 2d corresponds to neutron energies of *0015 ev, so that 
the ’’cold neutrons” emerging from the top of the column will mostly have en- 
ergies less that .0015 ev. This beam can be used to measure the total cross 
section of various materials for neutrons of very low energy. 

6-27 Sorting Out the Cross Sections 

The methods described in the previous sections all involve measure- 
ments, by the ’’transmission method”, of the total cross section* As de- 
scribed in Section 6-24, the total cross section consists of different parts 
(i*e*, scattering and absorption) which are characterised by different de- 
pendences on the energy of the impinging neutron beeim. It is possible to 
take advantage of the different energy dependence of scattering and absorp- 
tion cross sections to sort out these effects in a measurement of the total 
cross section* For instance, if on analyzing a curve of total cross section 
vs* neutron velocity it is found that the curve can be represented by a con- 
stant plus a l/v term, then the constant part can be associated with the 
scattering cross section and the l/v part with the absorption* Likewise, if 
the curve can be described by a oonsteint plus a Breit-Wigner resonance term, 
the resonemce term is associated with absorption and the constant with scat- 
tering* (It should be noted that whenever the absorption has a resonance 
peak, the scattering also has a resonance peak; however, the magnitude of 
the resonance scattering cross section can usually be shown to be small com- 
pared to the resonance absorption cross section, so that the total cross 
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section in a resonance is usually essentially equal to the absorption cross 
section# ) 

Because of the crystal effects described in Sections 6-25 and 6-26, 
it is obvious that, depending on the crystalline nature of the scattering 
material employed' in a transmission experiment, an energy dependence may be 
introduced into the scattering cross section (Bragg reflections) which is 
not at all a nuclear effect, but rather an effect of the particular lattice 
configuration of the scattering material# Hence, particular care must be 
exercised in the performance and interpretation of experiments designed to, 
measure total (or scattering) cross sections for slow neutrons# 

In the case of measurements of scattering cross sections, it is not 
necessary to depend completely on transmission measurements of total cross 
section and the interpretation thereof# One can measure, directly, scatter- 
ing cross sections by placing the detector at some other angle (say, 90^ 
rather than 0^) from the incident beam and observing directly the neutrons 
scattered from the incident beam into the detector# Such a measurement de- 
pends on the possibility of getting neutron beams containing a large flux of 
neutrons; but such beams are available from piles# 

In the case of absorption cross sections, these can sometimes be 
measured directly in cases where the absorption of a neutron leads to the 
production of a radioactive isotope, the radioactivity of which can then be 
detected in, say, a Geiger counter# If the substance is put into a known 
flux of neutrons of known velocity (flux ■= nv), the rate of activation is 

nvu' N (where N is the number of absorbing atoms per cm ) and, if the period 
a 

of exposure is long compared to the decay period of the radioactive isotope 
produced, the rate of radioactive decay immediately upon removal of the ma- 
terial from the neutron flux is equal to nvcr^N# Thus, it is only necessary 
to know the efficiency of the Geiger counter geometry (and the decay period) 

to obtain a value of cr , (See Section 6-18 for the formulae#) 

a 
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CHEMISTRY OF THE FISSION PROCESS 
Charles D, Coryell 


7-1 Identification of the Fission Products 

The fission process was discovered by 0. Hahn and F. Strassmann 
(Naturw, 27, 11 (1939)) as a result of painstaking radiochemical studies of 
i^everal of the radioactive species produced by the interaction of neutrons 
with uranium, Hahn and Strassmann showed that several activities previously 
thought to be Ra species decaying to Ac were inseparable from Ba on fraction- 
ation under conditions that lead to considerable separation of authentic Ra 
isotopes. These include activities now known as; 

o. T. 139 ^ , 139 

85m Ba ^ stable La 

12. 8d ► 40.0h 


Hahn and Strassmann were, in their first paper, loath to accept all the con- 
sequences of their findings, but they did point out that one of the sulfide 

99 

precipitable activities (67h Mo ) might be Mo, and that the sum of the masses 
for active Ba and active Mo might be equal to that of U# 

Adequate confirmation of the occurrence of this important reaction 
came promptly from the observation of the enormous energy release in fission 
and from the identification of some 50 isotopes of different intermediate 
elements within a year. 

The fission process may be represented as: 


(7-1) 


92 


,235 ^ 1 , ,,236x 


/Z 


+ ^ ^n -H y + Q 


Symbols X and Y represent the light and heavy fission product atoms, v the 
number of neutrons released, y the release of y-rays at the instant of fis- 
sion, and Q the kinetic energy of the fission product atoms and fission 
neutrons. From a consideration of the neutron content of fissionable nuclei 
and of stable elements in the range 30 <Z <60 it is predicted that the primary 
fission fragments X and Y will undergo together some six /S decays before the 
nuclei become stable. 
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A larga body of usaful information has bean obtained from the ohemlcal 

separation of the fission products (including the active descendants of the 

primary species) and from the characterization of individual active species* 

Fission product activities have been found for all elements from ,„Zn to „„Eu, 

with masses identified ranging fl^om 72 to 158. Attention is drawn to the oom- 

prehensive tabulation of the physical data on all recognized fission products, 

issued by the Plutonium Project in the J.A.C.S. 68, 2411-43, (1946) and 

also in Rev. Mod. Phys . 18, 513-44 (1946). There are listed in this survey, 

with extensive documentation to the open literature and Project reports, 

critical evaluations of all information on the half-life, decay process, dis- 

235 

covery in fission, yield in U fission, energetics of particle and electro- 
magnetic radiation, mass assignment and chain relationships* Data are in- 
cluded on 162 cases of /9 amission (6 having daughters emitting neutrons), on 
11 of isomeric transition, on 7 stable isotopes of Kr and Xa identified mass 
speotrographically, and on 22 nuclei whose presence is inferred from radio- 
chemical evidence, a total of 202 different nuclear species* 

In the course of the investigation of the occurrence of fission prod- 
ucts, chemical procedures had to be developed for the isolation of each one 
of the elements in high radiochemical purity (free ft*om contamination with 
the activities of other fission elements)* In the studies of 49h Zn , for 
instance, decontamination from gross fission product activity by a factor 
of ~ 10 was required. Chemical procedures were developed for the relative- 
ly rapid quantitative analysis for major fission product activities in a 
variety of chemical mixtures. 

7-2 Determination of Fission Yields 

The fission yield of a given fission product is defined as the frac- 
tion of fissions leading to the nucleus in question by direct formation 
and by the decay of precursors. Absolute fission yields have been e stab lished 

O •» c 

for a number of prominent chains in the fission of U by pile neutrons. 
The general principle involves the simultaneous irradiation of a thin sample 
of fissile material in a fission chsunber A and a larger sample nig in the 
same neutron field, from which quantitative isolation and measurement of one 

or more of the fission products is subsequently carried out. The apparatus 
is given schematically in Figure 7-1. 
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Figure 7-1 Apparatus for Fission Yield Determinations (Schematic) 

The fission chamber has a geometry of essentially 2^, and therefore has an 
efficiency of 1.00 for counting fissions occurring in a foil of thickness 
much less than the range of fission recoils. 

The fission counting rate C^, determined during the irradiation, is 
given by the equation. 

( 7-2) (nv) 

where is the efficiency of fission counting (1.00), is the fission 
cross section per gm of the fissile material, m^ is the mass in the fission 
chamber, and nv is the neutron flux. 

At the conclusion of an irradiation cf time T, the larger sample of 
mass m^ is dissolved, a known mass is added of the element whose fission 
isotopes are being studied, to act as carrier during the chemical purifica- 
tion and from whose observed recovery the chemical yield y of the radio- 
active species can be determined, and the beta counting rate is determined 

at time t after conclusion of the irradiation. The beta counting rate is 
given by the equation: 

(7-S) 
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where is the effioienoy of yS-oounting (generally standardized by quantita- 
tive correlation of UX, yS-counting against U a-counting or RaE ^-coxmting 
against the derived RaP (Po ) a-oounting), \ is the decay constant for 
the species being counted, and y is the fission yield* The terms and 

nv are eliminated between Equations ( 7-2) and ( 7-3), and all terms other 
than y are measurable* In Equation ( 7 -3) it is assumed that the species 
being studied is a primary fission product, or that its precursors have half- 
lives small compared to its own; suitable corrections can be made if these 

' s 

conditions are not met* 

If the fission yield of one fission product is known, that of others 

can be determined by reference with it by determination of C^, and k for 

each* Careful extrapolations of the /? absorption curves of the two species 

to zero net absorber are used to achieve comparable values of k^* The 12*8d 
140 

Ba has been selected as a convenient fission product for reference, using 
the fission yield of &•!% determined by M. L. Freedman and D. W. Engelkemeir 
(plutonium Project Report CC-1331, Feb* 1944)* Obviously the determination 
of absolute fission yields is based on the determination of absolute yfi-count- 
ing with thin sample and a thin window Geiger counter. 

7 -3 General Features of the Yield-Mass Curve 

Fission yields have bean detemined for the last or the next to the 
last active members of 44 different chains. The curve for the fission yield 
as a function of mass number of the chain is given in the Plutonim Project 
release ( loc ♦ cit > ) and is presented here as Figure 7-2. Grummitt and Wil- 
kinson of the National Research Council of Canada have published a similar 
curve (Nature, 158, 163 (1946) based on their absolute fission yields which 
is in agreement with this curve within the limits of experimental error. Rel- 
ative values of the fission yield as a function of the mass have also been 
determined by Jentzschke (Z» f* Physik, 120 , 165-84 (1943) from the ratio of 
the energies of the two fission fragments (see Figure 2-5). This curve is 
in good agreement with that determined radiochemically, but is of lower dis- 
persion and range* 

There are several important characteristics of the yield-mass dis- 
tribution (Figure 7-2). The definition of the fission products into light 
and heavy groups is very pronounced; over of the fissions fall in the 
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mass range 83-105 (light) and 129-151 (heavy) for which the individual yields 
at a given mass are in excess of The most probable masses are 95 and 
139. The probability of any nearly symmetrical fission (~117 and '^ll?) is 
only O.OljS# No satisfactory theoretical explanation fcr the asymmetric 
nature of the fission process has yet been developed. 

The curve shows no significant difference between odd masses and 
even masses. Since the fission neutrons are thought to be expelled after 
the separation of the main fragments, and since nuclei of even proton number 
Z and even neutron number A-Z are stabler than those of even Z and odd A-2 
or of odd Z and even A-Z, which are in turn stabler than those of odd Z and 
odd A-Z, by spin coupling energies of ^1 Mev, it might have been thought that 
there would be some difference in yields of even and odd masses. 

Only one point falls far from the smooth curve through the points, 

1 23 

that of 0«0044jS for lOd Sn . It is probable that this nucleus is iso- 
meric with an undetected one of yield -^-0.012^, decaying independently so 
that the sum of the yields for nuclei of mass 123 is '^0.016^5, as expected 
from the curve. 

The fission yield varies so rapidly with the mass (about 3-fold per 
mass unit at either side of the curve) for most of the masses that the fis- 
sion yield can be used effectively to estimate the mass assignment. All mass 

-3 

numbers from 75 to 159 should have yields greater than 10 %• One or more 
members have been identified for about 75 of the 85 chains expected in this 
yield range » 

The smooth curve in Figure 7-2 is an empirical one drawn symmetrically 
around mass 117, the symmetrical character being self-revealing. The area 
under the whole curve is found to be 197^, in excellent agreement with the 
predicted area of 200^. Although the excellence of this agreement may be 
adventitious, it serves to give confidence to the techniques of absolute ^ 
counting underlying the determination of fission yield. 

7-4 Statistical Survey of the Fission Products 

If there were a unique primary nuclear charge associated with each 
mass number A of the fission products, which in the subsequent decay to stable 
end products is displaced about three units (average for light and heavy group), 
it would be expected that there would be over 250 radioactive fission products 
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•3 

of fission yield in excess of 10 %• It is quite probable that there is a 

statistical distribution of primary charge in fission around a most probable 

value Zp for each A value, so that the total number of fission products is 

probably considerably greater than 250* Indeed, several chains are knovm 

with five or more radioactive members (cf# Table II of the Plutonium Project 

82 86 136 

survey, loc » cit ») > Three nuclei, 34h Br , 19.6d Rb , and 13d Cs are 
found in low yield among the fission products; these are shielded nuclei 
(they have one less neutron than corresponds to a stable nucleus) so they 
are presumably formed directly in fission with a high value of the nuclear 
charge and their partners presumably have a very low value and great chain 
length. 

Many of the fission products have half-lives so short that direct 
study of the activities has not yet been possible, and indirect evidence 
for their occurrence is generally not available unless they are noble gases, 
that can rapidly be separated from the fission materiel, or have noble gas 
precursors. It is probable, however, that the search is nearly complete for 
all fission products of half-life greater than 3 hours and yield in excess 
of 0.01^, although much needs to be done still in the characterization of 
many of the activities. 

The distribution of the half-lives of the recognized fission products 
is given in Figure 7-3, where the histogram shows the distribution in num- 
ber of fission products having a half-life T within the range of 0.6 in log 
T, plotted against log T. The shortest half-life depicted is that for the 

0.05s delayed neutron emitter, and the longest is for 4 X lO^y Tc^^. The 

10 87 

natural activity 6»3 X 10 y Rb is shown as a block with abscissa off- 
scale on the right; this nucleus is certainly formed in fission. Indirect 
evidence also shows that five other very long-lived fission products are 
formed, but direct information has not been obtained on these, which are 
given in the figure as a block without specific abscissa. They are listed 
in Table 7-1, together with estimated limits on their half-lives if it be 
assumed that their /3 rays could be counted with reasonable efficiency. It 
seems unlikely that a 2.6m activity in neutron activation ascribed to 
is correctly identified. The nucleus Sm^®^ may also be in this class, but 
evidence for its activity comes only from mass-spectrographio sources. 



The number of reported activities with 
half-lives in a range of (1-3.1)10" or 
(3.1-10)10" seconds plotted against 
the logarithm of the half-life. 
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Figure 7-3 

Distribution of hoif* lives of fission products 
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On the short half-life aide in Figure 7-3 there is presented a 


block for 

the 22 short activities known to occur as 

a result of rapid sepa- 

ration of 

given elements (mostly Kr and Xe) and the 

identification of long- 

lived descendants. 

TABLE 7-1 



VERY LONG-LIVED NUCLEI PRODUCED IN FISSION 


Estimated 

Estimated 

Nuo leus 

Half-life 

Fission Yield {%) 

n 79 

Se 

> 7XlO®y 

0.04 

Zr®' 

long 

6 

Pd'°' 

>10®y 

0.1 

^129 

very long 

1.0 

136 

4 


Cs 

>2X10 y 

6 


In addition direct searches for precursors of certain fission products have 
given evidence that certain activities must have upper limits of half-life 
around 10m (8) or 3h (2), which are also shown as blocks without specific 
abscissa. 

The assembly of the fission products can serve as an extensive body 
of substances to check relationships amcxig unstable nuclei. The decay schemes 
of a number have been fairly well worked out, and those of many others are 
accessible to study. Attempts to correlate the logarithn of the half-lives with 
bhe logarithm of the /3 decay energies show a broad spread of points, without 
apparent grouping around curves as predicted by simple theory and represented 
by the Sargent relations. The total decay energies provide an opportunity 
to check the validity of current theories of nuclear stability (of. Section 
2-1 of these notes), and study of the phenomenon of delayed neutron emission 
occurring with six fission products may cast light on the problem of neutron 
binding. In general it is found that the parabolic energy-charge equation 
is in reasonable agroement with the great body of observations, but the 
energetics of the neutron emission processes for the 65.6s Br and the 22s I 
are difficult to correlate with the mass assignments 87 and 137 proposed 
(Snell, Levinger, Wilkinson, Meiners, and Sampson, Phys. Rev. 70, 111 (1946)). 
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7-5 Quantities of Fission Prcxiuots Produced 

The conventional value for the energy release in fission is taken 
as 200 Mev. This value consists of the kinetic energy of the fission frag- 
ments ('^'IGO Mev), of the fission neutrons (^>-5 Mev), the energy of the prompt 
y rays ("^4 Mev), the energy given off by the absorption of the neutrons 
Mev, dependent on the manner of absorption of the neutrons), and 22 3 Mev 
radioactive decay energy of the fission products. About half of this last 
figure is emitted as neutrino energy, not absorbed terrestrially, and the 
remainder is emitted as /? and y energy, dissipated over a long period of' 
time. 

On this conventional basis, the number of fissions per sec yielding 
one watt is: 

7 

( 7 - 4 ) 1 fissions ^ Mev ^ 10 erg __ 3 x 10^^ fissions 

' ^ 200 Mev l*6xl0"^ erg watt-sec * watt-sec 


This figure is generally rounded off to 3 X 10^^. Correspondingly 1 mega- 
3 

watt-day (10 Kwd) corresponds to the consumption of the following amount of 
fissile material (U" '"): 


( 7 - 6 ) 


3.1X10^^ fissions 
watt- sec 


0 

10 watts 
me gawatt 


4 

8.64X10 sec 


gm-atom 


^ gm-atom _ l.C gra 

6.02XlCiii5 fissions megawatt day 

The activity of radioactive materials is commonly expressed in curies 
C where one curie is 3.70 X 10^^ disintegrations per second (dis/sac). The 
activity A^ of a given radioaf-tive r.pecies of fission yield and decay con- 
stant X, (equal to C.693/ri^ is the half-life) produced in a system of fission 
rate f per sec in time of operation T is: 

( 7-6) A^(dis/sec) - fy^( 1-e” ^^'^) 


if the species is formed directly in fission or if all of its precursors are 
of very much shorter life. This result may be expressed in curies at a 
power level of P watts as: 
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( -X. 

(7-7) A (curies) 1 1-e ' 

3.7X10 ' 

The equation for the production in time of operation T of an activity 
Ag of a secondary species of decay constant \g formed from the decay of a 
primary fission product of fission yield y^ and decay constant is: 

-V -XT 

(7-8) Ag (dis/sec) fy^ fl 

If the primary product of disintegration rate is isolated and 
purified, the activity of the secondary species will grow in the preparation 
according to the following law; 


A°iX / -X t -X t 

( 7-9) A (dis/sec growth) = ! e -e ^ 

2 ' 

where t is idle time elapsed since the purification operation* The total amount 
of secondary material available after any period T of fission operation and 
t of subsequent shutdown (radioactive ^cooling”) is given by the obvious com- 
bination of Equation ( 7-8) multiplied by the decay factor plus Equa- 

tion ( 7-9) with taken from Equation ( 7-7). 

140 

As an exeonple we may consider the amount of 12. 8d Ba produced in 
a chain-reacting system. The chain in question is: 


Y 140 
Xe 


11 

16s 




/ 3 - 

40 s (? r 


Ba 


140 


12. 8d 


La 


140 


40. Oh' 




stable . 


(These and other data on the fission products are taken from the survey issued 

by the Plutonium Project, J.A.C.S. 2411-43 (1946), also Rev. Mod. Phys . 

613-44 (1946))* After a time of operation T, great compared to the half- 
140 

life (which can obviously be considered to be a primary fis- 

sion product), the activity A has reached the constant value, called the 
saturation value* If we calculate the activity in curies produced in a 
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reactor or portion of a reactor operating at a conventional power of 10 KW, 
we find that the activity for the observed fission yield of 6.1^ is: 


( 7-10) 


^Ba 


3X10^^0.061 


3.7x10 


10 


50,000 C 


Corresponding large activities of all other major fission products are pro- 
duced at this relatively low nuclear power level. 

140 

The La comes to saturation at an activity equal to that of the 
140 

Ba • After shutdown, the activity of the secondary substance decoys more 
slowly that that of the primary until, after a time, it comes to a constant 
relative activity, exceeding its longer-lived parent in activity by the 
factor ^ case to 1.15. After 

12.8 days of cooling there would remain 25,000 C of and 29,000 C of 

, 140 
La 

Significant masses of individual fission product elements are ob- 
viously produced in large-scale operations. The mass of each element will 
include the stable isotopes formed as the result of decay of short-lived 
fission product chains, plus a calculable amount of the activities of half- 
life comparable to the cooling period, plus the amount of any isotope of 
half-life long comparod to the operating and cooling time. The mass of stable 
or long-lived isotope formed as the result of 1 gm of fission is Ay/235 where 
A is the atomic weight and y tho fission yield. It is to be noted that this 

corresponds to the production of 0.025 gm of 4 X lO^y Tc^^ and 0.016 gm of 
147 

3.7y 61 per gm of fission. Neither of these two elements (43 or 61) has 
been found in nature. The presence of weighable amounts of the fission ele- 
ments must he taken into account in plaiming chemical procedures for process- 
ing. 

7-6 Radioactive Power Dissipation by the Fission Products 

Since the half-lives and radiation energies are known for virtually 
all significant fission products of half-life in excess of '^3 hrs, the total 
decay energy E(T,t) for any times of operation T and cooling t of the fission 
products can be calculated from the summation: 
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( 7-11) 



-\^T\ -\^t 

e I a 


where k is the constant converting Mev dis/aeo to heat, and Ejis the energy 
of the y radiation or the average energy of /S radiation (about l/s of the 
value of the maximum energy recorded in tables). In applying Equation ( 7-11), 
oases of short-lived daughters are handled by adding their decay energies to 
those of the parent using its decay constant and fission yield, and oases 
where ~ \ ignored (the only prominent case is that of 66d Zr — ►SSd 
Cb®^). 

Because of the large number of fission products, empirical or statis- 
tical analysis of energy dissipation can be readily made. K. Way (Phys. Rev. 
70, 115 (1946)) gives the following empirical equations for the dissipation in 
sensible energy from fission products, expressed in Mev per sec per fission 
for decay time r in seconds; 

( 7-12) = 1.40 T 10 < r<lo’^ sec 

( 7-13) E = 1.26 T 

y 

These equations can be transformed to more practical ones by the conversion 
of time to days and power and fission to a macro scale; 

/ 7 _ 1.40 Mev l.eX10"^^watt-sec 6.02X10^^ t"^*^ 

' " ' sec-fission ^ Mev ^ 235 gm ^ 47172 

^ (8.64X10 ) *'^ 

=680 t“^*^ 

gm fission 


( 7-16) 


620 t I 

gm fission 


( 7-16) + Ey — at — 1.3X10^ t ^+7 watts 

gm fission 
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These equations are presumed to be good within less than a factor of 2 for 

-4 2 

periods of time from 10 to 10 days. 

These latter equations lend themselves to ready modification to take 
care of radioactive power dissipation after a finite period of fission. 
IP the radioactive power equation is of the type of Equation ( 7-16), the 
contribution dE at the time of cooling t from the f fissions per unit time 
occurring in infinitesimal time dT at time T calculated backward 


Start 


Operation 


Shutdown 


Cooling 


Measure 


To 


dT 


from shutdown is 


( 7-17) dE = af(T + t) "^‘^dT 


( 7 - 18 ) 



af 

- 0.2 


(t-KT^) 



- 0 . 


2 


Taking the value of a from Equation ( 7-16) the power dissipation in 
watts from 1 gm of fission products produced in operating times T of 0, 1, 
and 10 days is plotted in Figure 7-4 as a function of time of cooling t for 
periods from 0.1 to 60 days. Immediately after shut-dovffi these curves should 
differ greatly in position, and that for T = 1 should lie higher than that 
for T = 10 by a factor of 1^ (the ratio of the fission rates). By 0.1 day 
they differ successively by abc ut a factor of 5. At greater times the short- 
lived fission products, in whose contributions they differ so much, have died 
out, and the curves come closer together, so that they are essentially together 
after about EO days. 

7-7 Some Factors Affecting Reprocessing of Pile Material 

Some or all of the contents of a pile may need to be processed chem- 
ically for one or more of the following reasons; (1) It may be necessary 
to recover some fissile material such as Pu^^® produced as a result of neu- 
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tron capture by one of the constituents of the nuclear fuel substance. 
(2) Physical deterioration of the fuel materiel may make discharge necessary, 
and recovery of precious fuel economically desirable. (3) Recovery of unused 
fuel substance or useful by-product from spent charge material may be desired. 
(4) Long-lived or stable fission products may capture neutrons to such a de- 
gree as to threaten the neutron economy of the pile. For instance, Lapp, 

149 

VanHorn, end Dempster (Phys. Rev. 70, 104 (1946)) have shown that Sm has 

““ —24 2 

a cross-section cr for neutron absorption of 53,000 barns (units of 10* cm / 

atom). Mass 149 has a fission yield y of 1.4?$. rate of formation of 

149 

Sm is Synv where T. is the fission cross section of a unit of the pile and 

149 

nv is the neutron flux (the effect of the 47h 61 precursor is ignored). 

149 

The rate of consumption of the Sm is cr nv (Sm) where (Sm) is the Sm con- 
centration in atoms per unit of the pile. 

The net equation for Sm formation is; 

(7-19) (s„)=42(l.e-''"'^) 

If the term nvt approaches infinity, it can be seen that the rate of neutron 
149 

loss on Sm is S^ynv, or the fraction of neutron loss is this term divided 
by the fission rate ZnVf numerically equal to y. The effect of neutron 
poisoning becomes apparent earlier the higher the neutron flux or power den- 
sity* Similar equations hold for other fission products, but values of cr are 
lower for stable ones and generally unknown for active ones. 

The chemical processing of pile materials will undoubtedly be inevit- 
able in any extensive nuclear power program. The considerations of timing 
are a complicated function of a number of factors outside the scope of this 
lecture. In the following section there will be given a high spot survey 
of some of the problems caused by the tremendous radioactivity of the fis- 
sion products and of accessory materials made radioactive in the neutron 
bath. 

7-8 Some Consequences of High Activity 

Any chemical operations on material which has undergone fission in 
a pile must be carried out by remote control because of the intense 7 activ- 
ity. The radiations from the chain Ba^^^-La^^® discussed in Section 7-5 are 
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Figure 7 ’4 

Radiooctive power dissipation 
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among the most penetrating of those of fission products and may find con- 
siderable technological and medical use since they are not greatly different 

from those of the Ra family (RaC*). The Ba decays “^1^% with /5 — 1»05 

140 

Mev, and Zb% with /? = 0.4 and y - 0.54 Mev. The secondary La decays by 

the emission of a complex yS speotrums ~10^ with /3 = 2.1, 70^ with (i — 1.4, 
and 205 !? with =0.9 Mev; and a complex y spectrum: b% with y - 2.3, ~75^ 

with y = 1.64, ''-12^ with y - 0.85, with y = 0.49, and 1% with 7 = 0,33 
Mev. 

140 

The shielding requirements for La may be discussed as representa- 
tive of those required for safe operation on separations of pile products. 

The radiations from 1 C of a 7 emitter of ~2 Mev energy produce a dosage at 

140 

1 meter of 1 r/kr, and the dosage from 1 C of La is about the same. The 
thickness of Pb necessary to cut the intensity of such radiat ons 10-fold 
is 2 inches, that of concrete is ~8 inches. The tolerance dose for humans 
is generally taken as 0.1 r/day, or for an 8 hour shift, 12.5 mr/hr (milli- 
roentgens/hr ) . To cut the dose of the radiations from a 40,000 C source 
of La^"^*^ to this tolerance level would require a wall of Pb 13 inches thick 
and a gross separation of 1 meter, or a wall of about 4 feet of concrete. 
Such a source would, as we have seen, be associated with pile material con- 
taining less than 1 gm of fission products. 

Actually greater thickness of shielding then this is required to 
lower the y background in operating areas to provide for sensitive detection 
of possible leaks and spills from the control panels of the remote control 
process and from analytical sampling operations. 

The contribution to the activity of this particular chain can of 
course be lowered by holding the fission material in storage for longer 

periods of time before starting chemical operations. After some weeks the 

95 

dominant y activity comes from 65d Zr of 6.4^ fission yield and its daughter 
95 

35d Cb , each of which has y radiation of 'v0«8 Mov, which requires nearly 
as great shielding to lower the radiation level to tolerable values, and 
which tends to decay very much more slowly, particularly in view of the 
long half-life of the secondary activity. Other y emitters are listed in 
part B of Table 7-2 in order of increasing half-life, together with their 
fission yields and a rough characterization of their decay energies* 
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TABLE 7-2 

LONG-LIVED FISSION PRODUCTS OF TECHNOLOGICAL IMPORTANCE 

Fission ^ y 

Activity Yield Energy Energy 


A« Activities that may be volatilized 


6.3d Xe^^^ 

6 

0.35 

0.085,0.03 

8.0d I^®^ 

2.8 

0.6 

0.367 

42d H-56m Rh^^®* 

3.7 

0.2 

0.56 

l.Oy Ru^®-^ 30s 

0.48 

2. 8, 3. 9 

0.3, 0.8® 

lOy Kr®® 

0.24 

0.74 

none 

B* Long-lived /3 4- > emitters 

147 

11. Od Nd 2.6 

0.4, 0.9 

0.6 

12. 8d 40h La ^ 

6.1 

0.4, 1.0+1. 4 0 

• 4+0 .8 , 1.63 ,2.3 

Ir- y|J 156 

15. 4d Eu 

0.013 

0. 5,2.4 

2.0 

14 1 

28d Ce 

6 

0.55 

0.2 

IPCiA 19Q 

32d Te — ^ 70m Te 

0.19 

1.8 

0 • 3 ^ 0 • 8 

lOS lOS* 

42d Ru — ► 56m Rh 

3.7 

0.2 

0.56 

65 Zr®^— 35d Cb®® 

~6 .4 

0.4+0. 15 

0.73+0.76 

27 5d Ce^'^^ — >-17in Pr^^^ 

5.3 

0.3+3. 1 

0.2, 1.2® 

l.Oy «>30s Rh^°® 

0.48 

2. 8, 3. 9 

0.3, 0.8® 

2.7y Sb^^^ 

0.02 

0.3, 0.7 

0.6 

33y Cs^^^ 

's#6 

0 • 5 j 0 • 8 

0.76 


C» Long-lived fi emitters without y radiation 



13. 8d Pr 

6 

1.0 

none 

53d Sr®® 

4.6 

1.50 

none 

67d Y®^ 

5.9 

1.53 

none 

90d Te^^^*— i- 9.3h Te 

127 

0.03 

0.7 

none 

2y Eu^®® 

--0.03 

0.23 

0.084 

147 

3.7y 61 

2.6 

0.2 

none 

25y Sr®^ — ►SSh Y®^ 

^ 5 

0.6+2. 2 

none 

a# Geanma Radiations 

present at 

low intensity* 
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In the process of dissolving fission material in acid the noble 
gases Kr and Xe are discharged, and under certain conditions an appreciable 
fraction of I and Ru may also be swept off. The isotopes of these elements 
of longest half-life are listed in Part A of Table 7-2. 

The activities listed in Table 7-2 include all those recognized with 
fission yields in excess of 0.01% and with half-lives in the range from 10 

4 

days to 10 years. The longest- lived species (cf. Table 7-1) are not of 
technological importance since they are produced in low activity compared to 
the shorter-lived ones. For half-lives large in comparison to the opera- 
ing time T, the activity produced is proportional to yT/Ti^. 

Shielding problems are not serious with the pure 0 emitters listed 
in part C of the table, but the activities represent a serious personnel 
hazard, and present the same general requirements in waste disposal. 

In general, radioactive wastes from separation processes must be 
stored indefinitely in systems free from leaks if the activity is above some 
very low minimum discussed below. The activities induced in water or air 
coolant on passage through a pile are of much shorter half-life, and these 
wastes can be discharged into the surroundings after a relatively short 
hold-up for decay and careful monitoring. 

Animal tolerance to radiations is conventionally taken as 0.1 r for 

l *2 

a 24 hour period, and 1 r is produced by the absorption of 5.2 X 10 ev/gm 
in tissue under the assumption that 1 ion pair is produced for each 32 ev 
absorbed and that tissue absorbs 790 times as effectively as air at S.T.P. 

»7 

From these figures it can be seen that tolerance dosage will be 6.0 X 10 
ev/gm-sec, a quantity produced by the radiations from 4 X lo” C/cm of an 


activity emitting y rays of 1 Mev or yS rays of 1 Mev average energy dis- 
persed in the air surrounding the animal (solid angle 2 v ) or from 1.6X10”^ 
C/cm of activity of the same energy dispersed in the water surrounding the 
animal. 


These figures are for general irradiation of any organ or of the whole 
body. If activities are ingested, it is probable that specific active ele- 
ments will be concentrated in certain organs to give a higher radiation dose. 
Consequently the tolerance for certain elements will be much lower than that 
set by the general considerations given above. Examples of specific concen- 
tration have been noted with I from air or water in the thyroid, Na in fish, 
and Se and Te in plants, which might later be ingested by enimals. 
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One expects chemical effects of the intense radiations associated 
with the pile operation or with separations of pile materials# The field of 
study of the interaction of extremely energetic radiations and fast particles 
with matter is known as radiation chemistry# The studies in this field in- 
clude the studies of effects produced by a and particles and 7 rays (found 
in radioactivity), neutrons and fission recoils, and fast protons, deuterons, 
electrons, and x-radiations produced by various instrimental means# This field 
is a very important one both from the standpoint of fundamental research on 
the primary processes and from the empirical side with regard to behavior of 
structural materials, lubricants, insulators, solvents, and chemical changes 
in aqueous solutions# 

Fission recoils and fast neutrons can have a pronounced disruptive 
effect on materials from momentum transfer^ It has been found, for instance, 
that the electric resistance, the elasticity, and the heat conductivity of 
graphite all change with exposure to intense neutron radiation# 

The high speed recoil atoms involved can, like ^ rays and the second- 
ary electrons from y rays, including those from slow neutron capture, cause 
profound disturbance due tc the extensive ionization produced# It is found 
that the absorption of radiant energy to the extent of about 100 ev generally 
leads to the disruption or transformation of one or severs] molecules. In 
water and aqueous solution considerable decomposition occurs by the reactions: 

2 H.0— -h H 0 +|0 + H O 

It is found that heavy particles lead to greater decomposition than primary 
and secondary electrons because the higher local concentration of OH rad- 
icals in the first case leads to more H^O^ formation, and that the re- 
action is also favored by conditions leading to removal of the product gases. 

In the bombardment of hydrocarbons by electrons, unsaturation decreases the 
yield of gaseous products and increases the yield of polymer. 

If we have a source of 50,000 C of radioactive material dissolved 

in say 500 liters of solution, and the average decay energy is 1 Mev, 

18 

the solution will dissipate 3.7 X 10 ev/iJ. This corresponds to the destruc- 

21 

tion of about 4 X 10 molecules per liter per day or about 0.01 moles per 
liter per day. The radiation intensity from l€ of this solution is 70 r/sec. 
Operations must be planned in the light of the physical and chemical im- 
plications of tho high level of radiation intensity involved. 



CHAPTER 8 


CONTROL AND OPERATION OF A PILE 
by 

W* J* Ozeroff 

8-1 Desoription of Pile 

In this chapter we shall describe the engineering aspects of the 
control and operation of a chain-reacting pile. For this purpose we shall 
assume that we have before us a pile designed roughly as in Figure 8-1. 



Referring to this schematic diagram, the portion A is the reacting 
mixture (uranium and moderator) designed according to the recipe given by 
Dr. Feld in a previous chapter. In particular, the design is such that 
the period is not less than (of the order of seconds). B is a reflector 
for thermal neutrons. This has been discussed by Professor Weisskopf in an 
earlier chapter. Briefly, its purpose is to reduce the critical size of A 
by reflecting back some of the neutrons that normally would leak away. C 
is a massive shell of some hydrogenous material, e.g., concrete, which ab- 
sorbs neutrons that leak through the reflector. It is known as a biological 
shield, since its purpose is to reduce the radiation intensity around the 
pile to safe health levels* A cooling agent, which we shall assume to be 
water, is circulated through the reacting mixture. Since the cooling agent 
will absorb neutrons, it must be taken into account in the design of part A* 
D is a massive cadmium rod that can be moved up and down, known as the shut- 
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off rod. When it is dropped into position in A it insures, by a large safety 
factor, that no chain reaction can go on. By dropping it in, we may shut 
the pile down very quickly - as quickly, in fact, as we can get it in. Part 
A is so designed that K * will only be greater than one when D is completely 
withdrawn and E, the ccntrol rod, is partially withdrawn* The action of 
the control rod has been discussed by Dr. Feld* It is described in Figure 
8-2, where we have plotted the neutron density against distance on a diameter 
of the reacting mixture A* The loss of neutrons at the boundaries (reflector 
and control rod) is the slope of the density curve at the boundary* It is 
obvious from the curves that as the control rod is raised, the loss into 
both boundaries decreases* Our pile is so designed that at some (nearly out) 
position of the control rod, = 1* 

The neutron flux, and therefore the power, which is proportional to 
the neutron flux, depend on the position of the control rod* In Figure 8-3 





Control Rod 




Figure 8-2. 



Figure 8-3. 


*K^ = the effective reproduction constant of the nuclear reactor. 
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v*e have plotted the power of the pile as a function of time and position of 

the control rod (with the shut-off rod completely out). First we raise the 

rod to a position slightly too high. K will be greater than one and the 

power will rise* At time a we lower the rod, since we have almost reached 

the designed power and, if we have lowered it too much, the power will begin 

to fall. We raise it a bit at time b, and lower it a bit at time c, and so 

on, until we find the correct position for constant power (i.e., K =1). As 

e 

the pile warms up (because of the power produced by it), slight dimensional 

changes will take place. These will alter K and necessitate a slight re- 

e 

adjustment in the control rod. 

The control of a pile is, in principle, an exceedingly simple matter, 
since we have only one variable - the neutron flux. This is in contrast to 
an installation such as a steam plant, in which there are many variables 
(e.g., amount of coal, amount of air, etc.) In principle, then, we could 
have one instrument indicating the neutron flux, and this would be sufficient 
to operate the pile. In practice, however, certain problems arise which 
complicate the picture and these we now proceed to describe. 

Scheme for the Operation of a Pile 

Since the control and operation of the pile depend mainly on radia- 
tion measureiTients , we shall give first a general description of the instru- 
ments used. A more detailed description of typical instruments will be given 
later. All radiation measurements involve an ionization chamber. This is 
an instrument which gives a small current when exposed to the radiation. If 
the radiation level is very low, a few particles per second, the current 
consists of a series of discrete pulses. As the radiation level increases, 
these pulses come more and more frequently and finally merge into a direct 
current. We can measure the number of pulses with a linear amplifier and 

counting circuit and the D.C* current (which will be of magnitudes between 
— 13 — 6 

10 to 10 amperes) with either a galvanometer or an electronic D.C* am- 
plifier * 



Figure 8-4 
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Figure 8-4 is a schematic drawing of the fundamental instruments used 
for all purposes# As engineers, all we need to know about these is that if 
the chamber is placed in a radiation field, then the meter on the amplifier 
indicates the level, or intensity, of this field. 

Having these instruments, we now turn to the problems of operating 
the pile. First of all, we must know the neutron flux, and so the power, in 
the reacting portion A. For this purpose, we install a chamber as shown in 
Figure 8-1. The reasons for putting it at the boundary, and not inside of 
the reacting mixture, are chiefly the practical ones that (a) the critical 
size is reduced and (b) the insulators of the chamber, which ere at the back 
end, are exposed to less radiation than the active part of the chamber, be- 
cause of the sharp falling off of neutron flux at the boundary. The D.C. 
amplifier meter will then indicate a current which is proportional to the 
power of the pile. On reference to Figure 8-3, it will be seen that a de- 
sirable feature of the amplifier would be to have the possibility of expand- 
ing the scale around the steady power level. This can be done by adding a 
second sensitive meter and operating it as a null instrument at this power 
level. Such a feature enables us to find the correct position for the con- 
trol rod more easily than otherwise. It is useful (for legal as well as 
technical reasons) to record the neutron flux at all times. This can be done 
easily by feeding the output of the D.C. amplifier into a commercial pen 
recorder such as the Ester line-Angus 1 ma. recorder. For practical reasons 
(such as breakdown of insulation, death of electronic tubes, etc.), we should 
have two or three such instruments as well as a standby power system, in case 
the power from the 110 v. lines fails. 

Secondly, we must have instruments which will drop the shut-off rods 
into the pile should the power go inadvertently to too high a level. Too 
much power might heat the pile excessively and cause mechanical damage. The 
chambers for this function are just like the former ones, but they feed into 



Shut-off 

rod 


Figure 8-6 
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Shut 

off 

rod 


Figure 8-6. 


two different kinds of circuits. The first type is shown schematically in 
Figure 8-5. 

The trigger circuit opens a relay which drops the shut-off rod when 
the power reaches some predetermined value. A diagram of the second type is 
shown in Figure 8-6. This is known as a rate-of-rise shut-off, since it will 
shut down the pile if the rate of increase of power exceeds a certain value 
(e.g., doubling of power in 6 seconds). The operation is as follows: The 
chamber current is amplified logarithmically by a special simplifier so 
that its output voltage is, say, K log i. This is differentiated by a resis- 
tance-condenser circuit so that the signal fed into the trigger circuit is 
V. where 

V - (K los i) _ K di 

It " T 

That is, for example, we get equal V. ’s if the power begins to in- 
crease at some rate at 1 kilowatt, as if it began to increase at the same 
rate at ICO kilowatts. The trigger and relay are connected to the shut-off 
red dropping mechanism. Because of the crucial importance of these two types 
of shut-off instruments, they should be designed with great care and all 
precautions should be taken to insure against their failure in operation. 
Some precautions will be discussed later. 

Thirdly, we must monitor the cooling water to be sure that it con- 
tains no dangerous activities. This cooling water usually flows back into a 
river, (it might be added here that continuous recirculation is not prac- 
tical, since impurities in it would become radioactive and this would present 
difficulties in servicing the pumps, etc.) Health authorities have placed 
rigorous limits on the amount of activity that may be dumped into rivers. The 
activity is the induced radioactivity in the impurities contained in the 
water. A simple scheme for monitoring the cooling water would be to place 
one or two chambers in the exit pipe and to use a recording amplifier, thus 
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Figure 8-7* 

keeping a record for legal purposes. The amplifiers should also have some 
warning device that would tell us when the water is too active. A block 
diagram is given in Figure 8-7. 

Fourthly, we must monitor the cooling water for delayed neutrons. 
The reason for this is that, if our reactor is inhomogeneous, then most of 
the heat is produced in the uranium metal (since the fissions take place 
here) and so we must cool the metal. However, the water may carry some 
uranium away if there is a leak in the protective coating of the uranium 
lump. Such a leak represents a serious loss of fissionable material and the 
only way we can detect it is by the delayed neutrons. Since we want to de- 
tect the smallest leak possible, this means trying to measure as few neutrons 
as possible. Because of background, the lower limit is a few neutrons per 
minute. Here we use a neutron pulse chamber and a counting rate meter. The 
counting rate meter actuates a shut-off mechanism, when the rate is more than 
about 10 per minute. The chamber must be placed very near the point where 
the water leaves the pile, otherwise the delayed neutrons would have disap- 
peared. The counting rate meter will be described later. 

Up to now we have described the instruments necessary to run the pile 
and to maintain its ’Tiealth.” The final problem is the health of the personnel 
who operate the pile. In health physics the roentgen is used as a unit of 
X and y-radiation, the maximum permissible dosage rate of these radiations 
being 0.1 roentgen per day. If a person plans to work for a period of 8 hours 
a day, the maximum permissible exposure in his working area is 12.5 milli- 
roentgens per hour. The roentgen is defined as ”that amount of X or y -radia- 
tion such that the associated corpuscular emission (secondary electron radia- 
tion) per 0.001293 grams of air produces, in air, ions carrying one e.s.u. 
of quantity of electricity of either sign.” A convenient unit in ooromon use 
to describe the radiation dose from other types of radiation is the "roentgen 
equivalent physical” or the rep* It is equivalent to the roentgen sinoe both 
a rep and a roentgen each produce about 83 ergs per gram of tissue. Neutrons 
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Figure 8-8. 

are considered to be more harmful than gamma rays and the meiximum pemissible 
dose is 20 mrep per day for fast neutrons ( * 200 fast neutrons/cm^ sec for 

an 8 hr exposure per day) and 50 mrep per day for thermal neutrons 4500 
thermal neutrons/om sec for an 8 hr exposure per day). Leaks in the bio- 
logical shield, leaks through experimental and instrument holes, etc., of the 
pile may raise the radiation in the pile room to dangerous levels. For this 
reason we must continuously monitor the space around the pile with^health” 
instruments. These consist of slow neutron and ^-ray chambers with their 
associated amplifiers and alarm circuits, such that warning is given if there 
are either too many neutrons or too many y -rays around. 


8-3 Ionization Chambers* 

An ionization chamber consists essentially of an outer (H.T.) elec- 
trode enclosing an inner well-insulated electrode, known as the collecting 
electrode. If we connect up such a chamber as shown in Figure 8-8 and, leav- 
ing the radiation intensity fixed, increase the voltage V, then the ioniza- 
tion current will vary as shown in curve A. In the region from 0 to X, the 
field is not strong enough to sweep out the ions before some of them re- 
combine. From X to Y every ion created is collected by the more intense 
field. Beyond Y, the ions have so much energy that they themselves cause 
ionization and we have what is called gas amplification. On raising the 
radiation level and taking another voltage characteristic, we obtain curve 
B, etc. In the region X to Y, the ion current is directly proportional to 
the radiation in the chamber and is independent of V, the voltage on the 
chamber. For this reason, we operate all our chambers in this region, where 
the ion current is ^saturated.” 

The factors that govern the design of an actual chamber for the pile 
are the following; 

♦The design of the two ionization chambers described here is due to 
H. Carmichael, N.R.C., Chalk River, Canada; C. R. Report July 30, 1946. 
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(1) Saturation of the entire active volume of a chamber to insure 
linearity. 

(2) The radiation levels to be measured. 

(3) The pressure and kind of gas used to fill the chamber. 

(4) The minimum ion current necessary to operate a D.C. amplifier 
reliably. 

(5) The size of the instrument holes in the pile. 

(6) In the case of health chambers, a minimum equivalent volume of 
standard air to insure a representative picture of the intensity of radiation. 

A discussion of all these factors is beyond our scope here. Moreover, 
a knowledge of these factors does not lead to any unique design of a chamber. 
In practice, a design is usually a compromise between desirable character- 
istics and practically obtainable ones. We shall therefore content ourselves 
with a detailed description of two chambers which have been used in pile 
operation. Both are neutron chambers, but one of them may be used for y-rays 
also. Their sensitivity to neutrons is due to the presence in the chamber 
of the isotope of boron, whose nucleus, on capturing a slow neutron, dis- 
integrates into an a-particle and a Lithium nucleus with the release of 2.57 
Mev of energy. This energy is shared by the two particles which fly apart 
in opposite directions. The boron can be introduced into the chamber either 
as a gaseous compound (e.g., BF^), is filling the ion collecting space, or 
as solid B^C or metallic B deposited on the walls of the electrodes. The 
ordinary boron, containing about 20^ of the isotope B^^, is used here. If 
we could use the pure B^^ isotope, an increase in sensitivity by a factor 
of 5 is possible. 

The first chamber is the one used to measure the high neutron flux 
in the pile. It has boron-coated electrodes. There are two reasons why it 
was not gas filled: (l) an ion chamber containing BF„, subjected to the 
strong flux of slow neutrons in the pile, changes its sensitivity because 
the gas is gradually decomposed by the intense radiation and (2) saturation 
of a given ion current with BF^ requires much higher voltages than with cer- 
tain gases such as argon. We see, then, that it is preferable, where a large 
neutron flux is to be measured, to put the boron into the chamber in the form 
of a permanent layer on the wall of the electrode and to have the disintegra- 
tion particles of B (na)Li produce their ionization in argon. Since the 
range of the alpha is about 0.7 cm in standard air, the ionization in a chamber 
containing standard air will be confined to a region 0,7 cm distant from the 
boron coating. It is of advantage to keep the electrode 8epa,ration as small 
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as possible for the following reasons; (a) the saturation oharaoteristios 
of the chamber improve with decreasing separation and (b) the ratio of ion 
current due to neutrons, to ion current due to a-rays increases with smaller 
separation, since the latter is proportional to the separation. 

The dependence of ion current on electrode separation and boron coat 
thickness is geometrical and may be inferred from the idealized picture in 
Figure 8-9. We shall assume that the 
ionizing particle has a range = 1 in 
both media, and that its ionization is 
constant along its path. This means 
using different normalized units of 
length in each medium. Now a particle, 
starting at A in II, at an angle has 
a range in I equal to 



medium I 


B ! / . _ 

medium u 

// 


1 



Figure 8-9. 


The average range in I for particles starting at A is 


sin0 d 6 


o / o 

cos 0 + X log cos ^ ^ 

= -j(l-x + x log x) where x s oos6 ^ 


This number represents, the average track length in I for one disintegration 
at A in II. Now the average track length in I per disintegration in the 
layer dx of II is 

•j- (1 - X + X log x) dx 


euQd the average track length in I per disintegration in the layer of II from 
X « X to X a 1 is 



- X + X log x) dx 




log x) 


1 

X 
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X 3x 

•sr + — w- 


8 


log X 


This number represents the average fraction of the range of a particle due 
to a disintegration in that part of II from x = x to x = 1, which lies in I. 

We now apply this picture to determine (i) the electrode separation 
and (ii) the thickness of the boron coating. 


(i) The electrode separation ; To cal- 
culate the loss of ionization caused 


.Collecting electrode 


by the fact that part of the a tracks ^ 

Active space 

lie in the collecting electrode, we Chombsr 

need consider only those a* s which y 

come from distance 1 (in our length BorOfl COOting 
units) away. Thus only those a*s which X 

come from a layer of boron of thick- 
ness 1 - X will be affected. The fractional loss per a is nov>i given by 


F = (i. - 


X 3x 


log x) 


where x is the fraction: 


electrode separation 
range of a in ionizing gas 


In Figure 8-10 we have plotted F against x. It will be seen that, 
even if the electrode separation is l/z the range of the a, the loss of 
ionizaticn is only about 6^. 

(ii) Thickness of boron coating: If / Collecting electrode///// 

^/ ////////// / ////// 

the borcn coating is of thickness x 

(in our length units), then the ioniz- Actlve SpQCe 

.. of chamber 

at-on caused by a* s starting from the 

layer x = x to x = 1 is lost (any a BOfOn COatinO ^ ‘ 

starting below x = 1 won’t reach the 

ionizing space anyway). As before, __X*I 

this is just 

1 X x^ 

^ ~ r "T 5" 

where now x = coating ^ 

range of a» 3 in boron coating 
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Separation of electrodes 
Alpha porticle range equals unity 

Reproduced by permission of 
H. Cormichael^Not. Res. Council, Canada 

Figure 8-10. 

Thus we see, as before, that only 6 % will be lost even if we make the thick- 
ness of the boron l/2 the range in boron of the a-partiole. 

The actual range of the boron disintegration a-particle in boron is 

-4 -4 

9*1 X 10 cm. Thus we may use a coat of about 5 X 10 cm. This corre- 

2 

spends to about 1 mg of boron/cm of surface. A drawing of the chamber is 
given in Figure 8-11. 

Other factors entering into the design of the chamber will not be 
discussed here. We shall describe a design that has been used in the pile 
at Chalk River, Canada. The design ceinnot be made unique and, for a given 
purpose, several designs may be satisfactory. 
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We proceed now to calculate the current to be expected from this 
chamber# The electrode separation here is 0.533 cm. The argon pressure, p, 
required to make 0.533 cm equal to half the range of the a-particle, is given 

by 

_ range of a in standard air 

^ ~ stopping power of argon rel. to air 

X pressure of st. air X a ' ' ^ 


0 7 1 

= ' " 9 *f 4 X J y ^535 =55 cm. of Hg at 0°C . 

The stopping power of elements for a-particles is about proportional to 
y at, wt« 

Next we calculate the current per sq, cm. of boron coating caused 
by the ionization produced in the collecting space by the disintegration 
a-particles and Li nuclei. The current due to the a-particles is given by: 


i^ = N X F X 



X i 


ip 


where N = no. of a-particles produced. 

- (neutron flux) X (cross section of X (No. of atoms in the 

absorption range of a-particle in boron) 

F = fraction of the energy of the a-particle which is expended in the 
argon. 

= energy of the a-particle. 

= energy required to produce 1 ion pair. 

^ip ^ current per ion pair per sec. 

The current due to the Li nuclei is given by a similar expression. Substi- 
tuting in the equation, we find the total current to be 

.2 ^ n^-17 ^ A 2 


i/< 


cm 


6.33 X 10* f amperes/cm^ 


2 

where f = no. of neutrons/cra /sec. The area of the electrode surface is 

2 -14 

690 cm . Thus we get a total ion chamber current of 3.68 f X lO" amperes. 

-14 

The experimental value is 10 f amperes. Most of the error is no doubt due 
to the idealized method in calculating wall losses 


♦Much more complete calculations for wall losses, etc., were done by 
R. D. Evans, Phys . Rev. 29, (1934). 
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The second type of chamber is designed to measure much lower inten- 
sities of radiation. It is sensitive to y-rays, fast or slow neutrons, de- 
pending upon the type of filling gas used. For y-rays it is filled with 
argon, for slow neutrons with (BFj) boron trifluoride, for fast neutrons Hg, 
or helium. The chamber is made to stand pressures of filling gas up to 20 
atmospheres. It may be used to control piles of low power, to monitor the 
cooling water, and to make health measurements in the pile room. The design 
of such a chamber depends on the list of factors given at the beginning of 
the discussion on ion chambers. A drawing of the chamber is given in Figure 
8-12. The collecting electrode is made large to secure a strong and uniform 
collecting field. The shape and dimensions insure that when saturation field 
is established over the greater part of the collecting volume, there remain 
no regions of comparatively weak field still far from saturation. The weak- 
est field is at the surface of the outer cylindrical electrode and this is 
made equal to the field at the apex qf the spherical portion. At the other 
(insulator) end, the field is much stronger but this is of no consequence 
since, after saturation, the current does not depend on the field. Apart 
from the part of the design dictated by saturation requirements, the rest 
of the design depends on many practical factors, such as ease of construc- 
tion, size of holes in the pile, etc. When this chamber is filled with BF„, 

-11 

it gives a current of the order of 10 amperes for a slow neutron flux of 
about lO^/cm^/sec. This corresponds to l/2 a tolerance dose of slow neutrons. 

A word should be said here about the insulators on the chambers. 
They must have the following properties s 

(1) Meclianical strength to withstand high filling pressures and ac- 
cidental knocks and jars. 

(2) High resistance (about lO^^Q or more). This must be maintained 
under adverse humidity conditions. 

(3) Absence of deterioration under intense radiation of neutrons, 
y -rays , etc. 

(4) Maintenance of mechanical and electrical properties over long 
periods of time. 

(5) The insulator should bo shielded from the field to minimize sur- 
face leakage. 

The most suitable insulator material appears to be quartz. 
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After the chambers are built, they must be calibrated with the radi- 
ation for which they are intended. This is easily done by using known sources 
of radiation and appropriate current measuring apparatus.* 

8-4 D.C. Amplifiers 

We have seen that the ionization chambers give currents in the range 
between 10* and 10* amperes for the radiation intensities that we shall 
measure* These currents must be measured and recorded and, in some cases, 
be made to control the relays in alarm and shut-off circuits. The most suit- 
able instrument for these functions is the electronic directly-coupled amr 
plifier. The only other possibility is to use electrometers or sensitive 
galvanometers in combination with recording cameras and photoelectric cells* 
But these instruments are not sufficiently rugged to be used in an industrial 
plant, such as the pile. A general requirement on all instruments is that they 
have errors not exceeding 2 or Z%. 

Before going on to a description of the actual amplifiers used, we 
shall discuss briefly several factors that enter into the design of any low 
current amplifier* 

(a) The grid current of the input tube must be at least 50 times 
less than the current we are measuring* This is necessary, since the grid 
current in most commercial receiving tubes is subject to violent fluctua- 
tions of the order of 50 or 60^* These fluctuations must then be 1 or 2^ 
of the current measured. The causes of grid current are well known and the 
grid current may be reduced to about 10*^^ or lO*^"^ amperes in some commer- 
cial tubes with sufficiently good insulation of electrodes by reducing fila- 
ment and all other electrode voltages For example, a 954- type tube, with 
the following voltages and currents: Ep'^'8 v., ip'^60 /xa, i£»^120 ma, Eg^ 
■s 0, Egg^O V., Eg 2 '^^l V*, has a grid current in the third (suppressor) grid 
of about 10"^^ amperes. This grid may be used as a control grid. There are 
several tube types manufactured specifically for electrometer purposes, such 
as the FP54 and the VX124. These have grid currents of about 10*^5 and 10"^4, 
respectively and, accordingly, may be used to measure smaller currents. 

(b) Stability. For a purely engineering purpose, we require that the 
amplifier zero and sensitivity drifts be no more than 1 or 2% per week. More- 
over, we require thot the amplifiers operate out of 110-volt A.C. lines, which 
will fluctuate by about ±15??. The first step toward stability is to use a 
very ?iighly-s tabilized power supply. There are several well-known circuits 
for such power supplies and, with some refinement, stabilization factors of 
the order of 5,000 to 10,000 are possible* 


♦See C* R. Tec 282, C. 0. Peabody, Nat* Res* Council, Chalk River, 
Ontario, Canada* 

♦♦Gabus and Pool, R.S.I. 8, 196, (1937). 
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Secondly, since part of the drift is due to varying contact poten- 
tials at the input, and since this variation is of the order of millivolts, 
we design the eonplifier so that 1 volt on the input grid corresponds to full 
scale • 

Thirdly, wire-wound resistances are more permanent than commercial 
carbon resistances and so the former should be used at all critical parts 
of the circuit# 

Fourthly, tub^s are stabilized by aging them for 100 hours under the 
conditions in which they will operate in the amplifier. 

And, finally, any residual drifts left may be reduced by proper de- 
sign of the circuit. Vfe shall see later that it is possible to design cir- 
cuits such that, over a certain range, the output signal is independent of 
some supply voltage to which, normally, the signal may be sensitive. 

(c) Dependability. The circuits should be designed so that if an 
amplifier for some reason ceases to operate properly, it will give warning 
of this condition. 

(d) As far as possible, the amplifiers should be rugged and easy to 
adjust and service. 


With these preliminary remarks, we pass on to a description of a 

D.C. amplifier that has been used in pile operation. A circuit diagram is 

given in Figure 8-13. The first stage is the low grid current electrometer 

tube, which here is a 954 acorn type. Two features of this stage are of 

-13 

interest: (l) The grid current is about 10 amperes so that, with 1-volt 

full-scale signal, we may use grid resistors up to 2 X 10 and thus measure 

currents down to ^ ■* — ^ * 5 X 10 amperes full scale. (2) The cir- 

R 2 X 10^1 

cuit has a stabilizing feature. This can be explained as follows: 

In Figure 8-14 we plot* the plate cur- 


rent i against filament current. It 
P 

will be seen that at i^~120 ma, the 
plate current is almost independent of 
i^ and this leads to a stable output 
voltage at the plate. The necessity 
for the extra stabilization of i^ is 
due to the fact that at low filament 
currents, small changes in i^ cause 
large changes in i^. The second stage 
is a push-pull cathode coupled Current 

amplifier which operates a 1 ma meter. The stability here is enhanced by 
the fact that the tubes are matched and therefore any supply voltage drifts 
affect them equally. The output voltage of the current amplifier is passed 
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on to the trigger circuit, which is of the conventional Schmidt type. The 
second tube of this stage contains the relay as a plate load. In this am- 
plifier, the following precautions are taken against failures: (1) All the 
filaments are directly heated from the stabilized power supply and are con- 
nected in series. This insures that a warning is given if some filament 
burns out. (2) The relay has current in it in the no-alarm position. If 
the current is cut off for some reason (e.g., failure of tube), then the 
relay closes the alarm or shut-off contacts. (3) These aunplifiers are '’pro- 
tectively” serviced and adjusted once a week and tubes are changed every 
1000 hours of operation. Experience has shown that almost all failures can 
be prevented in this way. 

The chamber is connected to the simplifier input through a shielded 

coaxial cable. This cable and its connectors must have the required insula- 

15 

tion resistance of about 10 ohms. Most cables are ruled out by this re- 
quirement and some of the remaining ones, e.g., polystyrene cables, are use- 
less, since they have frictional electrostatic effects (these produce large 
spurious signals when the cable is moved or bent). The most satisfactory 
cable has been found to be solid copper coaxial, with isolantite insulating 
beads. The electrostatic frictional effect is very small here - largely owing 
to the rigidity of the cable. 

The second instrument we describe is the logarithmic amplifier;* The 
principle of operation is as follows: If we connect a retarding voltage 
between a large plane cathode and plate (see Figure 8-15), then the relation 

♦Meagher and Bentley, R.S.I* 10, 336 (1939). 

♦Nottingham, Phys. Rev. 49, 7i^(1936) 




Figure 8-16 


Figure 8-16 
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between the current that flows and the retarding voltage is of the forms 

- -K log i + b 

where K and b are constants. Now it is possible to obtain the conditions 
represented in Figure 8-15 in commercial electronic tubes. This is done by 
connecting up the tube as shown in Figure 8-16. Here the grids are all tied 
together and a positive voltage is applied to them. The electrons, starting 
from the cathode, are accelerated through the grids and then enter the re- 
tarding field between the last grid and plate. In the case of a type 9^90 
tube, connected up this way, it is found that the voltage at the plate, V, 
is related to the tube current i by an equation similar to the one above, 
namely, 

V « -K log i + b 

The constant K is about .2 volts. Experimentally, this relation is found 

• 1 3 •6 

to hold for currents in the range 10 to 10 with deviations of a few 

•per cent. If we now replace the input resistance of the D.C, amplifier which 

has a full-scale input of one volt, by the logarithmic tube, then we have a 

l/.2 5 

logarithmic amplifier vdiich will measure currents over a range of 10 ' * = 10 • 

The final instrument is the counting rate meter The essentials of 
one type of counting rate meter are shown in Figure 8-17 • The input pulses 
are first fed into a standardizing circuit, e.g., a biased multivibrator, 
which accepts pulses of any size and shape and transforms them into pulses of 
constant width and amplitude* These standard pulses are fed into the RC cir- 
cuit through a diode arranged so that each pulse puts a constant charge q on 
the condenser C* If we start feeding in pulses at some rate, say n/sec, then 
the voltage on the resistance R is given by 



Figure 8-17 
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R 



where Voo is the final voltage, determined by the condition that the charge 
which leaks through R per second is just equal to nq. That is, 

Voo * nqR m iR 


in the steady state* From this we see that Voo, the steady state voltage on 
R, is proportional to n, the number of pulses per second. V is measured 
with a vacuum tube voltmeter. 

Two features of this instrument are of interests (1) It is possible 
to vary the range by varying R^ (and so .q) without changing the time constant 
RC , and (2) it is likewise possible to vary RC (by changing C) without vary- 
ing the range. (This is useful in some investigations, since the time con- 
stant must bear a definite relation to the counting rate in order to minimize 
random fluctuations.) 

Finally, we mention briefly here two methods of calibrating low cur- 
rent amplifiers. The problem of calibration reduces essentially to producing 
small known currents. This can be done with good accuracy in two ways: 


(a) Referring to the circuit in Figwe 8-18, if we first charge the 

condenser and then short circuit it and simultaneously begin reducing the 

capacity of C , so that C . « C - at, at such a rate that the voltage across 

"C o 

R remains constant, then the current i is equal to Both and ^ 

may be measured with good accuracy. 


(b) In the circuit of Figure 8-19, we leave the condenser fixed but 

apply a linearly increasing voltage V « at. Under these conditions, the 

dV dV 

steady state current is given by i * C and again C and may be measured 
with accuracy. The second method admits of a useful application to the cal- 
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ibration of pile instruments. The condenser C is already in existence as the 
interelectrode capacity of the chamber (capacity between H.T. electrode and 
collecting electrode) and it has, in a good chamber, the requisite high in- 
sulation. All we need to do is to make the H.T. voltage rise at some known 

rate. Then, knowing the interelectrode capacity, the induced current in the 

dV 

amplifier input is C In this way, we calibrate the amplifier as well as 

check the whole system for faulty insulation. 



CHAPTER 9 


CONSTRUCTION OF NUCLEAR REACTORS 
by 

Clark Goodman 


9-1 General Considerations 

The preceding discussions have laid the experimental and theoretioal 
foundation on which, in a general way, we should be able to design eind build 
nuclear power reactors# The major problems involved are of an engineering 
nature, but of an unconventional type, which is beginning to be called ’’nu- 
clear engineering#” During its formative stage, nuclea r engineering was 


^vote^d_ pr imar ily to the ^development of^js^ploa ives for military purposes# 
The e^pha sis jias now ajiiftod to the development of peacetime applications, 
particula rly in the fie ld of nuclear ^wer# On the basis of the previous 
discussions, we will consider some of the problems involved in the construc- 
tion of such power units #\| It should be stressed at the outset that most of 
the technological details that follow have been obtained either from the 
open literature or from declassified reports of the Manhattan Project# In 
all other instances, the suggestions are simple extrapolations which any 
technical person could make, using well-known principles# 

/ Table 9-1 summarizes some of the declassified information about the 
severalSiuclear reactors that have been built. The initial date refers to 
the date of the first operation, or the date of the explosion in the case 
of the five bomb^ It is not certain that the German pile ever attained the 
critical size# As discussed later, ^he reactors are considered to be of two 
classes: heterogeneous and homogeneous. In the latter, the fissionable 

material is uniformly distributed throughout the active portion of the re- 
actor# For example, in the Los Alamos ”water boiler,” approximately 1 kg# 
of U , in the form of a soluble salt of enriched uraniixn, is dissolved in 
light water # Thus the fissionable material is dispersed throughout the mod- 
erator; the active portion being contained in a stainless— steel sphere about 
one foot in diameter surrounded by a reflector of BeO (Ref. 6 in Table 9-1)# 
\^n heterogeneous units, the fissionable material is localized in lumps 
or rods forming a structured unit* For example, the Hanford piles contain 
solid cylindrical rods of ordinary uranium metal (clad with aluninum and 
cooled by an annulus of water) distributed in a symmetrical array throu^- 
out a graphite lattice# 
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Eaoh of these two classes of reactors can be of three general types: 
fast, resonance (or epithermal), or thermal — so named for the average 
velocity or energy of the neutrons that propagate the chain reactions 


CLASS TYPE 

(composition and structure) (energy or velocity of neutrons) 

FAST 

E (OR EPITHERMAL) 
THERMAL 


HOMOGENEOUS 

HETEROGENEOUS 



As discussed below, any of these types might be used to develop power. 

9-2 Fission Process as a Source of Power 

- - - - - ■ ■ 

However, none of the chain-reacting units that have been built to 
date develops useful power* The heat from the piles is delivered at such a 
low temperature (less than 100^ C* for water-cooled units and less than 
150^ C* for air-cooled units )♦ that it is of only limited usefulness* In- 
herently, there is no practical limit for the temperatures attainable in the 
fission process, as evidenced by the stellar temperatures of the "atomic” 
bomb* In fact, it follows from elementary thermodynamics that the fission 
particles fly apart with velocities corresponding to temperatures of many 
billion degrees*^ 

(9-1) K.E. = "I mv^ = |. kT = -1(1.37 X 10"^®)T = 1.6 X lO"^ E 

(9-2) .*. T = 7.8 X lO^(E) T in ®K, E in Mev 

As given in Table 1-1, the most probable values of E for the fission frag- 
235 

ments of U are 97 Mev for the light and 66 Mev for the heavy. Thus the 
fission energy is delivered at a very low level of entropy AS: 

(9-3) AS = Ae/T 


♦Smyth Report, 8.43 
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corresponding to a highly available state. However, nuclear explosives are 
the only means thus far developed which take advantage of this low level of 
entropy. Even the most refractory materials (W, graphite, BeO, AlgO^, MgO, 
UC„, UO„, ThO„) melt or decompose at temperatures of only a few thousand 
degrees. Thus the atoraio properties of structural materials impose very 
restrictive limits for useful applications of nuclear energy. In the decelera- 
tion of the fission fragnents, much of the thermodynamic advantage of the 
fission process is lost. The highly available energy of the fission process 
almost immediately undergoes a large increase in entropy upon being trans-^ 
f erred to the thermal agitation of the surrounding atoms. In brief, explo- 
sive reactors develop their energy at too high a temperature to be useful, 
while the physical properties of structural materials limit the temperature 
of power units to conventional engineering levels. 

9-3 Impractioable Methods 

Some highly impracticable schemes have been suggested in attempts to 
3p€Ln this gap. Three of these will be considered briefly, not because they 
are to be taken seriously, but because they illustrate other limitations of 
the fission process. Figure 9-1 is a schematic cross section of a ram jet en- 
gine using a spherical nuclear reactor as a source of heat. The heat transfer 
is assumed to take place almost entirely by radiation from the high surface 
temperature T^ to the heavily smoke laden air which whizzes through the 
orifice surrounding the streamlined reactor. The smoke presumably is gener- 
ated by conventional means and injected at the intake end of the ram jet. 
The particles which are heated by radiation almost immediately transfer their 
thermal energy to the adjoining air molecules. Greater surface for radia- 
tion could be provided by ohemnels through the reactor, but these would sub- 
stantially increase the size and decrease the neutron efficiency of the re- 
actor. It is clear that any openings in the reactor which allow the passage 

of air will also provide ready egress for the neutrons. Upper limits for T^ 

s 

are dictated by the melting or sublimation temperatures of the reflector 
materials. Limitations are also imposed by the oxidizing properties of 
materials which might otherwise appear promising. Thennal stresses would be 
excessive under the large temperature gradients,. In brief, as Gilliland* has 


*See Chapter 10 
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Figure 9-1 • Hypothetical Ram Jet Engine # The similarity between the central 
sphere and -the conventional eight ball is not intended to be symbolic* 


shown, at the temperatures at present attainable, heat transfer by radia- 
tion is much less promising than by convection. However, the relative merits 
of possible combinations of materials for such a device are summarized in 
Table 9-2. 

The second scheme, which is absurd, to say the least, proposes to 
use the recoil momentum of fission fragments to obtain a thrust d(mv)/dt. 
It is easy to show that this pseudo-rocket would be flea-powered. Figure 9-2 
serves to illustrate this idea. Since most of the impulse will come from 
the rearward component of the momentum of the fission fragments which escape, 
it is important to know the range of fission fragments in solid materials. 
The cloud chamber studies of the Scandinavian trio, B/ggild, Brostrora, and 
Lauristen, discussed in Section 1-26, established mean ranges of 25 air-mm for 
the light fragments and 19 air-mm for the heavy fragments. Obviously, only 
a layer of solid material a few microns in thickness would be effective - 
all other fission fragments would be absorbed essentially in situ. 
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TABLE 9-2. SUMMARY OF MATERIALS OF CONSTRUCTION FOR HOMO- 
GENEOUS NUCLEAR REACTORS THAT MIGHT OPERATE AT 
VERY HIGH TEMPERATURES (enriched ureuiium as- 
sumed in each case) 



Reactor 


Reflector 


Type 

Materials 

M.P.°C 

Materials 

Max.T °C 
s 

Limitations 

Fast^ 

U 

1150 

W 

3370 

Oxidation 
of W * 

Fast*** 

U+M 

<3370 

w 

3370 

Oxidation 
of W and U 

Fast* 

U 

1150 

C 

3500 

Oxidation 
of C 

Fast* 

U+Th 

<1150 

ThOg 

> 3000 


Resonance 

UfTa 

? 

Ta 

2800 

Oxidation 
of Ta 

Resonance 

U+Re 

<1150 

Re 

3400 

Scarcity 
of Re 

Resonance 

U-fCu 

<1150 

MgO 

2800 


Resonance 

U-tOu 

< 1150 

ThOg 

>3000 


Resonance 

U+MgO 

7 

MgO 

2800 


Thermal 

U+Be 

<1150 

BeO 

2600 


Thermal 

U+BeO 

7 

BeO 

2600 

Thermal 

stresses 

Thermal 

UC 3 

2260 

C 

3500 

Oxidation 
of C 

Thermal 

u+c 

7 

MgO 

2800 


Thermal 

^°2 

2500 

MgO 

2800 


Thermal 

U+BegC 

7 

BegC 

2100 

Decomposition 
of BSgC 

Thermal 

^^^^203 

7 

'^^2°3 

2600 



♦Assumed to operate with molten core. 
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Direction of motion 
(if any) 

Figure 9-2 • Nuclear-Powered Pseudo Rocket, 


9-4. Range of Fission Fragments 

Because the range of fission fragments is of general importance in 
the design of nuclear reactors, particularly in considering radiation effects 
and in determining the minimal thickness of cladding materials on fuel assem- 
blies, two ingenious investigations of this problem will be reviewed at this 

time. In the first of these, Segre and Wiegand* performed two sets of measure- 

2 235 

ments, A thin layer of U^Og (.085 mg/cm ) enriched in U and deposited on 
a Pt disk was covered with various thicknesses of Al foil over which was 
placed a thick film of celluloid. The layered system was irradiated with a 
known flux of neutrons for a given period of time, and the beta-activity of 
the fission fragments collected in the celluloid was measured. If the fis- 
sion fragments all had the same range, the curve of transmission versus 
thicloiess of Al (expressed in mg/cm ) would be a straight line* Such is the 
case for Po alpha particles used for comparison* However, as discussed 
in Section 2-6, the fission fragments show considerable variation in mass 
and energy. Hence, the transmission follows the relationship shown graph- 
ically in Figure 9-3. Using the same deposits of U^O^, the transmission 
of collodion, Al, Cu, Ag, and Au were measured with a H^-filled ionization 
chamber connected to a linear amplifier of constant amplification and bias* 
After applying a correction due to the minimal detectable range, the experi- 
mental results shown in Figure 9-4 yield the tabulated values of Table 9-3* 

Although these observations cannot be compared directly with those 


♦Phys. Rev. 70, 810 (1946) 



% transmission 3 % tronsmission 
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mg/cm^ 


Figure 9-4. Transmission through Various Materials of Fission Fragments 
from as Measured by Pulse Counting (from Segr^ and Wiegand) 
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TABLE 9-3 

THICKNESS OF ABSORBER REQUIRED TO STOP 100 PER CENT 
OF FISSION FRAGMENTS FROM u235 


Absorber 

Thickness of Absorber 

mg/cm2 

microns 

mils 

Collodion 

(CigHi^OigNj) 

2.6 

26 

1.0 

Aluminum 

3.7 

14 

.55 

Copper 

6.2 

5.8 

.23 

Silver 

6.1 

5.8 

.23 

Gold 

11.14 

5.8 

.23 

Uranium* 

(12.6) 

(6.7) 

(.26) 


(10.0) 

(14.) 

(.55) 


( ) Values in parentheses were computed -- others experimentally 
determined* 

2 

♦Also found experimentally that 1 cm of thick uranium gives recoil 
activity equivalent to 4.7 mg/cm^ of thin uranium* 


of Demers,’*' the results appear to be in general agreement* Demers measured 
the range of fission fragments in photografftiic emulsions by observing the 
length of tracks as compared to those of the 0*6 Mev protons from the re- 
action N^^(n,p)C^^ of thermal neutrons and nitrogen in the emulsion* A dis- 
tribution in range of the fission fragments was observed with mean values as 
given in Table 9-4* 

From Table 9-3 it is seen that only a fraction of a mil of metal 
cladding is sufficient to prevent the escape of fission fragments* If the 
cladding material has an undesirably large macroscopic capture cross-section 
but favorable corrosion properties, it may be advisable to use only slightly 
more than this minimal thickness (probably by electroplating). Otherwise, 
mechanical difficulties of fabrication may dictate the minimal thickness* 

The same limitations of range that make the nuclear recoil rocket 
motor so completely impracticable also impose equally stringent limitations 


♦Phys* Rev* 70, 974 (1946) 
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R{air-inm) 
R(iniorons ) 


TABLE 9-4 

MEAN RANGES OF FISSION 
FRAGMENTS IN A PHOTOGRAPHIC EMULSION 


Light 

Fragments 

23.9 

14.4 


Heavy 
Fra gnents 

18.7 

11.2 


Protons 
( 0.6 Mev ) 


10.6 

6.34 


for the fission emf device shovm schematically in Figure 9-5. In this Rube 
Goldberg, the fission fragnents are supposed to transfer their electrostatic 
charge against sm opposing intense electric field between the inner solid, 
chain-reacting sphere suid the outer concentric spherical shell. The space 
between the two electrodes, of course, must be highly evacuated to prevent 
ionization of the gas by the fission fragments. Even at a difference of po- 
tential of a million volts, the power that can be developed is negligibly 
small. 



4 


*— O— 

Generator 


Figure 9-5. Hypothetical Fission EMF 
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9-5 Fundamental Aspects of Praotioal Methods 

Returning to the realm of practicality, it appears for the present 
that all nuclear power units depend on: (a) the maintenance of a neutron chain 
reaction in fissionable material, (b) the inherent conversion of the fission 
and the fission product energy to relatively high entropy heat energy, axid 
(c) the removal of this heat energy by raising the temperature of a fluid, 
followed by (d) the conversion of this heat energy into mechanical energy 
by conventional methods. Basically, therefore, a nuclear power reactor is 
simply a now type of heat source, inherently capable of delivering its energy 
at a very high temperature level, but, for practical reasons, limited to mod- 
erate temperatures, such as are encountered in other engines* 

The major advantages which appear to make nuclear energy unique ares 
(l) the relatively small amounts of fuel expended and reaction products per 
unit of heat energy developed, (2) the lack of dependence on a source of 
oxygen or other oxidizing agent, (3) the potentially large power per unit 
weight, and (4) a possible economic advantage. 

A quantitative example xmder item (1) was given in the hypothetical 

236 7 

example of Section 6-7. The rate of consimiption of U as fuel was 9.5 X 10 

atoms^ per watt-year which corresponds to 1.6 moles (360 grams) per megawatt- 

236 

year, which is equivalent to 0.8 pound,’*' or 1.6 per cent of the U content, 
per megawatt-year. It is to be noted that thib estimate considered only the 
total heat developed. Since nuclear power units, as now envisaged, will 
suffer from the same limitations in efficiency as other heat engines, the de- 
livered horsepower probably will be less than 30 per cent of the heat power. 
Graphical relations, which include efficiency factors, are given in Figure 9-6 
to facilitate rapid estimates of fuel consumption in nuclear power reactors. 
Item (2) follows directly from the nuclear nature of the chain reaction as 
contrasted with the atomic processes in chemical reactions. The realization 
of item (3) depends on either the use of remote control power plants, such 
as pilotless planes or the development of compact, light-weight shields. 
The question of the cost of nuclear power, included as a possible advantage 
under (4), has been considered at some length in a number of publications’*' ♦ 


♦Twice this number of atoms of radioactive fission products, but 
approximately equal in weigjht to the consumed, are produced. 

♦♦Chem. Engineering, October 1946| Atomic Power 1, 3, (June 1946) j 
”0ne World or Hone,” 20-21, MoGraw-Hill (1946). 
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without very convincing arguments pro or con. It is certain that for at 
least the next several years considerations other than economic will be pre- 
dominant in the development of nuclear power. 


9-6 Types of Reactors 

In this section an attempt is made to extend previous considerations 
to include neutrons which cycle at energies above the thermal region. As 
before, a naive model will be chosen to illustrate the modifications intro- 
duced by this change in energy. Assume a mixture containing a ratio of fis- 

sionable nuclei to capturing nuclei per cm given by C « • For an in- 

X c 

finite amount that is just chain-reacting, k« 1 and If the 

nuclei are of low atomic weight and are sufficiently prevalent, the 

neutrons will cycle at thermal velocities and the previous simple relation 
for the reproduction factor will be applicable, k « Upf ■ 1. 

However, if is not «1, or if the nuclei N are of moderate 

c 

(20 < A < 100) or high (A > 100) atomic weight, fissions may result before 
the neutrons have been thermalized, resulting in a mean value of the neutron 
energy in the epithermal region (between ~1 and ~10^ ev) or in the fast 
region (between ~10^ and ~ 10^ ev). For reactors of these types, the repro- 
duction factor k will be a function of the neutron energy designated as 
k(E) “ 77(E)p(E)m(E)c(E ) . The term €(E) is the fast-fission effect which 
will certainly be energy sensitive. For modt considerations, £ (E) is only 
slightly >1, hence it will be considered to be a constant, e . (Assumption a) 
In addition, it will be assumed (b) that there is no resonance capture 
(^j. * 0)> hence p ■ 1, and (c) that tj (E) “ t? “ const. The terra "thermal 
utilization" is replaced by "metal utilization" designated by m(E) and defined 
(d) as: 




a^(E)dE 


(9-4) m(E) 


E. 
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where the integrations are over the major portion of the energy region oo- 
oupied by a continuous distribution of neutrons beginning at the upper limit 
of the fission energy E^ and extending dom to a value at which the density 
is a small fraction of the maximum value. Hence, 



It is of interest to consider values of for which the variations of cross 
section with energy are known or can be postulated from physical reasoning. 

If is linearly related to over the energy interval to E^, 
i .e . , = a : 


(9-6) Co, 



0.72 

a 


for e = 1.04 and 17 = 2.3 as used in Section 6-2. An example for which this 

235 

relationship would be approximately correct is a mixture of U and Li* 
Because of the low A of the latter and the l/v variation of cr^(235) and a^CLi), 

see Section 1-27 and Appendix C, a at 0*025 ev would be a = 500/73 = 6*85, •*. 

235 

C® ^ *10 * N(236)/^(Li ) . Hence U would be present in an atomic abund- 
anoe of 10 per cent and in a weight abundance of 79* per cent* Such a 


homogeneous mixture would be just chain-reacting for an infinite amount* 

235 

For finite amounts of U , a smaller proportion of lithium would suffice 


to prevent a spontaneous chain reaction* 

235 

On the other hand, a homogeneous mixture of graphite and U would 

have an a ■ 600/.0046 ■ 1.1 X 10®, .*. C® -.65 X lo’® ■N(236)/^(o) . Hence, 

235 “"3 

U would be present in an atomic abundemce of only .66 X 10 per cent and 


in a weight abundance of 0.013 per cent. For a finite reactor, a larger pro- 

o»zc 238 

portion of U would be required, particularly if U were present as in 
the example of Section 6-3 in which Cjy = l/SOR =4 X 10 ®. 
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236 

If a diluent of medium or high atomic weight were mixed with the U 
instead of the low values assumed in the two foregoing examples, it is 
necessary to know the value of 0‘^(236) at higher thsm thermal energies. Un- 
fortunately, no reliable measurements of this important relation are avail- 
able in the open literature. Accordingly, it is necessary to estimate the 

value from the only accurate value of o- at higher energies that is available, 

237 ^ 

namely, that of Np given in Appendix C. The important features of the 
curve are reproduced in Figure 9-7. It is seen that the fission threshold is 
at a neutron energy of Mev, and cr^ rises rapidly to a value of 1.4 bams 
at ~1.2 Mev and remains essentially constant for at least up to 3 Mev. The 
shaded area of Figure 9-7 corresponds to the shaded area of the energy curve 
of Figure 9-8. The latter is similar to Figure 2-2, corresponding to (Eq)jj 
of the latter. The solid curve expresses the coulomb energy of mutual re- 
pulsion of the fission fragments (assuming symmetrical splitting) as a func- 
tion of the distance of separation r between centers. is the maximum 
potential energy at the critical distance of separation r = 2R, when the two 
fragments (each assumed to be spherical and of radius R) are just separated. 

E is the energy of the coalesced nucleus, in this case considered to be 
238 

237 

The binding energy of a neutron to Np is 6.7 Mev as calculated from 
Equation (2-5), page 77. Since the fission tiireshold is ~0.35 Mev, this 
ajnount of kinetic energy must be given to the neutrons to excite the nucleus 
into the shaded area of Figure 9-8. Below this energy, the (n,y) process 
occurs* instead of (n,f). As additional kinetic energy is added, there is 
an increase in corresponding to an increase in the wave penetration of 
the potential barrier. At a kinetic energy of ~1.2 Mev, the excitation 
equals - E^» 6.9 Mev. Additional kinetic energy does not result in an 
appreciable increase in cr^. 

For present purposes, these general considerations are of interest in 

235 236 

attempting to predict a£,(U ) for fast neutrons. It is assxamed that 


♦Seaborg has recently reported (Science 104 , 386, Oct. 25, 1946) a 
£7 q(Np 237) for (n,y) of ~200 barns for thermal neutrons. He also states that 
a crf(Np23'^) of -'<.02 barns has been observed by Ghiorso andMagnusson for ther- 
mal neutrons. The measurements of Frisch, et al, given in Appendix C, do 
not extend below 0.27 Mev. 



in barns 
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Figure 9-8. Qualitative Energy Relation for Syrnmetrioal Fiasion of 

93Np238 

as a Function of Distemce of Separation r between Pragnents 
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has a potential ourve similar to Figure 9-8, but because of its oven Z, as 

compared to odd Z for Np , the Storm in Equation (2-6) page 77, is neg- 

? 235 

ative. Hence E - E <6.8 Mev for U , since U is fissionable with 
0 0 235 

thermal neutrons. The cross section cr£,(U ) a l/ sj E in the thermal region, 

as expressed by the Breit-Wigner relation for very broad resonances, see 

Equations ( 6-3) and (6-4), page 72. A similar relation obtains for a (B ) 

from -^.01 to ~1000 ev as shown in Appendix C. If the relation for crj.(U ) 

is applicable over a similar energy range, the fission cross section would 

be about 1 barn at 6000 ev (assuming ) = 500 b* at 0*025 ev)* Above 

this energy, it would be expected that the fission cross section levels off 

237 

at a value somewhat less than that for Np above 1*2 Mev* Accordingly, 

236 

it will be assumed in the subsequent discussion that the curve of <7^(U ) 

VS* E(ev) is given by Figure 9-9* The uncertainty of this reasoning and the 
qualitative nature of the conclusions are emphasized by the following state- 
ments of Fermi ("Neutron Physics" lADC 265, page 74 (1946)); 

"The cross sections for capture and fission for the iso- 
topes of uranium and plutonium that have so far been investigated 
show a rather complicated dependence on energy* For some isotopes 
the (n,f) cross section decreases with neutron energy, whereas for 
others it increases* Some isotopes show an (n,f) threshold, where- 
as some have an (n,f) cross section that follows the l/v law at low 
energies* Pronounced resonances for capture are apparent at low 
neutron energies in isotopes like U^^®* The resonances become less 
striking at higher energies where they tend to get smeared out." 



235 

Figure 9-9« Assumed Fission Energy Relationship for U • 
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TABLE 9-6 SOME NDCIEAR PROPERTIES OF THE ELEMENTS 

The maorosoopio cross sections. No-, enter many of the fundamental 

equations in the elementary theory of nuclear reactors. The density of 

nuclei per cc, N, (which of course equals the number of atoms per oo) is 

calculated from the simple relation .602 X 10 X density/atomio weight. In 

such calculations it is convenient to express Avogadro’s number and N as a 

24 

decimal fraction XlO , because when multiplied into the nuclear cross sec- 

-24 2 

tion, O’, in barns (10 cm ) the exponents of 10 exactly cancel each other. 

E-ven though the gaseous elements (He, N, 0, F, Ne, etc.) are seldc* 
used in the liquid or solid form, for purposes of comparison it is convenient 
to determine No- on this basis. Hence the densities listed for these elements 
are at impracticably low temperatures. On the other hand, the densities 
listed for a number of possible structural materials (Mg, Al, Fe, Cu, Zn) are 
at elevated temperatures that might be met in nuclear power reactors. 

The nuclear cross sections are from the following declassified sources: 
O' = total and o-^e capture, from Segre' chart* (Figure 1-6); o-^ = scattering** 
from M. Goldhaber and G. H. Briggs, Proc. Roy. Soc. (A) 162 , 127 (1937) 
for Ti, Se, Sr, Br, Cb, Mo, Ru, Pd, Te, Ba at neutron energies absorbable in 
Cd, from J. Rainwater and W. Havens (Columbia Project) for Mn, Cr, Ni, Cu, 
Ge, Cd, Sn, Sb, Ta, Os, Pt, Tl, Pb, Bi, at 1 ev and for Ag at 0-0.5 ev, 

W at 0.5 ev and Hg at 0-1 ev, and from N. E. Bradbury et al Phys. Rev. 

1023 (1937) for Co for neutron energies absorbable in Cd. In those cases in 
which a is measured, it was possible either to subtract unambiguously a term 
proportional to l/v (considered to be cr ) or neglect cr as compared to cr. 
The cr^ (Cd) was determined as an additive term to the best-fitting Breit- 
Wigner resonance expression. 


*It is to be noted that a number of inconsistencies exist in this 
chart between the values of for certain elements as indicated at the 
bottom of the vertical column and the values of cr■^. and given for individ- 
ual isotopes of known abundance. These inconsistencies intrcxluce corres- 
ponding uncertainties in several of the tabulated values of cr and cr . 

c s 

**As tabulated by H. Feshbach, D. C. Peaslee, and V. F. Weisskopf. 
Phys. Rev. 71, 152 (1947). 
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In Equation (9-5) the proportion of fissionable nuclei depends on 
^q(E)i the capture cross section of the diluent. Some nuclear properties 
of the elements, including values of and N:t^ at thermal energy, are given 
in Table 9-5. Copper (Z r: 29) will be used as an example. This element has 
a number of desirable physical properties in addition to being readily avail- 
able, but because of its relatively large capture cross section for thermal 
neutrons, cr^(Cu) 4 b., o'^(Cu)N(Cu) - .31 cm \ copper cannot be used in 
any appreciable amount in thermal reactors. However, as the mean energy of 
the neutrons is increased, cr^(Cu) decreases until it reaches a constant value 
of about 5 XlO ^ barns in the energy range of 10^ to 10® ev where C ■ N(U^^®)/ 
N(Cu) ^ 4 y 10“®. “ 

In general, as the atomic weight (A) of the diluent increases, the 
mean energy at which the neutrons cycle increases. Except for the compli- 
cations introduced by resonances and large inelastic scattering cross sections, 
the competitive processes are scattering, capture, and fission. To obtain 
a tangible notion of the relative importance of these, it is instructive to 
compare the mean-free-paths ( \ — l/^o-) . For purely elastic scattering, the 
average number of collisions i/ required to reduce the energy of a fission 
neutron by a factor of 10, i.e,, from to E^/lO, is = 2.3/^, where g is 
the mean logarithmic energy loss per collision as defined in Section 5-9. 
For convenience, values of ' for the full range of atomic weights may be ob- 
tained from Figure 9-10. It is seen that for Cu, A = 64, f = .031, hence 
= 74. In the foregoing mixture of Cu and U , N(Cu)o' (Cu) ^ 0,6 cra”"^, 
hence ^^(Cu)fti 1.7 cm. The me an- free -path to reduce the energy from 10® ev 

to 10 ev would be 3 = 380 cm. Because of the small concentration of 

235 

U , the loss in energy by scattering from these nucle i is ne gligible. On 

the other hand, the fission mean-free-path \^ = 1/^(U^®®)(7^(U^^®) ^ Z X 10^ 

cm, and the capture mean-free-path \ = l/^(Cu)a (Cu) » 4 v 10® cm. Thus, 

0 c 

while a neutron is moving a distance equal to one mean-free-path for fission, 
capture is approximately as probable as fission and a reduction in energy below 
10 ev by elastic scattering is about ten times as probable as fission. 
Accordingly, moat of the neutrons will be slowed down to such low velooities 
that a significant rise in o^jCCu) anda^CU^^®) will result. 
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23 B 

Asstjmlng Figure 9-9 to apply for <r (U ^ and a constant o’ (Cu), it is seen 

2 23 6 ^ ^ 

that at 10 ov 6 barns, ^ 600 om and fission is about seven 

times as probable as oapture and about two-thirds as probable as scattering* 

Under these oonditions the reaotor would probably operate in the resonsince 

region withan energy interval similar to that shown on the right in Figure 9-12* 

As A is increased, either by increasing the proportion of fissionable 
material or shifting to diluents of higher atomic weight, the mean neutron 
energy increases* With a material such as Bi (a = 209, ^ *0095, = 240) 

capture^ is much less important, and a balance is maintained between a de- 
crease in energy by scattering and fission oapture. Thus \ 3 cm and 

s 

^ 700 cm. If most of the neutrons are to be captured by fissionable 

nuclei before being degraded in energy below about 10^ ev, must 2 vX = 
1400 om. Assuming or (u ) ^ 1 b. in this energy interval, N(U‘^®°) « .0007: 
hence, N(U ) / N(Bi) «w .025. The neutron spectrum would be of the general 
shape designated "fast" in Figure 9-12 et seq. 

All three of these types of reactors can bo used for the development 
of power. By proper design the excess reactivity k = (k - 1), for each 
cap. always be kept less than the fraction of delayed neutrons /3. Hence, the 
rate of change of power level will be dictated by the periods of the delayed 
neutrons, and the reaotor will be controllable. It is evident that there 
are no elements with large capture cross section to use as control rods in 
fast reactors. As indicated in Appendix C, a few elements show resonance 
peaks up to about 300 ev which might be of value in the control of resonance 
reactors . 

9-7 Methods of Control 

Several methods may be used to control resonance and fast units. 
Selected fuel rods could be made adjustable in their depth of penetration in 
the active zone. An example of this type of control is shown in the schematic 
diagram Figure 9-11 of the first nuclear power plant at present in the design 
stage but soon to be constructed at the Clinton Laboratories in Oak Ridge. 
In a homogeneous reactor containing a solid fuel mixture, such as is shown 


♦ In fact (n, particle) may be (n.y) 
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Fission 


products 


Figure 9-11. Schematic Diagram of Projected Oak Ridge Power Installation 
(War Dept. Release). The sketch indicates that the first nuclear power 
plant is scheduled to include all the components of a conventional power 
central station, i.«., heat source, boiler, turbine generator, and condenser. 
A gas, presumably He, CO 2 , SOg, or some other with low ctq at thermal energies, 
is indicated as the coolant for this heterogeneous unit. This gas flows in 
cylindrical annuli about the uranium rods, one of which is shown partially 
withdrawn to serve as a control rod. The amount of shielding required around 
the boiler unit is purported to be only about one- third ^that around the 
"atomic furnace." In order to remove the fission products it would be neces- 
sary to remove the uranium rods and process chemically rather than by means 
of the idealized method indicated in the sketch. 

in Figure 9-12, portions of the mixture could be made movable. However, 
this method of control involves a number of engineering difficulties in ad- 
dition to being poor in neutron economy because of the introduction of gaps. 

If the reactor has a negative temperature coefficient, i.e., Ak=: -f(T), 
control could be obtained by varying the flow of the coolant or liquid fuel. 
This method has a number of difficulties and would certainly require supple- 

P'Z'2 p-ZQ 

mentary controls for start-up and safety. If the production of U or Pu 
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238 

is of interest, control rods containing Th or U might be used. These 
control rods would be removed periodically for chemical processing. It is 
also possible that elements possessing large a(n, particle) for high energy 
neutrons could be used. For example, in Appendix C sulphur is seen to have 
a e’en, a) = 0.1 b. at 2.4 Mev and 0.4 b. at 6 Mev. Undoubtedly there are a 
number of other elements with similar cross sections at even more useful 

I 

neutron energies* Of course, the familiar use of rods containing boron 
for the control of thermal reactors is based on this type of nuclear reaction* 
Obviously, considerable heat is produced in the control rod and some method 
for direct cooling must be provided* 

As discussed in Sections 3-6 and 5-21, substantial increases in 
reactivity cein be obtained by the use of reflectors. Consequently, the active 
region of any well-designed unit will be practically completely surrounded 
by a reflector. The ideal reflector would have essentially zero capture 
cross section* By introducing absorbing material in the form of movable rods 
or by making sections of the reflector movable, a very convenient means of 
control can be obtained without introducing openings in the active zone* Of 
course, these control materials, as well as those previously discussed, could 
be fluid rather than solid. For example, a safety control of mercury could 
be used for thermal reactors. In an emergency, means could be provided for 
allowing mercury to flow into openings in the reactor or in the reflector. 
After re-establishing other controls, the mercury could be drained off and 
returned to the original reservoir. 

9-8 Homogeneous Reactors 

Since homogeneous reactors are certainly simpler to construct than 
heterogeneous reactors, it is pertinent to ask why the large majority of 
those that have been built to date have been of the heterogeneous class. It 
will be noted in Table 9-1 that all of these heterogeneous units use ordinary 
uranium as fuel. Simple calculations prove that, with the exception of 
heavy water (D^O), a homogeneous mixture of natural uranium cannot sustain 
a thermal chain reaction. It is also well established that an infinite 
amount of natural uranium metal is not chain-reacting. The latter neces- 
sarily would be of the fast type. Except for the definitions listed below, 
for simplicity and continuity the following computations use the same nuclear 
constants and notation of Sections 6-1 and 6-8. 
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o-^(D) = the capture cross section of the diluent in barn? 

cr (d) = the scattering cross section of the diluent in barns 
s 

N(D) = the number of atoms of diluent per cc 
N(238) = the number of atoms of per cc 

N(235) = the number of atoms of per cc (in natural uranium 

N(238) / N(235) = 139) 


The reproduction constant can be expressed as a function of 
R « N(D) /n( 238) as follows: 


(9-7) 


<1 ^ 2*3 X 3*67 

^ “ 5.57 + a (D)R 


88 

#ag(D)R 


the atomic ratio 


Tha optimum value of R corresponds to the maximum k obtained from dk/dR = 0, 


(9-8) 


a^(D)R'= 


^ (5.57)88 

^^(D) ^ “ ~rC15J 


0 


(9-9) 


Optimum R » 


44 




^°s (I^) 
4 <t^(D) 


The negative root is a non-physical solution.’ For purposes of comparison in 

Table 9-6 are given values of the macroscopic cross sections N <7 and Na f 

s c ' * 

the slowing-down power Ncr and the ratio of constants cr (/a under the 

® SC 

radical sign which has been designated the "moderating ratio". Thus it is 
seen that, in general, the largest value of k in Equation (9-7) will result 
from the use of materials with the largest moderating ratio. Except for 
beryllium and graphite, all of the materials with large moderating ratios 
are gaseous in the elemental form at ordinary temperatures. Helium has the 
largest value, since it has essentially zero capture cross section. However, 
helium cannot be used because it forms no compounds. Oxygen has a rather 
large ratio. Hence the combinations HgO, and BeO are among the best 
moderating materials as far as nuclear properties are concerned. In con- 
sidering these compounds the value of 4 should bo computed as follows: 


(9-10) 


^(B^O) = 


2^3(0) ^(D) +a 3 ( 0 )^( 0 ) 

2^3(0; + 0-3(0) 
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in whioh DgO is cited as an example# Using the foregoing relationships, 
the maximum values of k for the best moderating materials are given in Table 

9-7. 

To have a ohain-reaoting system, k must at least equal 1 for an in- 
finite unit or be greater than 1 for a finite size. The reason for thg in- 
terest in heavy water during the initial stages of work on nuclear energy 
in this country and abroad is evident from Table 9-7. D^O is the only prac- 
tical moderating material whioh will sustain a chain reaction with ordinary 
uranium; that is, uranium containing a ratio of N(238)/^(235) = 139. If the 
uranium were in the form of uranyl sulfate it could be dissolved in heavy 
water at the concentration required to give a ratio of N(D20)/4 i( 238) = 170. 
A slight change in this concentration might be necessary to compensate for 
the small increase in neutron capture due to the sulphur which, from Table 
9-5, has a macroscopio cross section Ncr^ = .018. Computation of the critical 
size is left as an exercise for the reader. 

As shown in the Segre^ Chart, Figure 1-6, deuterium (H ) has a relative 
abundance of only 0#02 per cent in hydrogen. However, because of the propor- 
tionately large mass difference, these isotopes can be separated in large 
quantities fairly readily. The first supplies of deuterium were secured as 
a by-product of electrolysis. Fractionation factors of 10 to 20 may be ob- 
tained between the gas evolved at the cathode and the hydrogen remaining in 
the solution# Because of the large effect secured in a single unit, batch 
methods are more convenient than a cascade. Effective concentration of the 
isotopes of hydrogen, carbon and sulphur can be obtained from chemical ex- 
change reactions. Thermal diffusion, centrifugation and electromagnetic 
methods may also be used# Vfhile all of these methods require large installa- 
tions and are expensive to operate, the Chalk River and Argonne piles attest 
to the practicability of obtaining and using large volumes of pure heavy water# 
Of course, these reactors are of the heterogeneous class discussed in a sub- 
sequent section# 

For the present Table 9-7 serves to emphasize that, with the possible 
exception of those containing DgO, all of the homogeneous units to be con- 
sidered must use a concentrated nuclear fuel, i.e#, enriched uranium { > 1 % 
235 \ 233 

U ) or its equivalent in U or Pu • In other words, nearly all of the 
homogeneous units to be discussed depend on primary fuel sources consisting 
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TABLE 9-6 


CCMPARISCH CF LIGHT EIRHENTS AS MODERATORS 


(The values given are for thermal energies) 




Cross Section (cm*^) 


Slowing- 

Moderating 

Ratio 



Scattering 

Capture 


down Power 

Element 

A 

Na 

s 



Na f 

8 ^ 

a 

c 

H 

1 

.85 

.013 

1. 

.85 

65. 

D 

2 

.10 

.0000015 

.72 

.072 

47,500. 

He 

4 

.029 

0. 

.425 

.0123 

00 

Li 

7 

.092 

2.9 

.26 

.024 

.0083 

Be 

9 

.73 

.0011 

.2 

.146 

133. 

B 

11 

.42 

97. 

.17 

.071 

.00073 

C 

12 

.39 

.00036 

.15 

.058 

162. 

N 

14 

.35 

.061 

.13 

.045 

.74 

0 

16 

.18 

.000068 

.12 

.0215 

316. 

F 

19 

.14 

.0023 

.10 

.014 

6.1 

Ne 

20 

.067 

— 

.095 

.0064 


Na 

23 

.085 

.012 

.083 

.0071 

.59 

Mg 

24 

.14 

.016 

.080 

.0112 

.70 

A1 

27 

.080 

.012 

.070 

.0056 

.47 

Si 

28 

.088 

.013 

.070 

.0062 

.42 

P 

31 

.34 

.01 

.06 

.0204 

2.04 

S 

32 

.051 

.018 

.06 

.00306 

.17 

Cl 

35.5 

.26 

.87 

.055 

.0143 

.0165 

A 

40 

.040 

.013 

.050 

.0020 

.154 

K 

39 

.019 

.028 

.050 

.00095 

.034 

Ca 

40 

.22 

.01 

.050 

.011 

1.1 


TABLE 9-7 


COMPARISON OF OPTIMUM HOMOGENEOUS MIXTURES 
OF NATURAL URANIUM AND MODERATING MATERIALS 


Moderator 

Optimum R 

Maximum k 

HgO 



5.7 

.62 

Be 

340 

.66 

Graphite 

440 

.84 

^2° 

170 

1.33 
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either of isotope separation plants or of chain-reacting units, such as those 

239 233 

at Hanford, for the production of Pu or U • Under these conditions 
a number of possible combinations of materials can be used in the construc- 
tion of homogeneous reactors. For convenience these will be divided accord- 
ing to general physical properties with subdivisions based on neutron energy* 

( a) Homogeneous solid fuel mixtures 

If methods of fabrication could be worked out, the combinations of 
materials listed below would be particularly promising* The metallurgical 
feasibility of the alloys is not clear from the limited information in the 
open literature* Likewise the corrosive properties, failure under high tem- 
perature gradients, chemical reactivity with the fuel ingredients and a host 
of other important prerequisites are not well defined. 

(1) U or Pu alloys of high melting point 

(Thermal: Be, Mg, Al) 

(Resonance and fast: Cu, Fe, W, kg, Zn, V, Th) 

(2) U or Pu metal dispersed in high melting point solid 

(Thermal: graphite, BeO, MgO, AI2O3, SiOg, BegC, SiC) 

(Resonance or fast: CuO, BigO^, ThOg) 

(3) U or Pu compounds mixed with other substances (Thermal: UOp -»■ 

graphite, BeO, MgO, AlgOs, Si02, Be2C or SiC; UC2t graphixe, 

BeO, AlgO^, SiOg, BOgC or SiC; USg + graphite) 

In addition to the advantages discussed in the caption of Figure 9-12, 
the solid homogeneous mixture is simple in construction and may allow the 
use of oxides which are easier then the metals to produce and process* On 
the contrary, the necessity of removing all, or even a major part, of the 
active portion in order to refuel is a serious objection for many power 
applications** Furthermore it is to be noted that reprocessing the active 
section required handling a large mass of materials (the fuel plus the dilu- 
ent) in order to replace a relatively small percentage of depleted fuel* 
Since the completeness of recovery of the U or Pu is a major factor in the 
cost of any nuclear power unit, the presence of a large amount of* diluent 

may not only be costly in terms of the diluent itself but also in the de- 
creased recovery of fuel that it may impose* 

♦ In the propulsion of ships this might not be considered a major 
limitation* 
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In any homogeneous unit, the heat is developed throughout the active 
section. Except for the discontinuities in the cooling ports, dQ/dt varies 
as a sinusoidal function along the axis end as a zero-order Bessel function 
along the radius of the cylindrical unit shown in Figure 9-12. This heat 
must flow by conduction through the mixture to the coolant. Unless the 
active section is composed of materials with a large thermal conductivity, 
a low thermal expansion and a large shearing strength, the solid mixture may 
rupture badly under the large temperature gradients required to deliver sig- 
nificant amounts of power. It is also important that these properties not 
deteriorate under the intense radiations which in this case consist of fis- 
sion fragments, neutrons, beta rays and gamma rays. These requirements may re- 
duce the choice of diluent, structural material and coolant in a list that 
is already abbreviated by the nuclear prerequisites. 

(b) Homogeneous fluid fuel mixture 

The only combinations of this type that are known to be feasible are 
the solutions. However, these are limited in temperature unless high pres- 
sures are used, and decomposition of the water would certainly introduce 
complications. Bubbling would affect the reactivity of the unit and make 
steady control difficult. Disposal of the Hg and Og produced from HgO and 
recombination of and Og produced from DgO. would be difficult though not 
impossible for most applications. Precipitation and corrosion would be im- 
portant considerations at useful temperatures, and pressures. With these 
limitations in mind, the following incomplete list is given of possible 
homogeneous fluid fuel mixtures: 

(1) U or Pu alloys of low melting point 

(Thermal: Na) 

(Resonance and fast: Hg, Pb, Bi, Sb, Tl) 

(2) U or Pu compounds in solution 

(Thennal: carbonate, sulfate or possibly nitrate 
dissolved in HgO or DgO) 

(3) Slurries 

(Thermal: UO 2 , UC 2 or possibly US 2 dispersed in H 2 O or D 2 O) 
(Resonance or fast: DO 2 , UC 2 or possibly US 2 dispersed in Hg 
or in molten Pb, Bi, Pb-Bi, Sb, or Tl) 
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Figure 9-12. Schematic Diagr^ of a Homogeneous Reactor Containing a 
Solid Fuel Mixture . The cylindrical core or central section consists of a 
high-melting-point mixture of U or Pu and a selected diluent. An alloy or 
simple mechanical mixture of metal or compound with the diluent might be used. 
The type of the reactor is determined by the mean atomic wei^t of the mixture. 
The core could be fabricated in sections or as a subcritical v^ole. It should 
be possible to obtain sufficient excess reactivity for operation from the 
introduction of the coolant and the addition of the reflector. In the dia- 
gram above, the coolant might be either a liquid or a gas. In addition to 
the advantages to be gained in heat transfer by the use of a liquid, par- 
ticularly a liquid heavy metal such as Hg, Bi or Pb, instead of a gas, such 
a ^olant woula (a) block the escape of neutrons from the cooling porta, (b) 
partially serve as a peripheral reflector, (c) absorb heat which would other- 
wise be lost to the reflector, (d) be preheated before entering the active 
section, and (e) act as a shield against the escape of gamma radiation. If 
in addition the coolant were selected from among those elements which have 
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(4) Gaseous mixture 

(Thennalt UFg + Fg) 

Essentially nothing is available in the open literature on low melt- 
ing alloys of U and even less about Pu. The soluble ccmpounds of U are well 

« 

known. As reported in Section 11-3 the oxidation states of Pu in solution are 
VI, V, IV, and III with a shift in stability toward III as compared to Np and 
U. While the use of slurries would make simple the separation of the fission- 
able material from the diluent, coagulation or local concentrations of the 
active materials would certainly complicate control of the reactivity. The 
water slurries would be subject to decomposition problems to only a slightly 
smaller degree than for solutions. The only gaseous compound that seems at 

all reasonable is UF^. Fluorine would be added as additional moderator and 

6 

to stabilize the molecular UF., which would probably decompose under the 

b 

intense radiation. The critical size of such a gaseous mixture would be sub- 
stantially greater than for liquids or solids. 

The use of a circulating fluid fuel mixture obviates many of the prob- 
lems encountered in the solid mixture discussed above. The fission and rad- 
iation energy is converted to heat in the mixture which then circulates to 
the external heat exchanger where the heat is transferred to the secondary 
coolant (probably water and steam). Obviously, the use of a fluid fuel mix- 
ture provides greater opportunity for addition of fuel and removal of fission 
products during operation than does a solid reactor core. In fact, unless 
some ingenious method of construction were employed which allowed the replace- 
ment of sections of the active solid, it would be necessary to shut down the 


Figure 9-12. Caption (Continued) 

a low neutron cross section for transmutation to energetic gamma- radioactive 
products, the shielding of the heat exchanger and circulation system could 
be quite thin. Of course it is important to prevent contamination of the 
coolant by fission products and corrosion of the fuel mixture by the coolant. 
Hence the cooling channels would need to be lined with at least a thin layer 
of some resistant material. This requirement introduces complications in 
fabrication and efficient heat transfer. 

No shielding is necessary for the secondary coolant which drives the 
power units, because the cross section for gamma- induced transmutations is 
exceedingly small. This factor is of considerable importance in nearly all 
nuclear power units since radioactive contamination of the power machinery 
would introduce serious problems in servicing and maintenance. 
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reaotor, remove the entire central zone and replace it with a new unit when- 
ever refueling was necessary# An alternate method is the use of a fusible 
mixture of fuel and diluent that remains in situ and through which pass tubes 
carrying a coolant such as might be used with the solid unit# The heat trans- 
fer coefficient for such a fluid mixture, particularly if it were a molten 
metal that wets the walls of the cooling tubes, may be unusually good# Por- 
tions of this fluid fuel mixture could be continuously or periodically re- 
moved for reprocessing while at the same time the correct amount of replace- 
ment fuel was added to the mixture# Thermal convection in the fluid shouIcP 
be of value in maintaining a uniform mixture provided there is no gravitational 
segregation of the heavy fuel atoms. 

As indicated in Section 9-6, regardless of the type of reactor , control 
is maintained by the fraction yfl of the neutron flux contributed by the de- 
layed emitters. ♦ If an appreciable fraction of the delayed neutrons are emit- 
ted outside the active volume (see Figure 9-13) control may be difficult . 
At a rate of circulation, Q cm^/sec, which is very large, the concentration 
of fission products in the external volime (pipes, pumps and heat exchanger) 
will be essentially the same as in the active volume. In this case a frac- 
tion delayed neutrons will be emitted in V^# Hence, the effec- 
tive fraction ^(1 “ desirable to design the unit so 
as to keep small as possible. ♦♦ For * 0.18, = 0.50 per 
cent instead of 0.61 per cent (see Section 2-9). In the extreme case of mod- 
erate Q and sufficiently large such that practically all the delayed 
emitters removed from the active volume decay before returning to V^, it can 
be shown that 

(9-11) 


♦These nuclei do not know whether they were formed in fast or thermal 
fission. Of covirse, it is more important in the case of fast than for thermal 
reactors to keep k less than /6 if the unit is to be more controllable than 
a bomb. 

♦•This prerequisite is likewise important in minimizing the total 
amount of fuel mixture required. 
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Q cmVsec 



nuclei of 
type I 


Figure 9-13. Diagrem of Circulating Homogeneous Fluid Fuel . 

where = percentage of delayed neutrons of half-period T^^ seconds. Using 

the values of and T^^ given in Section 2-9 the following minimal values of 

& are obtained, 
eff 

= 0 .001 .01 .10 1.0 

P *61 -60 .57 .36 ,14 

From these considerations plus engineering estimates made by Gilliland*, it 
is concluded that the practical units would not be seriously less 

than /?• Hence, the use of circulating fluid fuel mixtures is not limited by 
the loss of delayed neutrons. 

The major disadvantages of this system are (a) the somewhat larger 
amount of fuel required, (b) the engineering difficulties of servicing and 
replacing pumps, pipes and heat exchangers that contain the highly radio- 
aotive fission products and (o) the substantially greater amount of shielding 
required. The intense geimma radiation and appreciable neutrons from the 
fission products, which circulate with the fuel, would require heavy shield- 
ing about the circulation system, heat exchanger, and pumps as shown in 
Figure 9-14. The long-lived nature of the gamma and beta activity makes servio- 


♦See Chapter 10. 
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Figure 9-14 Homogeneous Reactor with Circulating Fuel Mixture# In 
this unit a fluid mixture of uranium or plutonium and a suitable diluent is 
pumped through a closed cycle consisting of a spherical reactor and a heat 
exchanger. If the reactor were cubical or cylindrical in shape, a somewhat 
larger volume of fuel mixture would be required (See Section 5-13). As 
discussed in Section 3-6 and 6-21 the use of a surrounding reflector sub- 
stantially reduces the active volume. The mean atomic weight of the fuel 
mixture, and to a lesser extent the variation of ctq with energy, determines 
the energy distribution of the neutrons in the reactor. Rough distribution 
curves for the three types of units are shown on the right. 

Note heavy shielding (particularly against gamma radiation) is re- 
quired about entire circulating system. Of course in practical installation 
shielding would directly adjoin reactor and heat exchanger. Likewise it would 
be necessary to have removable sections in order to gain access to both. Be- 
cause of the delayed neutrons emitted by the fission products in the heat ex- 
changer, some radioactivity will be induced in the secondary coolant. This 
effect complicates the servicing of the power machinery and would probably 
necessitate some gamma shielding of same. 
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ing of these parts nearly as difficult as repairs on the inner section of 
the reactor proper. The shielding and servicing problems are particularly 
acute in mobile units, such as could be used for ship propulsion, railway 
installations, and aircraft power units other than those that might be oper- 
ated by remote control. Since the shield is like a thick skin about the 
active parts, the volume increases approximately as the square of the linear 
dimensions. The attenuation of gamma rays accompanying fission, plus those 

resulting from the fission products and from (n, y) transitions in shielding 

"" X • X / 5 

materials, is about 10 where x feet of concrete or 10 ' where x » cm 

of Pb. 


9-9 Hetei*ogeneou8 Reactors 

In the preceding section it was shown that a homogeneous mixture of 
ordinary uranium and graphite cannot sustain a chain reaction. Yet it is 
well known that a. combination of these ingredients can be made chain-reacting. 
Of course, the trick is to lump the uranium in the form of metal slugs (both 
spheres and cylinders have been used) and distribute them in a lattice array 
within the graphite. According to the Smyth Report, Section 2-10, ’*the high- 
speed fission neutrons, after being ejected from uranium and before re- 
encountering uranium nuclei, would have their speeds reduced below the speeds 
for which non-fission capture is highly probable.” Actually this description 
of the function of a lattice is incomplete. A more accurate description has 
been given by Permit: 

”The resonance absorption which is responsible for the loss 
of neutrons during the slowing down has very sharp cross 
section maxima of the Breit-Wigner type. Therefore, if the 
uranium, instead of being spread through the graphite mass, 
is concentrated in rather sizable lumps, we will expect that 
the uranium in the interior of a lump will be shielded by a 
thin surface layer from the action of neutrons with energy 
close to a resonance maximum. Therefore, the resonance ab- 
sorption of a uranium atom inside the lump will be much less 
than it would be for an isolated atom. Of course, self- 
absorption in a lump reduces not only the resonance absorption 
but also the thermal absorption of uranium. One can expect 
theoretically, however, and experiment has confirmed, that 
at least up to a certain size of lumps the gain obtained by 
reducing the resonance loss of neutrons overbalances by a 
considerable amount the loss due to a lesser absorption of 
thermal neutrons.” 


♦Fermi, Science 106 , 28 (jan. 10, 1947) 
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Figure 9-16. Neutrcan Density 
Along the Diameter of a Spherical 
Reactor * The density n as a func- 
tion of the radius r is given by 
^ ” ^o [ 3 ^^ (7rr/R)]/[7rr/R] where n^ 
is the density at the center and 
R is the radius of the sphere in- 
cluding the extrapolated spherical 
shell, i.e. , R^ = R - d* When 
surrounded by a reflector as in 
Figure 9-14, the distribution and 
hence the rate of heat production 
across the active zone can be con- 
siderably flattened. The density 
extrapolates to zero at a substan- 
tially larger distance beyond the 
boundary of the active volume. 




Figure 9-16. Neutron Density Along 
the Axis and Radius of a Right Gircu^ 
lar Cylindrical Reactor* The density 
n as a function of the radius r and 
distance z from the center along the 
axis is given by: 


n = n^J^(2.4048r/R) cos (ttz^) 

where n© is the density at the center, 
Jq is the first harmonic of the Bessel 
function of zero order, R is the radius 
of the cylinder including extrapolated 
cylindrical shell and H is the height 
including the extrapolated distance 
along the axis at each end. The cylin- 
der of minimum volume is, of course, 
given by R = 0.5413 H. The use, bf • a 
surrounding reflector (whio^-'may in 
part be the coolant), as to Figure 9-12, 
substantially reduces the active vol- 
ume and flattens the neutron density 
distribution throughout the same. 
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Figure 9-17 Neutron Density Along Ma.jor Horizontal Axes of a Rec- 
tangular Parallelepipedgl Reactor . The density n as a function of the 
distances x, y and z along the edges from an outer comer of the extrapolated 
volume is given by: 


. rrx.ny nz 

n = n sin sin — sin 

o a b 0 


where a, b and c are the outer dimensions as shown. There is, of course, a 

sinusoidal variation in n along the central z axis which could not be shown 

conveniently in this diagram. For the special case of a cube, a ■ b « o 

and a = a-2dwa - 1,42\ as discussed in Section 5-13. 

0 s 
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In terms of the pile parameters, lumping results in a substantial increase 
in the resonance escape probability p while the thermal utilization f is 
decreased only slightly. The result is an increase in k from the maximum 
of 0.84, previously calculated for a homogeneous mixture of graphite and 
uranium, to the optimum value of 1.07 cited by Smyth for a heterogeneous 
system. The purpose of this section is to summarize the general effects 
produced by lumping insofar as this information has been declassified. 

9-10 Distribution of Neutron Flux ^ 

The neutron density distribution has been, discussed briefly in Sec- 
tions 5-13 and 5-21. At steady state the first harmonic predominates. For 
the three common geometries shown in Figure 9-15 through 9-17, the distri- 
butions along the major axes are especially simple. The schematic three- 
dimensional drawings are intended to assist in the visualization of the 
neutron densities. 

The cubical geometry will be used as illustrative of heterogeneous 
reactors in general. It will be recalled that the neutron density distribu- 
tions shown in Figures 9-15 through 9-17 were derived for homogeneous systems. 
The question then arises, what are the distribution in heterogeneous units? 
Fortunately, it can be shown that in the first approximation the local vari- 
ation due to the periodic structure of the lattice can be neglected when an 
equivalent homogeneous system is substituted for the heterogeneous system. 
Thus the problem can be simplified by dividing it into two parts. The macro- 
scopic variations are represented by the smooth functions applicable to homo- 
geneous mixtures, the densities being average values over the individual 
lattice cells. Superposed on these smooth relations will be local or micro- 
scopic variations over distances that are small compared to tfie dimensions 
of a lattice cell. Figure 9-18 illustrates the combined result for a cubical 
reactor. 

The various processes that take place in a given cell will be reviewed 
by reference to Figure 9-20. Whenever a fission takes place in the fuel, an 

average of t) neutrons are emitted with a continuous distribution of energy 
of the order of magnitude of 1 Mev as reported by Fermi*. There is a prob- 


♦Fermi, Science, 105 , 27 (jan. 10, 1947). 
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Figure 9-16. Neutron Flux Distribution Along Major Axis of a Cubical 
Reactor . The flux nv for neutrons o? any given velocity v is a s inusoidal 
function of the distance x from the outer surface of the extrapolated volume 
of thickness d. The curve shows local dips in the thermal flux (and would 
show humps in the fast flux) in the immediate vicinity of the metal repre- 
sented by black dots in the lattice projected below. The general distri- 
bution is not unlike a section across a Quonset hut. The flux or neutron 
density, of course, is amaximumat the center, x= a/2, 3 in(iTx/a) = sin(’^/2)=l. 


ability of a few per cent that the neutron will be absorbed by the fuel, in 
this case considered to be ordinary uranium, before its energy has been 
appreciably decreased. Such absorptions often lead to fast fissions of 
The slight increase in the fast flux at the periphery of the lump in Figure 9-20 
is attributable partly to this effect and partly to the somewhat larger num- 
ber of fissions per unit volume near the surface. Some of the fast neutrons 
are slowed down by inelastic collisions with uranium nuclei. 

Upon escaping from the lump, the fast neutrons are rapidly moderated 
in energy by elastic collisions with the nuclei of the moderator. As seen 
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Cell i with center 
at 


Figure 9-19. Enlarged Section of Lattice Shown in Figure 9-18 . The 
•dimensions and location of an individual cell in the lattice are indicated 
in this diagram. The fuel might be in the form of spheres or cylindrical 
rods immersed in a matrix of moderator (graphite. Be, DgO, etc.). 


in Section 1-27, an average of about 110 collisions with carbon nuclei are re- 
quired to reduce the energy fron 1 Mev to l/40 ev. Thus the fast flux de- 
creases rapidly with distance from the fuel and joins on smoothly with the 
fast flux in the adjoining cells. 

After the neutrons have been thermalized, they diffuse throughout 
the lattice until they are absorbed by either a C or U nucleus (ignoring 
impurities). Since the diffusion length in uranium is substantially leas 
than in graphite, the thermal flux decreases with distance from the surface 
to the center of the fuel. A rough estimate of this attenuation can be ob- 
tained considering only neutrons that are incident normal to the surface. 

Since H(U)a (u) =0.27 cm” , n., v., « e which gives a fractional change 
0 th th 

of 0.97, 0.89, and 0.76 for t =0.1, 0.4, and 1.0 cm respectively. Since 
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Figure 9-20. Schematic Representation of Flux Distribution Across a 
Single Cell . The lump or rod of fuel of radius R is located with its 'center 
at distances x^, and from the outer surfaces of the extrapolated cube 
as shown in Figure 9-17 . Strictly the flux should show a net increase or 
decrease across the cell in accord with the sinusoidal distribution of Figure 
9-18. However, for a cell of width s << a, to the first approximation this 
variation can be neglected. The relative heights of the curves of nv are not 
intended to indicate absolute orders of magnitude. 

practically all neutrons strike the fuel at less than normal incidence, the 
attenuation will on the average be somewhat greater than these values. 

However, this naive estimate is useful in comparing the attenuation 
of thennal neutrons with resonance neutrons. In Section 1-27, ^ (238) was indi- 
cated as several thousand bams at ~7 ev. If a modest value of only 2100 b. 
is taken for convenience, N(238)<7^(238) » 100 cm”^. Hence, for normal inci- 
dence the fractional decrease in the resonance neutron flux will be l/e, 
•01, .0067, and .000045 for t = .01, .046, .05, and .1 cm respectively. Thus 
it is seen that a thin outer layer of the fuel is sufficient to reduce the 
resonance flux to a negligibly low Tralue. 
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9-11 Reproduotion in Heterogeneous Systems 

In Sections 5-2, 5-4, and 5-18, two different thermal utilizations 

wore defined and discussed. The thermal utilization f that has been used 
throughout the discussions of homogeneous thermal reactors is defined as the 

f 

fraction of all thermal neutron captures taking place in fissionable iso- 
topes. It is this quantity that enters the expression k = pfTj in which U = 
the number of neutrons released per fission. However, in heterogeneous 
reactors it is useful to express the reproduction as ' 

(9-12) k = 

in which e = the fast effect, that is, the factor which takes into account 
the probability (1-t) that a fission neutron will be absorbed, giving rise 
to fission before losing any appreciable amount of energy, average 

number of neutrons emitted when a thermal neutron is captured by uranium, 
f^= the thermal utilization in uranium, i.e., the probability that a thermal 
neutron is captured by uranivun, and p^ = the resonance escape probability, 
i.e., the probability that a neutron is not absorbed before reaching themal 
energy. 

It can be shovoi that for small spherical lumps of radius R (in which 
R <Xg)» ■the average distance that a neutron produced in the lump must travel 
before reaching the surface is 3R/4. In this case 

(9-13) € = 1 - 3Raj.^(U)N(U)/4 

in which Ox.^(U) = the average value of the fission cross section of uranium 
ff 3 ^ 

for fission neutrons and N(U) = the number of uranium nuclei per cm'' in the 

lump. Fermi* cites e = 1.03 as an average value for a good lattice. The 
major uncertainty, as before, is the value of cr£»£.(u). However, taking 1#0 b 
as a very rough estimate based on the same reasoning as for Figure 9-9, a radius 
R 0#86 cm for £ = 1*03 • In the subsequent sections this value will be 
used for purposes of discussion. For lumps of larger size, multiple colli- 
sion processes become important, and both elastic and inelastic scattering 
play a considerable role. The latter effectively reduces the energy of the 


♦Fermi, Science 105, 28 (January 10, 1947) 
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238 

neutrons below the fission threshold of U .In fact, Fermi has indicated 
that the "best approach to a practical solution is a direct measurement of 
neutrons absorbed by resonance in lumps of uranium of various sizes.” 

It is to be noted that N(U) :g(U) for thermal neutrons is about 1.5 

[n( 238) cr(238) + N( 235) 05 .( 235 )] . For this reason is somewhat flatter 

through the lump than would be indicated by absorption alone, and an average 

value for the thermal neutron density in the lump = n^ can be taken. Simi- 

larly, in the graphite part of the cell an average value = n is assumed. 

c 

Fermi states that 

”For practical purposes it is usually sufficiently accurate 
to calculate nc and n^, using the diffusion theory. The 
approximation is made to substitute the lattice cell by a 
spherical cell having volume equal to that of the actual 
cell, with the boundary condition that the radial derivative 
of the density of neutrons vanishes at the surface of the 
sphere. It is also assumed that the number of neutrons 
that are slowed down to thermal energies per unit time and 
unit volume is constant throughout the graphite part of the 
cell. This approximation is fairly correct, provided the 
dimensions of the cell are not too large. With these assump- 
tions one finds the following’’: 


N(U)a^(U)n(u) 

(9-14) f^= nTu )n(u j + N (c ) cT-^ (c )n(c ) 

(9-15) f = 3a^(l-a) (l-t-s)e~^''^ - (l<a) (l-s)e^~^ 

a -s (a+b-ba) ( 1 + 3)0 - (a+b+ba)e^ ^ 


where the unit of length is the diffusion length in graphite. 


Lq = \J ^g(c)X^(c)/3, and 

(9-16) b = i- il-2 

1 -y 


where y= reflection coefficient of uranium lump for thermal neutrons. 

The corrected resonance escape probability p is considerably more 
difficult to calculate accurately, and unfortunately remains classified. 
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Figure 9-22 Heterogeneous Reactor with Solid Diluent and Circulating 
Coolant t This drawing is an attempt to show somewhat more in the way of en- 
gineering details than in the other sketches# Solid fuel rods, clad with a 
non-corrosive metallic coating, are mounted horizontally in a structural 
material that serves as a moderator in a thermal unit, or as a diluent in a 
fast or resonance unit. A removable section of shielding allows the end 
manifold to be removed for replacement of fuel and other parts. Because of 
the intense radiations from the fission products, this work would have to be 
done by special devices operated by remote control. Because of the numer- 
ous engineering advantages, the coolant would probably be a liquid. How- 
ever, for special purposes, a gas coolant might bo used, in which case a 
substantially larger proportion of the reactor volume would be required for 
the coolant. 
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HETEROGENEOUS REACTOR 
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Figure 9-23 Heterogeneous Reactor with Circulating Liquid Fuel . In 
thts scheme the solid structural material serves as moderator or diluent. The 
fuel, which could be ordinary uranium or enriched material, is contained in a 
solution, slurry, or fusible alloy. The heat developed in the fuel mixture 
and in the solid parts of the reactor is removed by circulating the liquid 
fuel. Arrangements are also provided for addition and withdrawal of fuel 
during operation. Since the heat exchanger and circulation system will be 
highly radioactive, heavy shielding must be provided throughout. This sys- 
tem has the same advantages and is subject to the same limitations as the 
circulating homogeneous reactor of Figure 9-14. 
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However, it is evident that if, as previously stated, k is to be increased 
from the optimum value of 0*84 for ordinary uranium plus graphite in a homo- 
geneous mixture to the maximum value of 1,07 cited by Smyth for a heterogeneous 
system, p^ must be substantially greater than p since f^ is slightly less 
than f. For k = 0*84, based on the method and data of Chap* 6, p= 0*77* 
Using *7 * *7^ = 2*3 as before: 

(9-17) k(homo.) = 7?pf = (2.3) (0.77) (0.475) = 0.84 

This homogeneous system contains N(c)/^(238) = 440. If this ratio were main- 
tained for a heterogeneous system the thermal utilization would be slightly 
less and the resonance escape probability would be substantially greater. 
However, because of the difference in definitions, f and f^ are not directly 
comparable. Instead, i7f and “^f^ must be considered. In Equation (9-17) 'Tf * 
1.09. For the equivalent homogeneous system, ^ 1.09 and p^>0.77 in 

order to obtain maximum of k = 1.07: 

(9-18) k(heteroO = = (1*03) (>0.77) (<1.09) * 1.07 

In fact, p^ must be ^ 0.95 in order to satisfy this relation. It is unlikely 
that the optimum value of N(c)/^( 238) for a heterogeneous system would be 
the same as for a homogeneous mixture. With a decrease in the proportion 
of graphite, an increase in above 1.09 could probably be achieved. Us- 

ing the relation 

(9-19) " ^u^ from Section 5-18. 

2 2 2 2 

and the values L = 350 cm , = 2500 cm and k = 1*06 given by Fermi for 

a special lattice, values of f = 0*86 and n f = 1.27 are obtained. This 

u u u 

value of f^ corresponds to f » 0«52 in the homogeneous case based on the 
fraction&l absorptions in various lattice materials given by Fermi. From 
this an estimate of » 0.81 can be made. 

9-12 Effect of Enrichment 

The foregoing considerations are for ordinary uranium in a graphite 
moderator. Fermi cites as an example a cubical unit of critical side a = 19.15 
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feet* For a n\^ber of power purposes, it would be desirable to haire more oom- 
paot units, since the shielding will add at least another 8 feet of length 
to each side* The use of Be as moderator would allow some reduction in 
siM, but the most obvious method is to use enriched uranium* 

As the proportion of U(238) decreases, the nuclear benefits of lump- 
ing also decrease, not only because of the increase in p^ but also because 
of the decrease in f^ for a given size lump. Using the same approximate re- 
lations for estimating the skin thickness as in Section 9-10, the fractional 

-loot Ur 238 ) 

decrease in n v e n and n v is reduced to < 

r r r r 

value in a thickness t as follows: 


l/e of initirfl 


t(cm) 0.01 0.0125 

u(238)/a 0.993 0.80 

?SU(235) 0.7 20. 


0.02 

0.50 


50. 


Similarly for a fractional decrease in of* l/e: 

t(cm) 3.7 0.21 0.083 

^U(235) 0.71 20. 50. 


0.04 

0.25 

75. 


0.055 

75. 


0.1 

0.10 


90. 


Thus it is evident that if rods of uranium are to be used, the diameter must 
decrease as the enrichment increases in order to maintain a desirable level 
for the thermal utilization. Of course, an alternative is to establish an 
optimum dieuneter for mechanical and thermodynsunic reasons and dilute the en- 
riched uranixma with a material with low Ncr and favorable physical, mechani- 

c 

cal said metallurgical properties. 

While the nuclear advantages of lumping are less important in en- 
riched reactors, the engineering advantages of using fuel rods instead of a 
homogeneous mixture may justify retaining the lattice array. Examples of this 
type are given in Figures 9-21 and 9-22. If unenriched or only slightly en- 
riched uranium were to be used, it might be advsntageous to use a circulating 
liquid but retain the lattice structure. A device of this type is shown in 
Figure 9-23. Other pernutaticns ore also possible. The diluent might be 
liquid surrounding a liquid fuel contained in tubes. Either of these liquids 
could be circulated to serve as a heat transfer medium. The fuel could be a 
fusible alloy ccntained in vertical openings in a solid diluent, while a liquid 
or gaseous coolant circulates through horizontal tubes in the diluent. As 
discussed in a subsequent chapter, the heat transfer coefficient for liquid 
metals is oarticularlv hie*h. 
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HEAT TRANSFER 

E. R. Gilliland 

10-1 General Considerat ions 

The purpose of this section and the one which immediately follows 
is to consider the various methods of transferring heat and to evaluate these 
in terms of the problems which arise in removing heat energy from nuclear re- 
actors- Since engineering units will be used throughout, a number of con- 
version factors are included in Table 10-1 which allow these units to be 
transferred to those used by the physicist and chemist. 

In removing heat from a reactor, there are a number of considera- 
tions, but to an engineer, the chief one appears to be that the physicist 
prefers that he keep his equipment out of the reactor. Apparently, nearly 
any material used in the reactor is objectionable. If a gas like helium is 
used, while not objectionable from its nuclear properties, it is not a good 
moderator and hence increases the size of the reactor. Many of the liquids 
require structural materials for the passages through which they flow that 
are objectionable in thermal reactors. The main objective is to remove the 
heat without disturbing the physical characteristics of the reactor any more 
than is absolutely necessary. 

There are a number of methods by which heat energy is transferred 
from one position to another, but for nuclear reactors five of these methods 
cover most of the cases, i.e.. Conduction, Radiation, Convection, Boiling, 
and Condensation. The principles involved in each of these five methods will 
be briefly reviewed. 


TABLE 10-1 
CONVERSION FACTORS 

1 Btu = 252 cal = 0.293 watt-hours 

1 Btu - >io NX Trx-2 , / o^ 

hr "" ft "" ^ " ~ ^ cal/sec. cm C 

= 0.0176 watts /cm ^C 

BtuAr ft^ °F = 1.35 X lo"'^ cal/sec. cm^ °C 
= 5.7 X 10 ^ v»atts/cm^ °C 
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10-2 Conduct ion 

In conduction, heat flows from one position to another by molecular 
effects; in other words, there is no mass movement of the material. This 
method of heat transfer always occurs in solids and since there will almost 
invariably be solids in the nuclear units, conduction will be important. The 
simple conduction equation relates the rate of heat flow dQ/d^ to the tem- 
perature gradient: 


where k = the thermal conductivity, which is a proportionality factor de- 
fined by the equation. A is the area for heat flow and is the temperature 
gradient. In actual reactor design there is three-dimensional heat flow and 
the basic differential equation that applies is: 


( 10 - 3 ) ^ 
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dx^ 
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which reduces to the Laplacian equation when the thermal conductivity is the 
same in all three directions. For the steady state condition, the partial 
derivative, is zero. To determine the temperature gradient or heat 

flow is a matter of integrating this equation, and Fourier and many others 
have performed this operation for a number of cases. Actually, in a nuclear 
reactor, it is rather improbable that direct integration will be possible. 
In the case of homogeneous reactors (see Section 9-8 ) it should be possible 
to integrate the equation. However, in the heterogeneous reactors, boundary 
conditions become very complicated and it is probably necessary to solve it 
by graphical integration. A large number of graphical methods have been 
developed by which the heat flow can be evaluated for almost any shape and 
for media of variable conductivity. If one is willing to spend the time and 
effort necessary to perform the graphical operation, the whole temperature 
pattern of almost any reactor can probably be worked out. The only factors 
needed are the thermal conductivities and the physical properties of the 
materials of construction. For high rates of transfer of heat, a high thermal 
conductivity is desirable. Conversely, for a heat insulator, a low thermal 
conductivity is preferable. For purposes of orientation. Table 10-2 includes 
a list of thermal conductivities for a number of solids, liquids, and gases 
which cover a wide variation of k. 
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TABLE 10-2 

THERMAL CONDUCTIVITIES 
Solids 


k k 


Ag 

240 

Pt 

40 

Cu 

220 

Fe, Ni, BeO 

35 

Au 

170 

Mild Steel 

25 

A1 

120 

Pb 

20 

Mg 

92 

18-8 steel 

16 

Be 

90 

Bi 

4 

Graphite 

85 - 90 

Carbon 

2 

Na 

80 

SiCg 

10 

Zn 

Cd 

65 

50 

■^^2°3 

2.5 



MgO 

2 

Liquids 

Gases 


Na 

48 

Hp 

0.1 

Hg 

HgO 

5 

0.35 

c 

He and D„ 

CH 4 

0.075 

0.02 

CClgFg 

0.05 

HgO 

0.012 



Ng and Og 

0.014 



CO 2 

0.009 



CCI3F3 

0.005 


In this tabla no attempt has been made to indicate which materials 
are good or bad in nuclear reactors. This factor depends on the type of re- 
actor, the major difference being between reactors which operate with thermal 
neutrons and neutrons of higher energies. 

Among the solids, aluminum is the first material that has a reason- 
ably low macroscopic absorption cross section for thermal neutrons. How- 
0 ver, this material has rather poor moderating properties and, consequently, 
while it is satisfactory as a heat transfer material, the amount which should 
be used in a thermal reactor should be made as small as possible. The first 
material listed which is really good as a moderator is beryllium. Graphite 
is likewise a good moderator, and it is observed that these two substances 
have fairly good conductivities. It is not certain that the thermal con- 
ductivity of graphite is isotropic, because of its plate- like character. 
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Sodium has a low cross soction for absorption, but it is not par- 
ticularly good as a moderator, and it would probably not be used as a solid 
because of its low melting point. Iron, nickel, and beryllium oxide have 
values of thermal conductivity of about 55. Iron and nickel together with 
chromium are some of the best materials of construction, particularly for 
high temperature operation. 

Continuing down the list, bismuth, alumina, and magnesia have rela- 
tively low values, and there are a number of porous solids which have ther- 
mal conductivities as low as .01, largely the result of the presence of air# 

The liquid metals have relatively good thermal conductivities, sod- 
ium being substantially greater, however, than mercury, which in turn is 
considerably better than water, which is about the best of the non-metallic 
liquids. Nearly all of the organic liquids have values of the order of .05, 
i.e., they are poor for transferring heat by conduction. The gases, as a 
whole, have very low values of thermal conductivity. In building a nuclear 
reactor from blocks of graphite, one of the chief resistances to the flow of 
heat will be the gas films between the blocks, and the materials in the re- 
actor. In such cases it may be desirable to fill the reactor with a gas of 
high thermal conductivity, such as helium, to improve the transfer across 
the gaps. Obviously, the best procedure is to keep the thickness of any 
gaps to a minimum. 

10-3 Radiation 

Heat can be transferred by means of radiant energy which follows the 
familiar Stefan-Boltzmann Law: 

T 

(10-3) BtuAr-ft^ =0.173 « 

in Wiich € = emissivity and is = the absolute temperature in degrees Ran- 
kine. In order to compare radiation with thermal conductivity, it is con- 
venient to express the latter in terms of the heat transfer coefficient, h, 
which is equal to the heat transferred per unit area per unit time per unit 
temperature difference. Equation (lO-l) is then written as: 


(10-4) 


^ = hA for solids h = k/^ 
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in which At = overall temperature difference over the distance Ax* For ex- 
ample, a slab of copper 1 foot thick has an h of 220 as given in Table 10-2, 
and if it is 1 inch thick, h = 2640* If radiation is calculated on the same 
basis, for a surface temperature and a temperature difference between 
radiating surfaces of 100^ F, the equivalent values of h, for € = 1, are as 
follows; 

°R 1500 2500 3500 

h 20 90 220 

From these values, it is seen that 4 feet of graphite will transfer more 
heat for a given temperature difference than can be radiated from a surface 
at 1500^ R to a surface at 1400^ R* The radiation increases as the fourth 
power of the temperature, but it requires a temperature of 3500^ R in order 
to radiate as much heat per square foot per 100^ F temperature difference 
as can be conducted through one foot of copper or silver* 

It might be more significant to consider the radiation from the hot 
surface to a surface at constant lower temperature rather than use a constant 
difference of 100^ F, since the temperature of the coolant surface is limited 
by engineering factors. The following table gives the heat radiated from a 
hot surface at to a surface at 1400^ R for an emissivity of unity. 

T^°R 1,500 2,500 3,500 

Btu/hr-ft^ 2,100 59,000 250,000 

Btu/hr-ft^ for graphite* 8,500 93,000 178,000 

Temperatures above 2500^ F essentially rule out practically all 
materials of construction. Graphite, uranium carbide, and possibly some 
other materials might be used, but common materials of construction would 
melt or decompose. Transfer of heat by radiation would occur mainly between 
solid surfaces, since most of the gases have very little energy absorption 
at these levels, although CO^ and water vapor have slight absorption bands. 
The amount of energy which can be absorbed by such gases is small. Of course, 
solids, such as carbon, could be suspended in the gases, and the reactor’s 


♦For a thickness of one foot under the same temperature difference. 
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surfaces could radiate to these solids which, in turn, would transfer the 
energy to the gas# For example, powdered graphite suspended in helium could 
be blown through a tube, the sides of the tube radiating to the graphite, 
which in turn transfers the energy to helium# However, such an effect is 
ineffective, since the radiation could give a heat transfer coefficient 
of about 20, but by other procedures it is possible to obtain coefficients 
of several hundred, so that suspension of solids does not pay for the added 
difficulties . 

Radiation is not likely to be of major importance in transf erri^^g 
heat in the normal operation of nuclear reactors# 


10-4 Convection 

The most important method of transferring heat to or from fluids is 
by convection# This method involves the motion of a fluid by means of which 
the heat is transferred from one place to another# Forced convection is 
divided into two types: streamline (or laminar flow) and turbulent flow# 
In streamline flow, any given boundary line continues in the same relative 
position to the wall# In turbulent flow, there is considerable motion of 
the liquid with eddies that move perpendicular to the net flow and no defi- 
nite boundary lines are maintained# 

One of the main objections to convection is that the heat transfer 
is obtained at the expense of pumping the fluid. For streamline flow, the 
viscosity causes a loss of energy as a result of the effect of one layer 
sliding over the other, since the inside layer is moving faster than the 
outside# The equation for this type of flow is as follows: (Poiseuille law) 


(10-5) 


dp _ 32 /XU 

II IF" 

gD 


where p = pressure 
L = length 
/X = viscosity 
u = velocity 
g = conversion factor 
D = diameter 


In turbulent flow, the phenomenon is no longer essentially viscous 
- it is kinetic effects# Energy is wasted by creating eddies and the equa- 
tion most commonly used is: (Fanning equation) 
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dp _ 2f u 

( 10 - 6 ) ^ 

where f is the friction factor, and it is a function of velocity, diameter, 
density, and viscosity as given by the Reynolds number, (Du/o/m)* The fac- 
tor f can be approximated by 

0 . 046 /( 2 ^°*^ 

The Reynolds number is the criterion of whether the flow is turbulent or 
streamline. A value of this group greater than 2000 - 3000 usually indicates 
turbulent flow, while lower values correspond to streamline flow. 

As would be expected, the two different types of flow result in dif- 
ferent heat transfer coefficients. In the case of streamline flow, the heat 
transfer would be purely by thermal conduction through the fluid, and equa- 
tions have been developed on this assumption. Actually, the equations as- 
sumed ideal conditions, i.e., no change of viscosity or density with tempera- 
tures. Since these physical characteristics for most fluids do vary with 
temperature, the flow conditions are not equivalent to those assumed, but it 
has been found that these theoretical developments serve as a valuable guide 
for correlating experimental data. 

In the case of turbulent flow, the present accepted picture involves 
essentially no turbulence at the wall due to the stabilizing effect, but with 
increasing degrees of turbulence away from the wall. In this case, the heat 
is transferred through the layer near the wall essentially by thermal conduc- 
tion and through the main body of the fluid essentially by turbulence, there 
being an intermediate region where both methods are important. In this case, 
heat transfer correlations have been developed by both theoretical and em- 
pirical approaches. The theoretical approaches have been largely based on 
the analogy between heat transfer and momentum transfer. Reynolds developed 
the first of such analogies using the turbulent core only. His equation 
agrees reasonably well with the data for gases, but is unsatisfactory for 
most liquids. 

Prandtl modified the Reynolds’ analogy by including a laminar film 
at the wall, and his equation is given below to illustrate the type of re- 
lationships obtained by these analogies. It is a fair quantitative equation, 
but there are other basic relations which are better. 



330 


THE SCIENCE AND ENGINEERING OF NUCLEAR POWER 


Prandtl's equation isi 


(10-7) 


h 

ro 

p 


f/2 


1 - r -f- r 

V V 


C M 
P 

“T" 


where h = heat transfer coefficient 



G = mass velocity = up 
f = friction factor of Fanning Equation 
fjL = viscosity 
k = thermal conductivity 

r = a function of the velocity at the boundary between 
the laminar film and the turbulent core. 


The group (1 - r^) is the relative resistance of the turbulent core and the 
group r^(CA/k) that of the film. These relationships have been tested for 
fluids having values of C/v^k approximately unity or greater, and there may 
be doubt as to whether they apply to the liquid metals which have values of 
this group of the order of 0.01. 

Empirical equations have been developed which correlate the available 
experimental data better than do the analogies, and these latter equations 
have their main value in indicating the important relationships. The empirical 
equations have been developed with the aid of dimensional analysis and for 
forced convection. They can usually be arranged to involve the Reynolds’ 
number, the Prandtl number, and a dimensionless group involving the heat 
transfer coefficient. For fluid flowing inside a tube, the following equation 
is given by McAdams, ’^Heat Transmission”; 

( 10 - 8 ) “ = 0.023 (^)°‘^ 


where 


h = the heat transfer coefficient 
D = diameter of the tube 
k = thermal conductivity of the fluid 
u = linear velocity of the fluid 
p = density of the fluid 
fjL = viscosity of the fluid 
C = heat capacity of the fluid 


Any dimensionally consistent set of units can be used# This equation 
handles the data for gases and liquids (water and the various organic fluids, 
but not liquid metals). The published experimental data on liquid metals are 
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very meager, but a few experiments with meroury have indicated heat transfer 
coefficients several-fold lower than predicted by the foregoing equation* 

This heat transfer equation can be condensed to the variables in- 
volved instead of employing dimension groups as follows: 


(10-8 a) 


h 


0.023 


. 0*6 0.8 0.8 — 0 • 4 

k u p C 



In order to obtain a high coefficient, it is apparent that a high value of 
the thermal conductivity is desired. Materials of low thermal conductivities 
will, in general, give low values of the heat transfer coefficients. In other 
words, the heat transfer coefficients for gases will be relatively low. In 
all cases, the coefficients increase rapidly with the velocity and apparently 
there is no upper limit to this effect. High velocities are objectionable 
due to the fact that they involve high pumping costs and, if possible, it is 
usually more desirable to obtain a high heat transfer coefficient by other 
means. It is to be noted that the diameter of the tube has little effect on 
the value of h. 

In order to indicate the magnitude of the coefficients obtained with 
gases, calculations were made with Equation (10-8) for a velocity equal to 
one-half the velocity of sound at 400° C. It should be emphasized that these 
velocities are much higher than normally employed for gases. With a velocity 
equal to one-half the velocity of sound, air gives a heat transfer coefficient 
of about 50 Btu per hr. per ft^ per °F . Hydrogen at one-half the velocity 
of sound at 400 C has a coefficient of about 280 and helium around 170. 
However, as a whole, these coefficients are low as compared to those obtain- 
able with liquids. 

In the case of liquids, very high heat transfer coefficients are pos- 
sible. Water flowing at a velocity of 10 feet per second gives a heat trans- 
fer coefficient of approximately 3,000 Btu per hr. per ft per °F, which means 
that a large amount of heat can be transferred for a small temperature dif- 
ference. If the velocity is increased to 50 feet per second, water gives 
a coefficient of about 10,000, and this is probably as high as would be de- 
sirable, since the other resistances would then become limiting. 

On the basis of Equation (10-8), the liquid metals appear very good. 
For example, at about 10 ft/seoond, both liquid sodium sind liquid mercury 
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give calculated heat transfer coefficients of over 20,000# There is a very 
serious question, in view of the present experimental data, whether the actual 
heat transfer coefficients are as high as those calculated, and it may be that 
the coefficients will be materially modified by whether or not the liquid 
metal wets the tube wall. 

Assuming that the heat transfer coefficients for the liquid metal 
are as high as 20,000, it is doubtful that such high values would be par- 
ticularly helpful due to the fact that with these materials a tube wall would 
be involved, and even with a thin tube, the wall resistance to heat transfer 
would probably be very much greater than corresponds to such high coefficients* 
Before liquid metals can be properly appraised, it will be necessary to have 
sufficient data to determine whether the metal wetting the tube wall is impor- 
tant* In the case of the chemically-active metals such as lithium, sodium, 
and potassium, it is probable that wetting will occur with the usual typos 
of steel, but normally mercury does not wet steel. However, the data in the 
literature indicate that small quantities of other elements canbe added to 
mercury which make the liquid wet the wall. 

For the case of streamline flow in tubes, McAdams gives the following 
re lationship: 



Nomenclature same as for Equation (10-8) 

In general, this equation is of the same form as the one for turbulent flow, 
but the effect of velocity is much less, while the effect of thermal conduc- 
tivity is about the same. Streamline flow is not widely used in industrial 
heat transmission problems, but in the case of the liquid metals it may be 
desirable, since such high coefficients can be obtained with these fluids even 
under low velocity conditions, which would save pumping power as compared to 
turbulent flow. 

Besides forced convection, heat is also transferred by natural con- 
vection, in which case the circulation of the fluid is due to the fact that 
a temperature difference exists, and not due to any external pumping system* 
The fluid circulates due to the density differences produced as a result of 
the temperature difference. As a whole, natural convection gives low heat 
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transfer coefficients. Most gases give values of the heat transfer coeffi- 
cients of 26 or less, and water gives coefficients up to approximately 300. 
There is very great uncertainty as to the magnitude of the heat transfer co- 
efficients obtained with liquid metal. 

The above equations were developed for flow inside tubes, and a 
limited amount cf work; has been carried out in conduits of other cross sec- 
tions, such as annular spaces, square pipes, triangular pipes, elliptical 
pipes, etc. In general, it is possible to correlate the limited data avail- 
able for these shapes with the equations for tubes by using four times the 
mean hydraulic radius instead of the diameter; where the mean hydraulic radius 
is defined as the cross section for flow divided by the wetted perimeter. 
Thus, for a circular tube, the mean hydraulic radius calculates to be one- 
fourth the diameter and reduces to the original relationship. For other 
shapes, the total perimeter is used in calculating the mean hydraulic radius 
regardless of whether the perimeter is all used for heat transfer. 

10-5 Boiling Liquids 

Another method of transferring heat that may be useful in nuclear re- 
actors is the use of boiling liquids. Within the reactor itself, such sys- 
tems may be objectionable since they tend to cause an irregular variation in 
the average density of the coolant, and this variation will probably reflect 
on the nuclear reaction. On the other hand, it is an excellent method of ob- 
taining very high rates of heat transfer. The heat transfer coefficient for 
boiling liquids over fairly large temperature regions increases almost pro- 
portional to the square of the temperature difference betv;een the tube wall 
and the fluid. At high temperature differences, the coefficient reaches a 
maximum and then drops off if still higher temperature differences are em- 
ployed. At very high temperature differences, it undoubtedly increases again. 
This drop in the heat transfer coefficient is due to the fact that the tem- 
perature of the tube wall becomes so hot that the liquid no longer wets the 
metal. It is a case similar to a drcp of water on a hot stcve. This tem- 
perature difference that gives the maximum heat transfer coefficient varies 
with the systems employed but is usually of the order of 40 to 80^ F. At 
the maximum, water at atmospheric pressure has a heat transfer coefficient 
of about 10,000. Thus, a boiling liquid is an excellent method of obtaining 
a high heat transfer coefficient without the necessity of paying a high price 
for pumping costs. 
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If a fluid of the right physical and nuclear characteristics could 
be found, and if the problem of variable density within the reactor could be 
overcome, boiling appears to be one of the desirable methods of removing the 
heat. In any case, it is likely that it may be desirable to use the heat of 
a nuclear reactor in a steam turbine power unit, in which case, heat trans- 
fer by boiling would be involved in the secondary heat exchanger if not with- 
in the reactor itself. 


10-6 Condensation 

Another type of heet transfer that would be associated with boiling 
is condensation. It is not likely that condensation will be important with- 
in the nuclear reactor itself, but it may be important in the external power 
cycles. In general, heat transfer coefficients for condensation are high, 
and the main resistance is the film of liquid that forms on tie condenser 
surface. For example, in the case of water, if the water films on the wall, 
coefficients of the order of 1,000 to 3,000 are obtained. However, if the 
water is made to condense drop-wise, coefficients of the order of 10,000 to 
30,000 are possible. In the case of water, it is possible to add agents which 
will make it condense drop-wise, but with a great many other liquids, suit- 
able agents for the production of drop-wise condensation have not been found. 


10-7 General Considerations 

This section will consider the application of the various methods 
of heat transfer to nuclear reactors reviewed in Sections 10-1 through 10-6. 
The following criteria are considered to be important in the design of the 
system for heat removals 


1. Minimum interference with nuclear reactions 

a. Minimum volumes required for heat removal (that 
is the volume of material required to remove 
the heat and which has no bearing on the oper- 
ation of the pile should be kept to a minimum); 

b. Minimum introduction of undesirable components 
(that is the amount of extraneous materials 
should be kept as small as possible); 

2. Lower power requirements for removing heat 


3. Engineering feasibility (This includes such factors as the sta- 
of the fluid under temperature and radiation. For example, most of 
game liquids are unstable above a temperature of SSO® c. While some 
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of the fluorine compounds are stable above this temperature, few, if any, of 
the organic compounds offer promise as coolants in nuclear reactors. Otiher 
factors are corrosion, temperature level of operation, and other radiation 
effects. In the following discussion only the first two factors will be 
considered. ) 

10-8 External Methods of Heat Removal 

Radiation . The beat arrangement to satisfy the criteria of Section 
10-7 would be to have a heat removal system that would occupy zero volume 
within the reactor. We might have a system such as that shown schematically 
in Figure 10-1. 



Figure 10-1. Heat Removal by Radiation 

In order to obtain a concept of the problems involved in such a re- 
actor, consider such a unit producing 10,000 horsepower, which corresponds 
to a heat production of approximately 100,000,000 Btu/iiour when the efficiency 
of the heat cycle is included. Assuming that the average surface temperature 
of the cooling coil is 1400° R, what is the surface area of the radiating 
system as a function of the surface temperature necessary to transfer heat 
at this rate? Using the results given in the table of Section 10-3, the 
following values are calculated: 
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T^°R 

1,500 

2,500 

3,500 

Surfaoe-ft^ 

47,500 

1,700 

400 

Diameter of Equivalent Sphere-Feet 

120 

23 

11 


Unless the temperature is very high, the radiating system will be very 
large and external surface radiation does not appear to be a desirable methcK? 
of removing heat. In addition to the high surface temperature, there would 
be a very large temperature gradient through such a unit. Even if the aver- 
age thermal conductivity of the solid sphere were as high as 100 Btu/liour/sq. 
ft/°P, the iaternal temperature drop would be several thousand degrees 
Fahrenheit. 

Conduction . Another external method of removing heat would be to place 
the heat adsorbent surfaces in direct contact with the external surface of 
the reactor. This would of course eliminate the heat transfer resistance due 
to radiation. However, it would still require the very high temperature 
gradients within the reactor, and for most cases, these gradients are so 
great that this method does not appear practical. 

External Heat Exchange . Another arrangement which could be employed 
to remove the heat without interfering with the reactor itself would bo the 
use of a homogeneous reactor employing liquid media as was discussed in Sec- 
tion 9-8 (b). For example, a uranium salt could be dissolved in heavy 

water or uranium metal might be dissolved in one of the liquid metals. This 
active mixture would be circulated from the reactor through a heat exchanger 
and back to the reactor. In this case, the reactor itself is not altered 
to allow for heat removal, but there is a certain loss of delayed neutrons 
in the heat exchanger section which is not desirable. In order to minimize 
this loss, the most practical arrangement would be to make the volume of the 
active material in the heat exchanger as small as possible relative to 
that in the reactor. Thus, if the volume of the active liquid in the heat ex- 
changer is kept down to 0.1 per cent of the volume of the liquid in the 
reactor, the neutron loss should not be over 0.1 per cent of the delayed 
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neutrons. It will probably be less than this value due to the fact that 
a considerable portion of the material will be returned to the reactor before 

the delayed neutrons are released. 

The main problem in this liquid homogeneous reactor therefore is the 
volume of active fluid in the heat exchanger. In the following section, 
equations are developed for the relationship between the volume of the fluid 
in a heat exchanger and the dimensions of the exchanger, physical properties 
of the fluid, operating condition of the exchanger, and the power necessary 
for circulating the fluid through the exchanger. Equations (10-17) and (10-18) 
summarize these relationships for turbulent and streamline flow. For liquid 
reactants involving water or liquid metals, these equations indicate that it 
should be possible to design exchangers, for transferring 100,000,000 Btu/4iour 
with a low power consumption, that have an active liquid volume of less than 
0.1 cubic foot. It therefore appears feasible to keep the volume of liquid 
in the heat exchanger less than 0.1 per cent of the volume of the reactor. 
If suitable liquid mixtures can be developed for the nuclear reaction, this 
type of system appears very attractive. 

10-9 Internal Methods of Heat Removal 

In this method it will be assumed permissible to introduce some volume 
into the reactor for the purpose of heat removal. A variety of fluids might 
be used, and two flow conditions will be considered: (a) turbulent flow and 
(b) streamline flow. 

10-10 Coolants 

In considering the coolants irrespective of their nuclear properties, 
the two most important factors appear to be minimum power consumption eind 
minimum volume required within the nuclear reactor for removing the heat. 
There are a large number of possible coolants, both gases and liquids. These 
would cover the various gases and vapors, water, organic liquids, molten salts ^ 
molten metals, etc. In order to attain a comparison of their heat-removing 
properties, it is instructive to study cui Idealized system. For exsimple, con- 
sider a nuclear reactor in which the coolant flows through holes or tubes in 
the reactor and each stream of the fluid undergoes identical conditions. 
(This is undoubtedly not the case for a reactor with uniformly spaced passages 
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since the tubes near the wall probably receive less energy thsm those in the 
center. ) 

Heat Transfer and Energy Equations 

In order to simplify the calculations and arrive at a useful working 
relationship, a number of assumptions will be made, but in no case do these 
appear to alter materially the picture. In the first place, it is assumed 
that the power required for pumping the fluid through the reactor can be 
calculated by; 

V AP 

(10-10) W = - 2 — 

J 


where W = the work required for pumping the fluid. 

V = the volumetric flow rate of the fluid. 

c 

AP = the pressure drop of the fluid in passing through the 
reactor. 

J = conversion factor. 

This expression is correct when the fluid is incompressible and it should 
therefore be satisfactory for the liquids and for the case of gases when the 
pressure drop is small (in most cases, the feasible pressure drops with gases 
are small). 

For turbulent flow, the pressure drop will be calculated by the Fan- 
ning equation and no allowances will be made for entrance or exit losses, or 

for changes in kinetic head of the fluid within the reactor. The Panning 
equation is: 

(10-11) p = — ^ P 

gD 


where f - friction factor, and for the purposes of these calculations, is 


taken to be; 


(0.046! 

^D/ouj 0,i 


L = length of the fluid passage 
u = average velocity of the fluid 
p - average density of the fluid 
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g = conversion constant from pound mass to pound force 
D = inside diameter of the passage 
fjL = viscosity of fluid 

For viscous or streamline flow, AP will be calculated by Poiseuille’s 

Law; 

( 10 - 12 ) 

g(D)^ 


The nomenclature is the same as in the Fanning equation. The volume 

of the reactor occupied by the coolant, V, , is equal to where n is the 

h 4 

number of passages. 


The heat balence for the reactor (neglecting losses) is: 


(10-13) 


Q = wC AT = V pc Zfl* 
P c p 


where Q = the rate of heat removal 

w = the weight rate of flow of the coolant through the reactor 
= the heat capacity per unit weight of the coolant 

AT = the temperature rise of the coolant in passing through the reactor 
The rate of heat removal is also equal to the rate of heat treinsfer to the 
fluid. Thus: 


(10-14) Q = hAAt = hnr/DLAt 


where h = heat transfer coefficient 
A = area for heat transfer 
n = number of passages 

At = average temperature difference between the tube wall and the bulk 
temperature of the coolant* 

In order to evaluate the heat transfer coefficient, h, equations were taken 
from ”Hoat Transmission” by McAdams, and for flow inside tubes are: 

For turbulent flow: 

(lO-U, K = 
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For streamline flow: 


(10-16) 



where G = mass velocity = up 
k = thermal conductivity 

These equations have been developed from experimental data on gases, water, 

and organic liquids* All of these materials have values of the Prandtl 

group, C p/k, from 0.6 up to several hundred. There may be some question in 
P 

their use for liquid metals which have values of this group of the order of 

0 . 01 . 


Combining Equations (lO-lO) through (10-16) and eliminating the vari- 
ables that appear to be most dependent in the design of the unit (the elim- 
ination is somewhat arbitrary since the length was kept as an independent 
variable and the diameter was eliminated as a dependent variable), one ob- 
tains : 


For turbulent flow;- 


(10-17) 




2 2 , 

P k 



0.4 


For streamline flow; 


(10-18) 


W_a.68v / 

h 


2 2 

C p k 
L P 


The above equations can be used in any set of consistent units. The left- 
har.d side is a dimensionless energy ratio although the numerator is work 
energy and the denominator is heat energy. The following table lists sug- 
gested consistent units for each of the terms for both the engineer and the 
metric systems: 
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Engineering Units 

Metric Units 

Q 

Btu/liour 

Cal/second 

L 

Feet 

Centimeters 

AT, At 

Degrees Fahrenheit 

Degrees Centigrade 

\ 

Cubic Feet 

Cubic Centimeters 

W 

BtU/4iour 

Calories /second 

M 

Lbs/ft/liour 

Gms/cra/second( poise) 

C 

n 

Btu/lb/^F 

Cal/gm/^C 

r 

p 

Lbs/cu.ft . 

Gms/ou.cm. 

k 

Btu/iir-ft • 

Cal/sec-cm. ^C 

j 

778 ft.Lbs/Btu 

4.27 X lo'^gm.cm. 

cal. 

g 

4.16 X 10^ft./4ir^ 

980 cm/sec^ 


It should be pointed out in using these equations that all the values 
of the physical constants should not be taken at the same temperature. The 
values of viscosity, heat capacity, and thermal conductivity were involved 
in the relationships pertinent to the reactor and should, therefore, be taken 
at some average values under the reactor conditions. One of the density terms 
relates to conditions within the reactor and the other relates to the density 
at the pump or compressor. Thus, the first 'should be evaluated at the re- 
actor conditions and the second at pump conditions. 

It will be noted that both of these equations consist of two main 
groups. The first group contains the rate of heat production, length of 
fluid passage, the volume of the reactor occupied by the heat transfer sys- 
tem and the two temperature differences. Thus, it is a design and operating 
variable group that can be altered by the choice of different combinations 
of the variables. The second group in both cases involves only the physical 
properties of the fluid and is therefore, chief ly, a function of the fluid, 
although to a minor extent it is a function of the operating conditions, since 
the physical properties may be a function of the temperature and pressures 
employed. 

Physical Characteristics of Coolants . The desirability of a fluid 
for cooling a nuclear reactor from the heat viewpoint can be evaluated by 
this physical characteristics group. Since in general, it is desirable to 
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keep the power required at a minimum, and the volume of the heat transfer 
system at a minimum, small values of these groups are desired. Comparison 
for a number of the most common fluids is given in Tables 10-3, 10-4, 10-5, 
In calculating the values given in Table 10-3 for the gases, the 
physical properties were taken at a temperature of 0^ C and a pressure of 
one atmosphere. 

In comparing the gases it is noted that there is a wide variation in 

the values, with hydrogen being the most desirable (lowest). The value of 

this physical characteristics group for gases can be approximated by consider--^ 

ing the fact that the Prandtl group (C A^k), is essentially the same for all 

P 

gases. Thus, for turbulent flow, the latter group becomes s 


M p' 


Cu\ 0.6 2 


R T T 
p av 




and for viscous flow: 




R^T T 
p av 


(MCp)^p2 


where M = molecular weight of the gas 
R = the gas constant 

Tp = temperature of the gas at the pump condition 

T = temperature of the gas under reactor conditions 
av 

p = absolute pressure 
(MCp) = molal heat capacity of the gas 

Thus, for given conditions of temperature and pressure, the most im- 
portant factor in determining the value of these groups for gases is the mole- 
cular weight divided by the cube of the molal heat capacity. High molal heat 
capacities are usually associated with complex molecules and for that reason 
some of the higher molecular weight gases appear more desirable than would be 
expected. 
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Since the average temperature of the reactor and the temperature at 
the pump will be above the 0^ C assumed in calculating these groups, the 
values should be appropriately increased for actual calculations* The value 
of the Prandtl groups is essentially independent of temperature, but the 
molal heat capacity would be higher and should be evaluated at the average 
temperature of the reactor* 

In comparing the values given in the table, it is noted that they do 
not follow the low molecular weight criterion and this is due to the fact that 
in many cases the effect cf heat capacity offsets the molecular weight* Hy-j 
drogen and deuterium give low values of the physical property group as would 
be expected, but a more complicated structure such as ethane gives a sur- 
prisingly low value in spite of its high molecular weight. The same is true 
of Freon-ll, Helium gives a surprisingly high value and this is due to the 


TABLE 10-4 


Liquids 

Turbulent Flow 

a - X 

X 

? 2 C m 0.4 

Op-^K-E-) 


HgO 

.0004425 

1.0 

*Na 

.000877 

2.0 

♦ Sn 

.00357 

3*5 

vHg 

•00336 

7.6 

*Bi 

.0053 

12.0 

♦ Cd 

. 00583 

13.2 

NaNOg , NaNO^ , KNO^ (HTS ) 

.00628 

14.2 

♦Pb 

.00787 

17.8 

Acetic Acid 

.00839 

19.0 

Glyo ol 

.00919 

20.8 

CClgFg (Freon- 12) 

.00957 

21.6 

Aniline 

.0157 

35.6 

Diphenyl 

.0202 

45.7 

Naphthalene 

.0286 

64.6 

Glycerol 

.0398 

90.0 


'»*It is unlikely that the heat transfer equations used in these derivations 
can be used for correlating the behavior of liquid metals. 
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low molal heat capacity of the monatomic gas. It should be emphasized that 
this table has given no consideration to the nuclear characteristics or the 
chemical stability of the compounds under reactor conditions. 

The table for the liquids gives the estimated values of the physical 
characteristics groups for several of the liquid metals, water, a few organ- 
ic liquids, and one molten salt mixture. The physical properties of water 
were taken at 176^ F, and moderately higher temperatures would give still 
lower values. However, temperatures approaching the critical cause the value 
of this group to decrease. 

The available data on the physical properties of the liquid-metals 
are very limited. The values given in the tables are based on data from a 
number of different sources. In all cases, the temperatures were above the 
melting point of the metal, but frequently the physical properties employed 
for a given metal do not all correspond to a given temperature. Thus, the 


TABLE 10-5 


Liquids 

Streeonline Flow 

X 

X 

2 2 ~ ^ 

Na 


>^Na 

.000126 

1.0 

0.2 

’►Sn 

.000271 

2.0 

0.4 


.000612 

4.5 

1.0 

*Hg 

.00064 

4.7 

1.0 

’♦‘Bi 

.000929 

6.8 

1.5 

*Cd 

.000929 

6.8 

1.5 

*Pb 

.00149 

11.0 

2.4 

NaN02,NeN0g,KN0^(HTS) 

.017 13 

126.0 

28.0 

CC1„F (Freon- 12) 

.01877 

138.0 

30.7 

Acetic Acid 

.0227 

167.0 

37.1 

Aniline 

.0646 

475.0 

105.0 

Diphenyl 

.0694 

610.0 

113.0 

Glyc ol 

.0696 

512.0 

114.0 

Naptha lene 

.0996 

732.0 

163.0 

Glycerol 

.632 

3920.0 

871.0 


♦See Turbulent Flow 
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value of these groups is only approximate, but they should certainly be of 
the same order of magnitude and are probably within a factor of two of the 
true value. 

The data on several of the organic liquids were likewise incomplete, 
and in these cases, values of the physical properties were estimated. In 
the case of the liquid salt mixture, data were available for all physical 
properties except thermal conductivity, which was estimated. 

It will be noted that for turbulent flow, liquid water has the low- 
est value, but the use of water seriously limits the maximum temperature tha'^ 
can be employed in the reactor. Under these flow conditions, the liquid 
metals appear good, but it should be emphasized that the heat transfer equa- 
tions employed have not been adequately tested for the liquid metals. In 
fact, the limited heat transfer data available for these metals indicate 
that the equations may give values several times the true values. If this 
is the case, the values for the liquid metals should be multiplied by five 
to ten, which greatly reduces their attractiveness. Whether this difference 
is due to the fact that the metals did not wet the tube wall in the experi- 
mental tests or whether it is an inherent characteristic of the metals, should 
be ascertained. 

The organic liquids do not appear attractive from a heat transfer 
standpoint, and it is also likely that they are unattractive from thermal 
stability and nuclear viewpoints. The particular liquid-salt mixture given 
indicates that this type of fluid has reasonable attractive heat transfer 
characteristics. While this mixture may not be desirable for other reasons, 
it does indicate that other salt mixtures are worthy of consideration. 

The values for the liquids in streamline flow are roughly in the 
same order as for turbulent flow except that water and the organic liquids 
appear less favorable relative to the liquid metals. In this case, the 
liquid metals should give values more in agreement with the heat tremsfer 
equations since they are based chiefly on conduction calculation. 

In all the tables, a column is given comparing the value of the 
characteristic group for a substance to the lowest value for any substance 
in the table. 
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10- U Design Variables 

For a given fluid, the design variables can be altered to give the 
most desirable relationship* In general, the two most important considera- 
tions would be to have low values of the work, W, and low values of the vol- 
ume of the reactor utilized for the removal of heat, (in examining the 
equation, it is obvious that these two considerations are contradictory and 
some type of balance must be made between them.) In general, for a given 
design, the value of the heat removed per unit time, Q, is fixed, and the 
designer therefore has only three variabDes that he can use to give low 
values of W and namely, the length of the heat transfer passage, the 
temperature rise of the fluid in passing through the reactor, and the tem- 
perature difference between the fluid and the reactor wall. Actually, the 
choice in the last two variables is not very great. The temperature rise 
of the fluid in passing through the reactor is defined by the characteristics 
of the power system utilizing the heat and by the maximum reactor temperature. 
The temperature difference between the wall and the fluid can be varied, but 
there are upper limits to this difference due to engineering factors. Thus, 
the main variable at the control of the design engineer is the length of the 
heat transfer passage and these equations would indicate that the shorter the 
length of the passage, the lower the value of the work and/or the volume oc- 
cupied for heat transfer. It should be emphasized that when the length of 
the passage is varied for turbulent flow, the diameter of the passage is also 
varied to satisfy these relationships. The diameter can be calculated by the 
following equations obtained from Equations (10-14), (10-15), and (lO-ie): 


For turbulent flows 


(10-19) 



For streamline flows 

( 10 - 20 ) 


= 412 


'Tr 2/. .v3, 2\ 

\ (At)k 
AT 
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given by Section 10-10 would make the value of the oharaoteristio group 12,600, 
Thus Equation (10-17a) reduces for these design conditions tos 


(^) = 4.8 



The value of W is Btu/4iour of work energy, while Q is Btu/liour of heat 
energy* Since it requires approximately 4 Btu*s of heat energy for the cycle 
given to produce 1 Btu of work energy, using all of the power production aa 
pressure drop in the reactor would correspond to a value of w/q of *25* Prac- 
tically, it would be undesirable to have a value of W/tj greater than #01, since 
there will be an approximately equivalent pumping loss through the helium- 
water exchanger and, correcting for the factor of 4 between heat and work| 
this would correspond tc using about 8 per cent of the total energy produced 
for pumping the helium. Taking a value of w/q of .01 gives = 480 L , or 
= 22 L* If the heat transfer passages are made the length of the reactor 
namely, 10 feet, this would correspond to utilizing 220 cubic feet of the re- 
actor volume for helium. This is probably excessive and some alternate method 
would have to be employed* The volume could be reduced by increasing the 
absolute pressure, which increases the density of the helium. For the con- 
ditions chosen, the value of is inversely proportional to the pressure. 
Thus, a pressure of 10 atmospheres would reduce the volume of the helium with- 
in the reactor to 22 cubic feet. 

Another method of reducing the volume of the helium within the re- 
actor would be to use heat transfer passages shorter than 10 feet, and the 

volume required is directly proportional to the length of the passages. Thus, 

it would be ideal to use rather short passages except for the difficulty of 
arranging suitable manifolds and headers. In fact, the disadvantages of in- 
troducing such headers would probably be so great that it is doubtful whether 
passages any shorter than 5 feet would be desirable. 

If some of the other gases, with lower values of the physical charac- 
teristic group, such as D^, were employed, it would allow slightly lower power 

and volume requirements* However, none of the gases have low enough values 
of the physical characteristic groups to make the problem of heat removal easy. 



Coolant 
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given by Section 10-10 would make the value of the characteristic group 12,600, 
Thus Equation (10-17a) reduces for these design conditions to; 


( 2 ) = 4.6 



The value of W is Btu/4iour of work energy, while Q is Btu/4iour of heat 
energy. Since it requires approximately 4 Btu's of heat energy for the cycle 
given to produce 1 Btu of work energy, using all of the power production aa^ 
pressure drop in the reactor would correspond to a value of w/Q of .26. Prac- 
tically, it would be undesirable to have a value of W/ti greater than .01, since 
there will be an approximately equivalent pumping loss through the helium- 
water exchanger and, correcting for the factor of 4 between heet and work, 
this would correspond tc using about 8 per cent of the total energy produced 
for pumping the helium. Taking a value of w/q of .01 gives Vj^ = 480 L , or 
V, = 22 L. If the heat transfer passages are made the length of the reactor 
namely, 10 feet, this would correspond to utilizing 220 cubic feet of the re- 
actor volume for helium* This is probably excessive and some alternate method 
would have to be employed. The volume could be reduced by increasing the 
absolute pressure, which increases the density of the helium* For the con- 
ditions chosen, the value of is inversely proportional to the pressure* 
Thus, a pressure of 10 atmospheres would reduce the volume of the helium with- 
in the reactor to 22 cubic feet* 

Another method of reducing the volume of the helium within the re- 
actor would be to use heat transfer passages shorter than 10 feet, and the 

volume required is directly proportional to the length of the passages* Thus, 

it would be ideal to use rather short passages except for the difficulty of 
arranging suitable manifolds and headers* In fact, the disadvantages of in- 
troducing such headers would probably be so great that it is doubtful whether 
passages any shorter than 5 feet would be desirable. 

If some of the other gases, with lower values of the physical charac- 
teristic group, such as D^, were employed, it would allow slightly lower power 

and volume requirements. However, none of the gases have low enough values 
of the physical characteristic groups to make the problem of heat removal easy. 
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In fact, for reactors producing more energy per unit volume than the example 
considered here, the problem of using gases becomes very difficult. 

Water Cooling . Jn this case, a water-cooled reactor will be considered 
in which liquid water will be circulated through the reactor under pressure 
euad will be heated from 200° to 600° F. The other design conditions will be 
the same as before. For this case. Equation (10-17) becomes; 



Using the value of the physical characteristics group given in Table 10-4 of 
0.00044 without any corrections for temperature level, and using a lengtn of 
heat transfer passage of 10 feet, gives: 



0.000084 



In this case, very low values of w/q and Vj^ aro possible. For example, re- 
ducing the value of w/q to 0.001, which would correspond to less than one 

per cent of the power for pumping, gives a value of V, of less than 0.3 cubic 

h 

feet. 
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HEAVY ELEMENTS AND NUCLEAR FUELS 

by 

John W. Irvine^ Jr. 

Basic Chemiatry of the Heavy Elements 


Introduot ion 

Heavy elements are defined for the purpose of this discussion as those 
elements whose atomic number is greater than 88# These are actinium, thorium, 
protoaotinium, uranium, and the newly created transuranic elements neptunium, 
plutonium, americium and curium. 

Before 1940 only thorium and uranium were of any commercial signifi- 
cance and the elements above uranium were unknown. Thorium has been used in 
Welsbach mantles since 1886 and much more recently as a catalyst and as an 
activating agent in tungsten filaments. Uranium has been used to a very 
limited extent in certain alloy steels and as a pigment in some yellow ceramic 
glazes and glass. As a result of the increased interest in radio-chemical 
and nuclear research, protoactinium is now available in quantities of a few 
grams at a price of about ^5,000 per gram. 

The current interest in these heavy elements is due to the fact that 
the three known nuclear fuels are in this group. Also, four of the elements 
do not occur naturally and studies of their chemical and physical properties 
lead to a better understanding of the structure of matter. 

11-2 Sources of the Heavy Elements 

\ Figure 11-1 shows all of the isotopes of the heavy elements as they 
appear in the open literature. 

The first element, actinium, has two isotopes. The principal one is 
Ac 227 which the element is named. It is a member of the naturally occur- 
ring 4n t 3 radioactive series whose parent isotope is U^^b, Normally, it 
is available in tracer amounts only. 

Thorium is shown with seven isotopes of which Th*'^^ is the common 
one, available in ton quantities. This isotope is the parent of the naturally 
occurring radioactive series, the thorium series, which is characterized by 
the mass relation 4n. Th^^^ is the isotope from which U^^^ is synthesized 
by neutrons from a primary nuclear reactor. The first step of the synthesis 
is Th^^^ (n,y)Th^^^. The product isotope is a /3-emitter decaying with a 
half-life of 23 minutes to Pa^^^ • 

The next element, protoactinium, is named from its principal isotope 

This isotope was formerly known in milligram amounts but has recently 
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been made available in gram quantities. It is also a descendant of U and 

227 233 

is the immediate parent of Ac . The 27-day Pa is importeint as an inter- 

233 232 

mediate in the synthesis of U from Th . 

Uranium has six isotopes, three of which occur naturally. Of these 

238 239 

U ^ is the most abundant and is the starting point in the synthesis of Pu 

239 

by an (ny) reaction to give the ^active isotope U ' • Uranium (238) is the 

parent of the 4n + 2 disintegration series, the uranium or radium series* 

Uranium (234) is an intermediate member of this series* Nuclear chain re- 

235 

actions are possible only because of the natural occurrence of U • This 

isotope is the primary nuclear fuel* In addition, it is the parent of the 

actinium series already mentioned* Uranium (233) is a secondary nuclear fuel 

232 

synthesized from neutron capture by Th followed by two A^-deoay steps* 

The first transuranic element to be discovered was neptunium. In Fig- 
ure 11-1 are listed six isotopes of this element which are now known# In 1940, 
McMillan and Abelson identified the 2*3 day activity, which appears when 
uranium is bombarded with neutrons, as an isotope of element 93* Its mass 

nimiber (239) was established by demonstrating its growth from the 23-minute 

239 237 

isotope of uranium, U . Subsequently, Np was discovered and this isotope 

has been isolated from neutron reactor sources in quantities the order of 100 

237 

mg* It is formed by /6-deoay of U , which is the product of the reaction 
238 

U (n, 2n). The yield in nuclear reactors^ is approximately 0.^ that of 
239 

Pu • In general, the isolation of macroscopic amounts of a radioactive 
isotope is contingent on that isotope having a relatively long half-life, the 
order of years at least* 

Following the recognition of neptunium, plutonium was discovered in 

238 

uranium sources bombarded with deuterons* In this manner Np was synthesized 

238 238 

by a (d,2n) reaction on U and the 50-year Pu ' grown from it by ^-decay* 

238 

After the chemical properties of plutonium were established, using Pu as a 

239 239 

tracer, Pu was isolated from solutions containing Np • This isotope, 

239 

Pu , is the third nuclear fuel. 

Americium, the third transuranic element, is made by bombardment of 

241 

uranium and plutonium with helium ions of 44 Mev* The isotope Am has been 
isolated and studied in microgram quantities* 

Curium, which has an atomic number of 96, the highest known, is made 
by helium ion bombardment of plutonium* It is known only in tracer quantities. 
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but its ohemioal properties have been well established by standard radioohemi- 
oal techniques . 

241 

Since macroscopic quantities (micrograms) of Am have been isolated, 
there is a possibility of producing element 97 by helium ion bombardment. 
Whether elements with still higher atomic number can be produced is an \m- 
answerable question at this time. 

il-3 Tracer Chemical Methods 

Prior to the discovery of radioactivity, two of the eight heavy ele- 
ments were known as ordinary ohemioal elements. Uranium had been disoover^i 
by Klaproth in 1789 and thorium by Berzelius in 1829, and by the use of normal 
ohemioal methods, the properties of these elements were fairly well estab- 
lished. 

The work of the Curies on polonium and radium established the prin- 
ciples of radiochemical tracing techniques. The ionizing power of the radia- 
tions from radioactive isotopes makes possible quantitative measurement of 

—8 — 20 

those isotopes at concentrations of 10 to 10 molar. By the use of these 
methods 9 Debierne and Giesel discovered and worked out the chemical proper- 
ties of actinium in 1899. Hahn and Meitner discovered protoactinium through 
radiochemical studies in 1917, and from the knowledge of the chemical proper- 
ties thus gained, Grosse was able to isolate a few milligrams of the element 
in 1927. 

The validity of radiochemical studies at tracer concentrations is 
olearly shown by the successful design of the Hanford plutonium separation 
plants. These plants were designed to carry out a separation process for an 
element which had never been seen, and which did not occur naturally in the 
earth’s crust. Before construction was completed, the process had been veri- 
fied on an ultramicrochemical scale and later on a gram scale, but the original 
designs were substantially correct. This was a scale-up factor of about 10^^. 
Methods of such power deserve a more careful study. 

At tracer concentrations, precipitates ceinnot ordinarily be formed 
because the conc.entration of the trace ions will not exceed the equilibrium 

concentration for the precipitate desired. In this case, solubilities can 

44 

be determined approximately by co-precipitation methods. For example, U 

— I A 

forms an Insoluble precipitate with P , UF^. If the concentration of U is 
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smaller than its equilibrium value, it oaii be removed quantitatively by pre- 
oipitating maorosoopio amounts of a fluoride such as or LaF^# The U 

is carried as a solid solution in the precipitate* On the other hand, U 

I 

exists in solution as the uranyl ion UO^ • Uranyl fluoride is soluble* If 

^ t f 

the same insoluble fluorides are precipitated in the presence of UO^ the 
uranium remains in solution# Studies of an element, such as uranium, whose 
chemical properties are known, serve to establish the laws governing reactions 
at tracer concentrations. 

To illustrate in more detail the working of the method, some of the 
experiments with neptunium and plutonium are described in the following para- 
graphs • 

In the case of element 93, neptunium, an activity with a 2*3-day 
half-life, was found in uranium irradiated with neutrons . After removal of 
the fission products, it was found that this activity precipitated quantita- 
tively with CeF, from an acid solution which had been treated with a reducing 
o 

agent, SO,^. When a strong oxidizing agent, HBrO , was present, the activity 
did not precipitate with the CeF^. If precipitated, the 

activity did not follow the uranium from the reduced solution but did follow 
it from the oxidized solution* From this evidence, it can be concluded that 
neptvmium has at least two oxidation states and that in the higher state the 
neptunium probably has an oxidation number Of ■♦“6 and exists as the ion, 
NpO,. • This conclusion is based on the fact that the formation of NaUOp 
(C„H 0„) is a highly selective reaction for U0_ . In the lower oxidation 

COCO ^2 ^ 4-4 

state, the neptunium might be Np , Np or Np , since these simple ions 

would bo expected to oo- precipitate with the insoluble CeF . Further tests 

o 

established that the activity oo-precipitated with Th(l02)^« Since this 

behaviour is characteristic of +4 ions, the neptunium must have been present 
+4 

as Np . If a reducing agent stronger tlmt ^ 0^ is used, for example metallic 
aino, the neptunium activity does not oo- precipitate with the iodates but 

does follow LaF, quantitatively* Thus, an oxidation state of +3 can be 

o 

established. Similar experiments have established the existence of a +6 
oxidation state. 

The chemistry of plutonium vras worked out in a similar manner using 

238 

the 50-year a-aotive plutonium isotope, Pu . The behaviour of plutoniun 
in reduced solutions was similar to that of neptunium, except that with 
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plutonium the +3 state was more stable relative to the +4 state. In HBrOg 
solutions, howevor, the plutonium did not behave as though it was present as 
PuOg . The activity followed the fluoride precipitates rather than the 
NaU0_(C„H,0„), precipitate. When a stronger oxidizing agent was used, the 
plutonium activity then behaved in the same manner as the neptunium activity* 
Thus acid solutions of persulfate (SgOg ) with Ag'*' as catalyst, oxidize 
plutonium to Since the standard oxidation-reduction potential for 

the couple SO. II SoOq is -2.05 v, end for the Br II BrO„ couple is -1.42 v, 

^ ^ ^ 44 M +4*^ 

the oxidation-reduction potential for the Pu || PuOg couple must fall be- 
tween these limits. 

By experiments of this type, the chemical properties of all the heavy 
elements, except thorium and uranium, were first worked out. From such in- 
formation, it has been possible to demonstrate the presence of plutonium in 
pitchblende and camotite in concentrations of about 10 Pu/gU* This would 

have been impossible to detect if the chemical properties had not first been 

239 

worked out on a tracer scale. (The presence of Pu in U ores is attributed 

238 16 

to neutrons from the spontaneous fission of U i Ti = 10 years.) 

11-4 The Heavy Elements and the Periodic Table 

Before the discovery of the transuranio elements the position of the 
heavy elements in the periodic table had not been seriously questioned. The 
possibility of a second rare earth-like transition group was anticipated out 
the chemical properties of the heaviest members of the periodic table did 
not indicate where such a transition might start. 

In Figure 11-2 the position of actinium in Group Ilia is in strict 
accord with its chemical properties. Like other members of the group, it 
is exclusively tri-positive, forms an insoluble fluoride, and it is a slight- 
ly stronger base than its lower homologue, lanthanum. 

Likewise, thorium belongs in Group IVa, It differs from hafnium and 
zirconium in having no lower oxidation states, and it has no acidic properties. 

Protoactinium is definitely a homologue of tantalum*. Its chemistry 
is almost exactly as might be predicted from its position in the table. Its 
oxide is slightly more basic than Ta^O^ and it forms similar complex 

fluorides. 

With uranium, deviations from expected properties are observed, but 
in the absence of elements beyond uranium it is not possible to determine 
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the signifioanoe of the deviations. The lower oxidation states of uranium 
are better characterized than those of tungsten. In the +6 oxidation state 
uranium forms two series of compounds of the basic ion and the poly- 
meric acidic group latter resembles tungsten in some re- 

spects, but the uranyl ion is unique. 

The first conclusive evidence that a new transition group was in the 
making came with the discovery of neptunium. Here, there is a definite break 
in the homologous series of Group Vila. As previously noted, the chemical 
properties of neptunium show a very strong resemblance to those of uranium. . 
If the chemical properties of neptunium resembled those of rhenium it would 
have formed a stable anion in the +7 state, formed an insoluble sulfide in 
strongly acid solutions and been readily reduced to the metal by zinc. None 
of these properties are attributable to neptimium. This indicates a depar- 
ture from the expected regular addition of electrons in 7p shell. 

The chemistry of plutonium confirms the observations on neptunium. 
The oxidation states and their chemical properties show strong uranium-like 
properties, but with an increasing tendency to form stable lov/er oxidation 
states . 

Americium and curium have added their evidence towards the presence 

of a rare earth-like transition group starting in the heavy elements. The 

former exists largely in the +3 oxidation state with a t4 state questionable, 

4- 3 

while the latter exists exclusively as Cm insofar as can be determined by 
tracer methods. 

Table 11-1 and Table 11-2 summarize the relationships between the 
oxidation states of the heavy elements and show some of the chemical proper- 
ties characteristic of the four oxidation states exhibited by these elements. 

ll- 5 Heavy Element Transition Group 

In the rare-earth transition group, inner orbitals are filled as the 
atomic number increases. After xenon with its completed 5p shell the elec- 
trins go to the 6s shell in cesium ^and barium. The next electron does not 
go to the 6p shell but drops back to the 5d in lanthanum and then to 4f in 
cerii.m. The more or less regular filling of the 4f shell is characteristic 
of the rare-earth transition until lutecium is reached, when the 4f shell is 
complete with fourteen electrons (see Table 11-3). This group of elements, 
sometimes called the lanthanide series, is known for the great similarity of 
the chemical properties of the elements and the high stability of its +3 
oxidation state. 
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TABUl 11-1 


PRINCIPAL OXIDATION STATES OF THE HEAVY METALS 




III 

IV 

V 

VI 

89 

Ac 

a* 

- 

- 

- 

90 

Th 

- 

a 

A «. 

- 

91 

Pa 

- 

- 

a 

- 

92 

u 

c 

b 

? 

a 

93 

Np 

c 

ab 

d 

ab 

94 

Pu 

c 

a 

d 

b 

95 

Am 

a 

7 

- 

- 

96 

Cm 

a 

- 

- 

- 


•a >b >c >d — decreasing order of stability of oxidation state in aqueous 
solution. (?) = existence uncertain (-) = not known *n solution. 


TABLE 11-2 


CHARACTERISTIC CHEMICAL PROPERTIES OF THE 
PRINCIPAL OXIDATION STATES OF THE HEAVY ELEMENTS 



*i = insoluble 


s = soluble 


h — completely hydrolyzed 
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TABLE 11-3 


ELECTRONIC CONFIGURATION OF THE RARE-EARTH ELEMENTS 



'table 11-4 


POSSIBLE ELECTRONIC CONFIGURATION OF THE HEAVY ELEMENTS 
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G. T. Seaborg has suggested that the hea-vy element transition series 
is analogous to the lanthanide series and has proposed the name of actinide 
series for this transition* Here the 7s shell is filled at radium (see 
Table 11-4), and by analogy the next electron would drop back to the 6d or 
5f shell. Subsequent electrons go to the 5f shell until the very stable 
configuration of 7-5f electrons is reached at curium. This would correspond 
to gadolinium in the lanthanide series. The failure of all of the members 
of the actinide series to exhibit pronounced and characteristic +3 oxidation 
states had been explained on the basis of small energy differences between 
the different levels being influenced by the energy of compound formation. 

C. D. Coryell has suggested an alternative scheme in which the heavy 
element transition group is not a pure 5f transition but is a mixed 5f and 
6d transition. Table 11-4 shows a possible arrangement of electrons on the 
basis of this hypothesis. This arrangement has the merit of explaining the 
chemical properties of elements 90 to 94 more satisfactorily than does Sea- 
borg’ s . 

Both suggestions are based largely on chemical evidence which is not 
sufficiently strong to make unequivocal assignments of electron configurations. 
The answer must await careful analysis of spec trographic data where such 
analysis is extremely difficult. 

The time has not yet qome when ’’The End” can be put on the periodic 
table of the elements. With macroscopic amounts of americium available it 
should be possible to make element 97 by helium ion bombardment. If some long- 
lived isotope of curium can be synthesized and isolated, another step up to 
98 is possible. However, it seems reasonable to conclude that the effects 
of the law of diminishing returns are being felt in the efforts to extend 
our knowledge of the heaviest of the heavy elements. 


V Technology of Nuclear Fuels 

eduction 

Uranium (235) is the primary nuclear fuel. Of all the isotopes 
occurring in nature, this one is unique in that it undergoes fission with 
slow neutrons and in the fission process liberates more than one secondary 
neutron. By virtue of this property, it is possible to have a chain-reacting 
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system* The nvanber of fission neutrons in excess of the one necessary to 
maintain the chain reaction is approximately 1*3 per fission* These excess 
neutrons oein be utilized to create new isotopes, at least two of which also 
undergo fission with slow neutrons and can be used as secondary nuclear fuels* 
Plutonium (239) is the first of the secondary nuclear fuels* VIhen 

p«Q 

is present in a primary nuclear reactor, a large fraction of the excess 

P'ZQ 2*^9 

neutrons is absorbed in the* reaction U (n,y)U • The product of this re- 

239 _ 

action then goes through two beta decay steps to form Pu • ihe process 
can be summarized by the nuclear equation: 


tt238 ] 

(11-1) 92^ o^ 


. u239 ^ ^ 

92 S3 m. 93 


„ 239 0 239 

TTsT. 9/^^ 


The product of this series of reactions is not stable, but undergoes eipha- 

4 

decay with a half-life of 2*4 X 10 years. However, because the half-life 
is so long, it is possible to make and separate this secondary fuel in kilo- 
gram quantities when a primary nuclear reactor is available. 

233 

The other secondary nuclear fuel is U • This isotope is made when 
232 

Th is incorporated into a primary nuclear reactor. The series of reactions 
leading to its formation is: 


(11-2) 90 


Th 


232 
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233 


239 233 

Like Pu , the product U is not stable but decays by alpha emission with 

5 

a half-life of about 1.6 X 10 years, which is sufficiently long to allow the 

preparation of large amounts of the isotope. 

Although no technical information on the details of manufacturing or 
233 

processing of U has been released, it has been noted that it undergoes 
fission with slow neutrons and is a potential nuclear fuel. This is par- 
ticularly important since thorium from which it is made is more abundant 
than uranium. In the interest of economy of our nuclear fuel resources, it 

will undoubtedly receive more attention in the future. For this reason it 

239 

has been discussed on the same basis as Pu . 

11/-7 Basic Problems in the Preparation of Nuclear Fuels 

Nv' 

In order to operate a compact stationary or mobile chain-reacting 
unit for the production of power, it is necessary to have the nuclear fuel 
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highly oonoentrated. If the power reactor is to operate efficiently, the 
fuel 6ind materials of oonstruotion must be free of isotopes which have high 
neutron absorption cross-sections. 

The preparation of each of the nuclear fuels in a pure form presents 
individual problems. Uranium (235) occurs at a concentration of 0.72 per 

cent in the normal isotopic mixture of uranium. Thus, the problem of sepa- 

236 238 

rating U is one of removing a large amount of the isotope U^ . In the 

239 

production of Pu the concentration of the isotope is very small in the 
uranium delivered from the primary reactor, and the presence of a tremendous 
amount of radioactivity from the fission products makes the isolation diffi- 
cult and hazardous. Uranium (233) will be present in concentrations of only 

a few grams per ton of Th after irradiation. Consequently, it is necessary 

—6 

to reduce the uranium to less than 10 gU/gTh before irradiation, so that 

the final product will not be contaminated with natural uranium. 

It is evident that the basic problems involved in isolating pure 

nuclear fuels fall into two classes. The first is a problem of isotope 
236 238 

separation, U from U , which is best attacked by physical methods, and 
the second is the separation of low concentrations of one element from high 
concentrations of other elements. The second problem is best carried out 
through the use of chemical techniques. In addition to these two main prob- 
lems, there is a host of auxiliary problems, the solutions of which are 
necessary to achieve the desired goal. 

Before going into the unit operations of nuclear fuel technology. It 
will be well to mention briefly the general methods of physical and chemical 
separation processes. 

J.1-8 Physical Separation Processes 

The methods developed for the separation of the isotopes of uranium 

236 238 

are based largely on the difference in mass of the nuclei U and U • 
234 

(Although U is normally present at a concentration of 0.0062 per cent, 
it will not be considered here.) Other methods based on chemical reactivity, 
such as electrolysis of solutions and chemical exchcmge reactions, have been 
used successfully with light elements, but they are not satisfactory for 
separating the isotopes of the heavy elements. 

Four methods that have been investigated sufficiently to demonstrate 
th^ir feasibility are: gaseous diffusion, thermal diffusion, electromagnetic. 
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and centrifugals The first three have been carried through to full-scale 
pleuit operation, while the centrifugal method was carried through the pilot 
plant stage before being dropped* 

In the gaseous diffusion separation process, a volatile compound of 
uraniun is allowed to diffuse at reduced pressure through a porous barrier. 
Because the lighter isotope diffuses more rapidly than the heavier one, it 
is concentrated in the gas passing through the barrier. The only uranium 
compound whose physical properties are satisfactory for gaseous diffusion 
is uranium hexafluoride, UFg. This compound has a vapor pressure of one 
atmosphere at 56 ^C. 

This method of isotope separation gives small separation factors but 
is well adapted for setting up in cascade operation. Thus, a high over-all 
separation factor can be obtained. The amount of UFg tied up in the system 
is very high when at equilibrium operation. Also, the length of time neces- 
sary to reach equilibrium is great. In spite of these limitations, a large 
plant has been constructed and operated at better than expected performance. 

Thermal diffusion separation of the isotopes of uranium is effected 
by using liquid UPg under pressure between two surfaces, one hot and one cold. 
Due to the difference in mass of the uranium isotopes, and to complicated in- 
termolecular forces, a separation of the isotopes occur. Because of the rela- 
tive simplicity of construction and operation of equipment for this method, 
it was used before completion of the gaseous diffusion plant to furnish en- 
riched feed to the electromagnetic separation plant. Like the gaseous dif- 
fusion process, thermal diffusion gives small separation factors per unit 
but can be run in cascade to give any enrichment desired. One serious draw- 
back to the method is a large power consumption. 

The electromagnetic separation plant was the first to achieve large- 
scale separation of the uranium isotopes. This method differs from the other 
two methods in giving a very high separation factor in each unit. This fac- 
tor approaches 100 per cent, but the through-put per unit is small. Total 

production can be increased linearly by increasing the number of units and 

235 

increasing the concentration of U in the feed material* The method de- 
pends on the fact that two gaseous ions having the same energy but different 
masses will be focussed at different points in a plane when* the ions traverse 
a uniform magnetic field perpendicular to their path. By arranging an ion 
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source at the center of a uniform magnetic field so that several ion beams 

come out in different directions, efficient use can be made of large magnets. 

The collectors are so arranged that they intercept each beam and collect the 

238 235 

two main isotopes, U and U , in a state of high isotopic purity. 

The centrifugal method of separation of isotopes depends on the dif- 
ference of mass of the isotopes. The feasibility of this method was demon- 
strated in pilot plant operation but the method never reached full-scale op- 
eration. 

Other methods of isotope separation, such as distillation, exchange 
reactions, and electrolysis, are not well suited for use with the heavy ele- 
ments . 

11-9 Chemical Separation Process 

One of the most fundamental chemical operations is precipitation of 

an insoluble compound from solution. Because of the low concentration of 

239 23 3 

Pu in the irradiated uranium and of U in the irradiated thorium, this 

process is not directly adaptable to the raw material at hand. Although the 
term "insoluble" is widely used, it is only a comparative term. Every sub- 
stance has a finite solubility and the concentration of the elements here 
desired is so low that the solubility product of their compounds would not 
normally be exceeded. In order to use a precipitation process, it is neces- 
sary to take advantage of the property of co-precipitation described in Sec- 
tion 11-3. 

Other chemical separation processes less generally used are solvent 
extraction, ion exchange, and volatilization. Distillation of liquids is 
not feasible in this case. 

Solvent extraction operates on the principle that a compound has 
different solubilities in two immiscible liquids. Consequently, when the 
compound is present in the two-solvent system, it is distributed between the 
two phases in the ratio of its solubility in each phase. 

Some simple ionic compounds, particularly the chlorides, nitrates, 
and thiocyanates, are soluble in organic solvents of the ether, ester, and 
alcohol types. In such oases that the distribution ratio is favorable, these 
compounds oan be extracted from aqueous solutions with a suitable organic 
solvent. For example, uranyl nitrate oan be extracted into diethyl ether. 
The solubility in the ether phase oan be increased by adding a "salting out" 



368 


THE SCIENCE MD ENGINEERING OF NUCLEAR POWER 


agent such as ammonium nitrate. These agents decrease the solubility of the 
uranyl nitrate in the aqueous phase and consequently make the distribution 
ratio (C ether/C aqueous) larger, since the ammonium nitrate is not very sol- 
uble in the ether. Another well known example is the extraction of ferric 
chloride from strong hydrochloric acid solutions with diethyl or diisopropyl 
other . 

Grahame and Seaborg have shown that in the case of GaCl^, the dis- 
tribution ratio between hydrochloric acid and diethyl ether is independent 

-1 -14 

of the total concentration between the limits of 10 M and 10 M. They 

g 

also have shown that FeCl can be quantitatively extracted from 10 times 
as much MnCl^ or CoCl^* 

While the examples just cited supposedly involve simple ionic com- 
pounds, the extraotability into an organic solvent may well be due to some 
unidentified coordination compound with the solvent. The solvent extraction 
method can be greatly extended by first introducing into the aqueous phase 
some organic material that selectively forms definite coordination compounds 
with the element to be extracted. Thus, small quantities of zinc and lead 
can be extracted into chloroform or carbon tetrachloride if ’^Dithizon*’ 
(diphenylthiocarbazone ) is introduced as a complexing agent. This type of 
solvent extraction has not been fully explored either on a laboratory scale 
or on a plant, scale of operation. It definitely deserves more attention be- 
cause of the highly selective nature of some complexing agents. The scope 
of suitable solvents is enlarged by this method to include hologenated sol- 
vents and hydrocarbons • 

Ion exchange resins have been defined as porous salts containing 
an insoluble anion and exchangeable cations. Certain resins contain active 
sulfonic acid and phenolic groups that are capable of forming salts with 
metallic ions. When the cations are fixed in the resin, advantage can be 
taken of the differences in the ratios of the equilibrium constants for the 
reaction between two or more cations and the resin, and the cations and a 
complexing agent to effect a separation of the cations. Thus, on a gram 
scale, separations of praseodymium and neodymium are readily made. These 
rare-earths are usually separated by laborious fractional crystallization, 
taking weeks of work. Using ion exchange resins, a 50 - 50 mixture of 
and Nd can be made to yield 22 per cent of the spectroscopically 
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pure, and 50 per cent* of the Nd'^“*’with a purity > 98 per cent in a single 
pass through a six-foot column over a period of three to four days# These 
resins are even better adapted to separation of trace elements# Their use 
also deserves much more extensive study# 

Both of these general chemical methods of separating elements must 
be given serious consideration in nuclear fuel processing# They can be made 
highly selective in their action and, because of the simplicity of equipnent, 
they are both well adapted to the type of remote control necessary in hand- 
ling highly active radioactive sources# 

Volatilization of solids at elevated temperatures and electrochemi- 
cal methods do not appear too promising in the separation of nuclear fuels# 

Vl-10 Technology of Nuclear Fuels 

Figure 11-3 is a schematic representation of the basic operations 

p *2 C 9*^0 

necessary for the isolation of pure U , Pu , and U # The flow sheet 
is broken down into five sections, each representing a more or less separate 
operation, but all five interrelated as indicated# 

Under each section, consideration will be given to special problems 
encountered, health hazards associated with the operation, and a very ele- 
mentary discussion of chemical and physical processes that might be used# 

t 

Section 1# Uranium Metal from the Ore 

Special problems in this operation involve se'paration of ore from 
gangue, removal of ordinary impurities, removal of impurities with high 
thermal neutron cross section, and the preparation of the pure uranium metal 
for use in the pile# 

Gangue removal involves the use of standard ore processing techniques 
adapted to uranium ore# Low grade ores can be processed by differential 
leaching and by ore flotation# 

The removal of ordinary impurities, such as common metals aftd silica, 
is effected by the use of stajidard chemical methods indicated below# The re- 
moval of traces of impurities with high thermal neutron cross section presents 
a very speoial problem# Such elements as boron, cadmium, indium,, and some 
of the rare earths, must be reduced to concentrations of <10 g/gU. This is 
accomplished in a final purification stop in which the uranyl nitrate is ex- 
tracted with diethyl other. This process furnishes tons of a product with 





Flow Sheet for the Isolation of 























HEAVY ELHIENTS AND NUCLEAR FUELS 


371 


a purity higher than usually found in laboratory reagent chemicals* 

An apparently trivial problem that nearly prevented the operation of 
the high power nuclear reactors was one of "canning.” This consists of coat- 
ing the uranium metal with aluninum to prevent corrosion of the uranium metal 
and contamination of the coolant with plutonium and fission products. 

Health hazards associated with this section of operation are those 
226 

due to Ra and its decay products and the radiation resulting from the op- 
eration of nuclear reactors. These are controlled through careful supervi- 
sion of operating personnel, by remote control operation and by shielding. 

Uranium generally occurs in deposits of pitchblende (uranium oxide) 
and carnotite (complex uranium vanadate). The ore concentrate can be opened 
up with a mixture of HNOg and HgSO^. The uranium goes into solution as 
UOg'*"*' and those metals forming insoluble sulfates (Pb, Ba, Ra, etc.) remain 
behind with silicious material insoluble in the acid mixture. Adding an ex- 
cess of Na.CO will make the solution alkaline, holding the uranium in solu- 

C U 

tion as a complex carbonate, and precipitating elements that form insoluble 
carbonates, hydroxides, or basic carbonates (Fe, Al, Cr, Zn, etc.). 

Acidification of the solution with HNO^ gives a solution of uranyl 
nitrate (frequently called UNH-uranyl nitrate hexahydrate, after the formula 
of the solid salt, UOg (NOg)^ ’dEgO) , which is soluble in diethyl ether. Ex- 
traction with this solvent yields a product of exceptional chemical purity 
suitable for making uranium for use in nuclear reactors. When UNH is ig- 
nited, the mixed oxide, U„0 q, results. 

u O 

This oxide oan be reduced to the metal by a bomb reduction with 
Al, Ca, or Mg. Carbon reduction yields a product heavily contaminated with 
uranium carbide, while hydrogen reduction yields This lower oxide oan 

be converted to UF^ or UCl^ by treatment with anhydrous HF or HCl at an 
elevated temperature. These tetrahalides can be reduced to the metal by Na 
or Ca. The halide salt prepared from UF^ yields a very pure metal by 

electrolysis . 

The metal obtained from the reduction of the oxides or halides is 

finally fabricated, canned, and used to start a thermal neutron reactor for 

235 

the production of neutrons. The excess neutrons from the fission of U 

238 23d 

are absorbed by the U present to make Pu as indicated in Equation 11-1 
233 

or U as indicated in Equation 11-2. 
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Seotion 2. Thorium from the Ore 

The special problems connected with this process are essentially the 

same as those encountered in processing uranium. One additional problem of 

importance is the reduction of the uranium content to a very low value* 
233 

Sinoe the U formed will be present in very small concentrations, it is 

necessary to have contamination from natural uranium much smaller than the 

expected concentration of the product to eliminate the necessity of a later 

■•6 

isotope separation step. This means the final thorium should contain <10" 

gU/g. The best way to achieve this would be to purify the thorium before 

233 

irradiation, using the same process by which the U will be removed* 

228 232 

Radium (228) and Th are radioactive decay products of Th • These 

have long lives and constitute a radiation hazard comparable to that of 

n 226 ^ 

Ra from uranium ores. 

Thorium occurs most commonly as a complex phosphate ore, monazite# 
The ore is usually opened up by prolonged digestion with concentrated HgSO^* 
With the development of techniques for the use of HP, it is possible that 
this gas at an elevated temperature would also be useful in the preliminary 
steps in recovering thorium* 

After a solution of thorium is obtained, it is freed of gross con- 
taminants by precipitation reactions with phosphoric acid and oxalic acid* 
A process to remove contaminants with large cross sections for thermal neutron 
capture would be necessary* In general, this step is less important for 
thorium than for uranium unless the thorium is to be irradiated in the high 
flux seotion of the reactor* 

Uranium always occurs with thorium and it must be reduced to a very 
small concentration* A solvent extraction process shoul'd be effective for 
this step* Specific complexing agents might well be found that would facil- 
itate the extraction of minute quantities of uranium from large quantities 
of thorium* 

For irradiation of the thorium, a stable compound or the metal will 
be needed* The irradiated material should be readily soluble for the prod- 
uct removal step* Thorium basic carbonate, a low-temperature formed oxide, 
or ThP^ might be suitable compounds* The metal can be reduced from ThP^ or 
ThCl^ Na, Ca, or Mg. 

After fabricating and canning the thorium compound or metal, it is 
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placed in the neutron reactor for irradiation. Such irradiations for either 
239 233 

Pu or U should involve a neutron economy that produces more of the 

secondary fuel than is burned in its production. In this way, the relative- 
238 232 

ly abundant U and Th can be utilized in such a manner that the primary 
235 

fuel, U , will bO/ conserved. 

235 

Section 3> Separation of pure U 

In addition to the special problems involved in making isotope sepa- 
ration processes work at all, there are certain general technical problems 
of importance to operation and overall economy. Both the gaseous diffusion 
and the thermal diffusion methods are dependent upon the compound This 

compound is a strong oxidizing agent and is hi^ly corrosive. Its preparation 
involves the use of elementary fluorine, Fg. Both materials require highly 
specialized techniques for handling with safety. 

All three methods of isotope separation involve the use of equipment 
that does not leak. This involves the engineering design, construction, and 
testing of equipment of the most advanced nature. Leaks of such small size 
as to be unnoticed in ordinary equipment would prevent the operation of any 
of the three processes. 

All of the methods of isotope separation involve the use of a tremend- 
ous amount of power. This has to be taken into account in studying the com- 

r 

parative economy of the various pure nuclear fuels. It has been stated that 

235 

the isotope separation processes for U production cannot compete on an 
economic basis with the production of an equivalent amount of plutonium. 


Both Fg and UF^ are extremely corrosive and poisonous. Handling 
these dangerous materials requires extraordinary preoAutions to prevent in- 
jury to operating personnel. Another hazard involves the handling of the 
235 

pure U and its compounds. Because of the high purity of this isotope, 
the critical size for a chain reaction to start in the material is compara- 
tively small. This necessitates design of final processing and storage 
facilities so the critical size is never approached. Although an explosion 
comparable to that of the atomic bomb probably would not occur, neutron in- 
tensities above the dangerous level might be encountered, and a large area 
would be contaminated with fission products for many years. This problem is 
common to all processes in which nuclear fuels of high purity are produced. 

Starting with the pure oxide, UF^ is produced by treatment with 
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anhydrous HF at elevated temperatures. This compound is converted to UFg by 
treatment with elementary fluorine. The UF- goes to the gaseous diffusion 
plant and to the thermal diffusion plant where the U /u ratio is in- 
creased by many small increments in a cascade system. Material can be with- 
drawn at any desired value of enrichment up to approximately 100 per cent. 

Electromagnetic separation, with its high separation factor per unit 
and low capacity, can handle the natural isotopic mixture of uranium. How- 
ever, because the output per unit is directly proportional to the input con- 
235 

centration of U , it is very advantageous to use an enriched feed from one 
of the other two separation processes. This has been done successfully. The 
chemical form of uranium used in the electromagnetic separation has not been 
published. 

After the pure isotope has been obtained, its processing, reduction 
to metal, alloying or compounding is the same as with the unenriched material. 
The greatly enhanced value of the enriched material and the dangers associated 
with its handling will undoubtedly modify the techniques used, but do not 
change its chemical properties. 

^ 239 

Section 4. Separation of Pu 

The first step in processing the irradiated uranium for removal of 
239 

Pu involves removing the aluminum can. This must be done chemically since 
the mechanical operation would be too hazardous. 

The actual processing of plutonium involves two major steps. Since 
the ratio u/Pu is very large, large amounts of uranium must be removed. 
Secondly, the fission products must be eliminated from the final product. 
Both of these operations result in a third major problem, the disposal of 
waste. The uranium must be recovered and the dangerous fission products, 
both gases and solutions, must be disposed of in such a way as not to pre- 
sent health hazards. The best methods seem to be brute force methods, namely, 
to carry out the operations remote from thickly settled areas and to build 
storage tanks large enough to store the major wastes. Minor wastes can be 
dissipated slowly by controlled dilution in streams that have a sufficiently 
large volume of flow. 

The health hazards in plutonium separation are twofold. First is 
the tremendous radiation intensity from the fission products in the uranium. 
These radiation intensities are comparable to many tons of radium. This 
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makes remote control mandatory for all chemical operations. The second 
hazard is the extreme toxicity of the element, plutonium • Not only does it 
have a high chemical toxicity, but its high specific alpha activity makes it 
comparable to radium as an internal radiation poison. This means that micro- 
grams of the element in the body will be fatal* Extraordinary precautions 
are needed to prevent such exceedingly small quantities becoming air-borne 
as dust and being inhaled or ingested. Constant monitoring of operating per- 
sonnel can reduce the danger of injuries to a negligible level. 

239 

The first step in separating Pu from uranium is an aging period 
during which the shorter-lived fission products decay, thus reducing the 
radiation levels in the separation processes. This is important from a chemi- 
cal point of view since, under intensely ionizing conditions, many peculiar 
chemical reactions occur. Corrosion is accelerated, peroxide formation in 
water solutions is large, organic materials dissociate and polymerize, and 
the energy of the radiations heat the solutions, rendering temperature con- 
trol difficult. 

After aging, the uranium slugs are ’Me-canned” and the uranium dis- 
solved. As pointed out in 11-3, plutonium has an oxidation state of +6 in 
which it behaves much like uranium and probably exists as in solution. 

This oxidation state is more readily reduced than the -*“6 state of uranium. In 
its lower oxidation states (+3 and +4) plutonium is c o-precipitated with 
rare earth fluorides. By taking advantage of this oxidation-reduction cycle. 
It should be possible to free plutonium from both uranium and the fission 
products . 

If the initial uranium solution is treated with an oxidizing agent 
sufficiently strong to oxidize plutonium to +6,^ many of the fission products 

can be precipitated with a rare earth fluoride carrier such as CeF„ or LaP„. 

3 3 

After removing the precipitate, the PuCp*^*^ can be reduced with a mild reducing 
+4 . . ^ 

agent to Pu which will be c o-precipitated as the fluoride with a rare-earth 
carrier. This leaves in solution uranium and fission products not precipi- 
tated with fluorides. After dissolving the second fluoride precipitate, the 
plutonium can be oxidized to the t6 state and the decontamination cycle re- 
peated. These operations achieve a volume reduction and concentration of the 
239 

Pu as well as decontamination. It has been reported that at least two dif- 
ferent types of co-precipitation are used to achieve maximum decontamination. 
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It would probably be possible to effect a final clean- up of the plutonium 
by means of some other separation process such as solvent extraction or ion 
exchange. 

The possibility also exists that an entire separation procedure 

could be designed around a process other than precipitation. For example, 

PuO^(NO„)« should be soluble in organic solvents in a manner similar to 

U0„(N0 ) • This would enable the bulk of fission products to be removed. In 
c o c 

the reduced state, plutonium would not be soluble in the organic phase while the 

I ^ 

uranium^ still present at UO , could be extracted from the nitrate solution. 

Published information on the properties of plutonium metal is nil. 

However, it might be expected to resemble uranium and be handled in a similar 

manner with due regard to its multifold greater toxicity. 

/ 233 

Section 5. Separation of U 

233 

The obvious special problems in processing thorium for U are those 

associated with the separation of small amounts of uranium from large amounts 

233 

of thorium, and the problem of handling Pa • This isotope represents both 

233 

a radiation hazard and a hold-up of U • The simplest way to solve the prob- 
lem is to age the irradiated thorium for five to six half-lives (four to six 
months) and allow the Pa to decay. This aging period will also allow most 
of the fission products from fast neutron fission to decay. This latter source 

of activity is not serious when a slow neutron reactor is used for irradiation. 

30 2 

For thorium exposed to a neutron flux of 10 n/cm sec, the activity 
233 

due to Pa at equilibrium is about 5 kilocuries per ton of Th. It also 

233 233 

represents about 0.2 g. of U . Early separation and purification of Pa 

233 

would allow the recovery of very pure U . 

The health hazards in this separation operation are largely due to 

233 233 

Pa radiation and the high alpha activity of U . Since the half-life of 

233 239 

U is approximately six times that of Pu , its specific alpha activity 

will he about l/S as great. This activity is still great enougih to be a very 

serious health hazard. 

The problem of separating trace amounts of uranium from bulk t'horitm 
by precipitation reactions is practically impossible. U does not form many 
insoluble compounds under conditions that thorium will stay in solution. In 
the +4 oxidation state, uranium resembles thorium so closely that no separa- 
tion could be expected. It would be an extremely difficult task to precipi- 
tate tons of thorivm and recover a few grams of uranium from the solution. 
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Solvent extraction methods seem to offer the best method of attack 
on this problem. If the thorium is converted to the nitrate, the presence 
of the large amount of nitrate ion in the aqueous solution would servo to 
salt out the UO„(NO )„ into the organic layer (possibly an ether). After the 

C, M 

initial volume reduction and concentration step, any of several types of clean- 
up might be used# 

233 

If freshly irradiated* thorium is to be processed for Pa , advantage 

could be taken of the tendency of Pa to hydrolyze and form a radiocolloid. 

+5 

Under controlled conditions, the Pa could be separated from thorium by co- 
preoipitating with Ta^O^ or some scavenging oxide like MnO^ which will preci- 
pitate from an acid solution. Solvent extraction methods might also be found 
that would work with prctoactinium. 

Final reduction to uranium metal and alloying with suitable material 


235 

would be the same as for U • 

anyone who is familiar with the actual processes in use for the 
separation of the pure nuclear fuels, this discussion may seem incredibly 
naive. There is no question at all that it is an extremely simplified ver- 
sion of the problems that might be encountered. However, it is hoped the 
basic ideas are sound and^^^;fehe speculations are reasonable in the absence of 
experimental data.^^- 
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APPENDIX A* 


The oalou.lation of nuclear reaction energies is facili- 
tated by the following table of precise masses. The principle 
involved is identical with that discussed in Section 1-14. Q 
values are obtained by simply subs treating two numbers selected 
from the appropriate columns of A. The neutral attmilc masses 
M listed in the third column are known for the light elements 
0 to 26 with a probable error, in the fifth deciir.al place, as 
given in the fourth column. The values in parentheses are es- 
timated by semi-empirioal methods. Based on the physical scale 
16 

of 0 — 16.00000 atomic mass units (amu) and the conversion 

factor 931 Mev = 1 amu, the excess mass A corresponding to each 
atomic mass is given in Mev in the fifth column. The addition 
of a neutron, proton, deuteron, or alpha particle gives a 
total excess atomic mass in Mev as listed under the columns 
headed A^, A^, A^ and A^ respectively . The last column gives 
the total binding energy E of the nucleus in Mev. Vftien divided 
by the atomic nxamber A, the binding energy per nucleon ^/a is 
obtained, as discussed in Section I-IO. 


♦These data were compiled by the Cornell University 
Group tinder the supervision of H. A. Bethe. 



Atoniic Atomic Binding 

Number A A A A A Energy 

Z Nucleus M Error (N-A)931 n p d a E 
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Example s s 

H^(d,p)H^j A ^ of (H^ + d) = 27.38, a of (H^ + p) = 
23.41 Q = 27.38 - 23.41 = 3.97 Mev 

B 0 ^(n, 2n)Be®;A^ of (Be® + n) = 22.30, of (Be® + n) = 
15.6, adding A of extra n = 15.62 + 8.31 = 23.93 .’. Q = 22.30 - 
23,93 = -1.63 Mev 

S®^(n,p)P®®; A^ of (S®®+ n) = -9.48 Ap of (P®® + p) = 
-8.56 Q = -9,48 - (-8,55) = -0.93 Mev 
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APPENDIX B 


Loss of Energy in Elastic Collisions 


From Q- value equation, (15), p. 17 


^ ^ “ ® 1 ^^ " - Z oosO 

For elastic scattering Q = 0 (conservation of KE) and = 
Ag = m while A^ = A = mass of target. Then E^^ = E = initial 
KE and Eg = E = final KE. In general for any angle of scat- 
tering 9 , 

E(1 + m/A) - \IY cos 0 (2m - E^(l - mA) = 0 



At E — E , , 0 — 180 ; cos 6* = -1; sin 0 = 0, 




APPENDIX C 


NEUTKON CROSS SECTIONS OF THE EIEMENTS 
A Compilation^ 

H. H. Goldsmith, Brookhaven National Laboratory, Patohogue, L.I., N.Y, 

H. W, Ibser, University of Wisconsin, Madison, Wisconsin 

B. T* Feld, Physics Department and Laboratory for Nuclear Science and 
Engineering, Massachusetts Institute of Technology, Ceunbridge, Mass. 

A collection of neutron cross sections of the elements, based on the 
prewar and wartime work of many investigators, was compiled during 1945 (by 
H.H.G. and at the Metallurgical Laboratory, University of Chicago. 
This compilation was designed for use in the Manhattan Project Laboratories. 
It was declassified in June 1946, for publication in the Manhattan Project 
Technical Series. 

Informal circulation resulted in widespread demand for the publica- 
tion of such a collection. However, many of the original articles were then 
being prepared for appearance in the periodical literature. The publication 
of this collection was therefore delayed to permit as many as possible of 
these papers to appear in the normal fashion. During this delay, the orig- 
inal collection was completely revised (by B.T.F. and H.H.G.), 

At the present writing, some of the dala included in this compilation 
are still unpublished, mainly due to the pressure of other commitments on the 
original authors. In all such cases, we have made every effort to secure 
permission from the authors for the inclusion of their data in this collection. 

The general plan of this survey has been to present the available 
cross section data for each element in two curves, the first containing the 
low-energy (0.001 - 1000 ev) values emd the second the high-energy ( 0.001 - 
100 mev). If one of the curves is not available a blank page is left, so 
that the cross sections may be plotted in when the data become available. 
The cross sections plotted are in barns (10 cm ) per atom of the normal 
element f except where otherwise indicated* In each case, the type of 
plot used has been chosen in order to allow the clearest repiresenta- 

♦ These curves, and the accompanying text, are reprinted from the 
October 1947 issue of the Reviews of Modem Physios , by permission of the ed- 
itors, For the complete text and ocmplete list of references, see the RMP, 
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tion of the data, and to bring out the most important features of the energy- 
variation of the cross section. The notation used has the following meaning; 


^t 

total 

c ross 

secti on 


y 

s 

scattering 

cross section 


y 

r 

cross 

section for the (n,7) 

process 

y 

P 

tf 

ft 

" " (n.p) 

ft 

y 

a 

ft 

tf 

” ” (n,o) 

tf 

y 

f 

ft 

ft 

" " fission 

ft 


In the curves herein reproduced, only those in the region below a 
few ev are well resolved, since it is only in this region that the resolution 
widths of the velocity selectors are smaller than the expected widths of the 
resonances. As the energy of the neutrons increases beyond a few ev, the 
resolution of the instruments becomes appreciably worse, so that measurements 
in this region merely represent average cross sections over an energy spread 
at least as great as the width of the resonance under investigation. Con- 
sequently, the maximum observed cross sections are much smaller than the 
actual cross sections at the peak of the resonance. Furthermore, what often 
appears to bo a broad resonance may turn out, on more careful observation, 
to be a superposition of two or more adjacent resonances (as in the case of 
the 35 ev resonance in l). 

The compilers are acutely conscious of the dubious validity of draw- 
ing solid curves of cross section vs. energy through points measured in the 
neighborhood of a resonance, when the resolution width of the measuring in- 
strument exceeds the expected width of the resonance. Nevertheless, because 
of the nuclear physicist’s interest in the variation of cross section with 
neutron energy, we have drawn such curves to serve as a visual aid in follow- 
ing those trends in this -Tariation which are indicated at the present writing. 


We again wish to express our thanks to the many scientists who, with- 
out exception, have granted us permission to use their unpublished data. We 
are especially indebted to the Colimbia Velocity Selector Group, J.R. Dunning, 
W.W. Havens, Jr., L.J. Rainwater, and C.S. Wu, who have made available -the 
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results of their experiments as soon as these were completed, and who have 
permitted us to publish a considerable body of data which have not appeared 
in print# We are similarly indebted to W.J, Sturm for his constant coopera- 
tion with regard to the Argonne Laboratory Velocity Selector results. The 
cross section data, due to Amaldi, et al, were transmitted to us by E. Amaldi 
during his recent visit in this country# These data have been published 
since this compilation was prepared. 

We wish to thank R.S. Mulliken and W.H. Zinn for facilitating the 
publication of Manhattan Project declassified data prior to the publication 
of the MPTS. 

Space limitations have prevented explicit reference, on the curves, 
to all of the workers concerned with particular sets of unpublished data# 
Toward this end, we include the follovdng: 

1) Argonne Crystal Spectrometer Group: G.P* Arnold, W.J* Sturm, S.H# Turkel, 
and W.F# Zinn. 

2) Argonne Mechanical Velocity Selector Group: T. Brill and H.D. Litchen- 
berger; also E. Fermi, L.W, Marshall, and J. Marshall. 

3) Clinton Crystal Spectrometer Groups L.B# Borst, A.J. Ulrich, C.L. Osborne, 
and G.H. Hasbrouckj also E.O. Wollan, S# Bernstein, R.G# Peterson, etnd R.B# 
Sawyer . 

4) Los Alamos Velocity Selector Groups E.E. Anderson, L.S# Lavatelli, B.D# 
McDaniel, and R.B. Sutton. 

5) Los Alamos Linear Accelerator Group: C.L. Bailey, W.E. Bennett, T# Berg- 
stralh, J.M# Blair, D#H# Frisch, O.A. Hanson, R.D# Perry, H#T. Richards, and 
J.H. Williams# 

6) Los Alamos Radioactive Sources Group: M# Deutsch, G#A# Linenberger, 

T#A# Miskel, and E# Segre'j also (for tx of Au) K#I# Greisen and J#H# Williams# 

r 


We gratefully acknowledge the aid of Grace Rowe, of the M.I.T. Lab- 
oratory for Nuclear Science and Engineering, who did the drafting work re- 
quired in the revision of the original compilation and in the preparation 
of these curves for publication# 

B.T. Feld and H.H. Goldsmith 


June 1, 1947 
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INDEX OF CORVES 

(Blank spaces indicate inadequate information for inclusion of curves 
for this element) 


ATOMIC NO. 

EIEMENT 

SIMBOL 

LOW ENERGY 

HIGH ENERGY 

PAGE NO. 

89 

Aotinitun 

Ac 




13 

Aluminvnii 

A1 

cr 

t 

^t 

418,419 

95 

Americium 

Am 




61 

Antimony 

Sb 

^t 


462, 463 

18 

Argon 

A 




33 

Arsenic 

As 




85 

Astatine 

At 




66 
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Ba 
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Beryllium 

Be 
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83 
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^t 


498, 499 

5 

Boron 

B 

cr 
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Index of Curves (Cont*d) 


ATOMIC NO. 

ELEMENT 

SYMBOL 

79 

Gold 

Au 

72 
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Hf 

2 
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He 

67 
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1 
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H 

49 
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Index of Curves (Cont* d) 
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Quadrupole radiation, 36 
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fission fragments, 65 
Rare earth, carrier, 376 
elements, electronic 

configuration, 362,363 
transition group, 368 
Rasetti, F., 109 

Rayleigh-Schrodinger method, 106 
Reactions, charged particles, 20 
neutron, 18 
nuclear, 11,12,16,21 
charts, 21 
(n,a), 19 
(n,rj, 18 
{n,f), 20 



IND£X 


Reaotions, nuclear (Cont'd) 

(n, 2n), 20 
(n,p), 19 
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316,318,319,320,324 
high temperature, 278,302 
Hiroshima, 274 

homogeneous, 139,144,274,275, 
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lumping, 309 

metal, 370 

canning, 371 
fabrication, 371 
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